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Abstract We consider fuzzy sets on a metric, vector, or normed space. It is not assumed that the fuzzy
sets have compact supports. In the present paper, a fuzzy distance and a fuzzy norm are proposed in order
to measure the difference between two fuzzy sets, and their fundamental properties are investigated. Their
definitions are based on Zadeh’s extension principle. Although they are different from the classical ones
based on the Hausdorff metric, they are suitable for data containing uncertainty or vagueness. The obtained
results can be expected to be useful for analyzing such data when the data are represented as fuzzy sets.
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1. Introduction

The concept of fuzzy sets has been primarily introduced for representing sets containing
uncertainty or vagueness by Zadeh [17] as fuzzy set theory. Then, fuzzy set theory has been
applied in various areas such as economics, management science, engineering, optimization
theory, operations research, etc. [4, 7, 13–16]. Zadeh’s extension principle [2, 6, 11, 13, 17],
which provides a natural way for extending the domain of a mapping, is an important tool
in the development of fuzzy arithmetic and other areas. For a mapping, fuzzy sets obtained
by Zadeh’s extension principle are images of other fuzzy sets on the domain of the mapping
under the mapping. Some relationships between images of level sets of one or two fuzzy
sets under a mapping and another fuzzy set obtained from the one or two fuzzy sets by
Zadeh’s extension principle are derived in [11]. Recently, they are extended to more general
ones, and some useful results for applications are derived in [6]. In [6], it is suggested that a
fuzzy distance and a fuzzy norm defined by Zadeh’s extension principle are important and
useful for applications. Although their definitions are different from the classical ones based
on the Hausdorff metric [1], they are suitable for data containing uncertainty or vagueness.
Because the classical fuzzy distance and fuzzy norm are real-valued, while our fuzzy distance
and fuzzy norm are fuzzy set-valued.

In the present paper, the fuzzy distance and the fuzzy norm are defined by Zadeh’s
extension principle in order to measure the difference between two fuzzy sets, and their
fundamental properties are investigated.

The remainder of the present paper is organized as follows. In Section 2, some notations
are presented. In Section 3, a distance and a norm are defined for crisp sets, and their
fundamental properties are investigated in order to investigate fundamental properties of
the fuzzy distance and the fuzzy norm in Section 4. In Section 4, the fuzzy distance and
the fuzzy norm are proposed, and their fundamental properties are investigated. In Section
5, some auxiliary results referred to in Section 4 are presented. Finally, conclusions are
presented in Section 6.
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2. Preliminaries

In this section, some notations are presented.
Let R and C be sets of all real and complex numbers, respectively. We set R+ = {x ∈

R : x ≥ 0} and R− = {x ∈ R : x ≤ 0}. Let int(R+) and int(R−) be interiors of R+ and R−,
respectively. For a, b ∈ R, we set [a, b] = {x ∈ R : a ≤ x ≤ b}, [a, b[ = {x ∈ R : a ≤ x < b},
]a, b] = {x ∈ R : a < x ≤ b}, and ]a, b[ = {x ∈ R : a < x < b}. Throughout this section,
let U be a nonempty set. We identify a fuzzy set ã on U with its membership function
ã : U → [0, 1]. Let F(U) be the set of all fuzzy sets on U . For ã ∈ F(U) and α ∈ ]0, 1], the
set

[ã]α = {x ∈ U : ã(x) ≥ α}
is called the α-level set of ã. For a crisp set S ⊂ U , the function cS : U → {0, 1} defined as

cS(x) =

{
1 if x ∈ S,
0 if x /∈ S

for each x ∈ U is called the indicator function of S. For each x ∈ U , we set x̃ = c{x} ∈ F(U).
A fuzzy set ã ∈ F(U) can be represented as

ã = sup
α∈]0,1]

αc[ã]α ,

which is well-known as the decomposition theorem; see, for example, [2]. We set

S(U) = {{Sα}α∈]0,1] : Sα ⊂ U, α ∈ ]0, 1] ,

and Sβ ⊃ Sγ for β, γ ∈ ]0, 1] with β < γ},

and define MU : S(U) → F(U) as

MU({Sα}α∈]0,1]) = sup
α∈]0,1]

αcSα

for each {Sα}α∈]0,1] ∈ S(U). For {Sα}α∈]0,1] ∈ S(U) and x ∈ U , it follows that

MU({Sα}α∈]0,1])(x) = sup
α∈]0,1]

αcSα(x) = sup{α ∈ ]0, 1] : x ∈ Sα},

where sup ∅ = 0. The decomposition theorem can be represented as

ã = MU({[ã]α}α∈]0,1])

for ã ∈ F(U). When ã = MU({Sα}α∈]0,1]) for ã ∈ F(U) and {Sα}α∈]0,1] ∈ S(U), ã is called
the fuzzy set generated by {Sα}α∈]0,1], and {Sα}α∈]0,1] is called the generator of ã.

The following proposition provides a relationship between a generator of a fuzzy set and
level sets of the fuzzy set.

Proposition 2.1. Let {Sα}α∈]0,1] ∈ S(U), and let ã = MU({Sα}α∈]0,1]) ∈ F(U). Then, [ã]α
=

∩
β∈]0,α[ Sβ for any α ∈ ]0, 1].

Proof. Let α ∈ ]0, 1]. Then, we have

x ∈ [ã]α ⇔ ã(x) = sup{β ∈ ]0, 1] : x ∈ Sβ} ≥ α

⇔ x ∈ Sβ, β ∈ ]0, α[

⇔ x ∈
∩

β∈]0,α[

Sβ.
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We define orders on 2R.

Definition 2.1 ([5, 8–10]). Let A,B ⊂ R.

(i) We write A ≤ B or B ≥ A if B ⊂ A+ R+ and A ⊂ B + R−.
(ii) We write A < B or B > A if B ⊂ A+ int(R+) and A ⊂ B + int(R−).

Let A,B ⊂ R. B ⊂ A + R+ if and only if for any v ∈ B, there exists u ∈ A such that
u ≤ v. A ⊂ B + R− if and only if for any u ∈ A, there exists v ∈ B such that u ≤ v. B
⊂ A + int(R+) if and only if for any v ∈ B, there exists u ∈ A such that u < v. A ⊂ B +
int(R−) if and only if for any u ∈ A, there exists v ∈ B such that u < v.

We define orders on F(R) based on orderings of level sets of fuzzy sets.

Definition 2.2 ([5, 8, 10, 12]). Let ã, b̃ ∈ F(R).

(i) We write ã ⪯ b̃ or b̃ ⪰ ã if [ã]α ≤ [̃b]α for any α ∈ ]0, 1].

(ii) We write ã ≺ b̃ or b̃ ≻ ã if [ã]α < [̃b]α for any α ∈ ]0, 1].

The orders ⪯ and ≺ in Definition 2.2 are called the fuzzy max order and the strict fuzzy
max order on F(R), respectively. The fuzzy max order for fuzzy numbers has been primarily
defined in [12], and many researches have dealt with it. Then, the fuzzy max order for fuzzy
numbers has been extended for fuzzy vectors in [10], for fuzzy sets which are closed, convex,
normal, and support bounded in [8], and for general fuzzy sets in [5].

3. Distance and Norm for Crisp Sets

In this section, a distance and a norm are defined for crisp sets, and their fundamental
properties are investigated in order to investigate fundamental properties of a fuzzy distance
and a fuzzy norm in the next section.

Throughout the present paper, let (X, dX) be a metric space, let (Y, dY ) be a complex
vector space equipped with a metric dY and a zero element 0Y , and let (Z, ∥·∥) be a complex
normed space equipped with a zero element 0Z . Whenever we consider the normed space
(Z, ∥ · ∥), a metric dZ : Z × Z → R is defined as dZ(x, y) = ∥x− y∥ for each x, y ∈ Z.

A fuzzy set ã ∈ F(X) is said to be compact or closed if [ã]α is compact or closed for any
α ∈ ]0, 1], respectively. Let FBC(X) and FC(X) be sets of all compact and closed fuzzy
sets on X, respectively.

We define the distance and the norm for crisp sets.

Definition 3.1. (i) For A,B ⊂ X, dX(A,B) = {dX(x, y) : x ∈ A, y ∈ B} ⊂ R is called the
distance between A and B.
(ii) For A ⊂ Z, ∥A∥ = {∥z∥ : z ∈ A} ⊂ R is called the norm of A.

In Definition 3.1, dX(A,B) is the image of A × B under the metric dX : X × X → R,
and ∥A∥ is the image of A under the norm ∥ · ∥ : Z → R.

The following proposition shows properties of the norm for crisp sets.

Proposition 3.1. Let A,B ⊂ Z, and let λ ∈ C.

(i) A ̸= ∅ ⇒ ∥A∥ ≥ {0}.
(ii) A = {0Z} ⇔ ∥A∥ = {0}.
(iii) ∥λA∥ = |λ|∥A∥.
(iv) ∥A+B∥ ≤ ∥A∥+ ∥B∥.
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Proof. (i) Since A ̸= ∅, it follows that ∥A∥ ̸= ∅. Since u ≥ 0 for any u ∈ ∥A∥, it follows
that ∥A∥ ⊂ {0}+ R+ and {0} ⊂ ∥A∥+ R−. Therefore, we have ∥A∥ ≥ {0}.

(ii) The necessity is trivial. In order to show the sufficiency, suppose that A ̸= {0Z}. If
A = ∅, then ∥A∥ = ∅ ̸= {0}. Suppose that A ̸= ∅. Then, there exists z0 ∈ A such that z0
̸= 0Z . Since 0 < ∥z0∥ ∈ ∥A∥, we have ∥A∥ ̸= {0}.

(iii) First, let u ∈ ∥λA∥. Then, there exists x ∈ A such that u = ∥λx∥. Therefore, we
have u = |λ|∥x∥ ∈ |λ|∥A∥. Next, let v ∈ |λ|∥A∥. Then, there exists y ∈ A such that v =
|λ|∥y∥. Therefore, we have v = ∥λy∥ ∈ ∥λA∥.

(iv) First, let u ∈ ∥A+ B∥. Then, there exist x ∈ A and y ∈ B such that u = ∥x+ y∥.
Thus, it follows that u ≤ ∥x∥+∥y∥ ∈ ∥A∥+∥B∥. Next, let v ∈ ∥A∥+∥B∥. Then, there exist
z ∈ A and w ∈ B such that v = ∥z∥+ ∥w∥. Thus, it follows that v ≥ ∥z + w∥ ∈ ∥A+ B∥.
Therefore, we have ∥A+B∥ ≤ ∥A∥+ ∥B∥.

The following proposition shows properties of the distance for crisp sets.

Proposition 3.2. Let A,B,C ⊂ X.

(i) A ̸= ∅, B ̸= ∅ ⇒ dX(A,B) ≥ {0}.
(ii) A = B = {x0} for some x0 ∈ X ⇔ dX(A,B) = {0}.
(iii) dX(A,B) = dX(B,A).
(iv) A = ∅ or C = ∅ or B = {y0} for some y0 ∈ X ⇒ dX(A,C) ≤ dX(A,B)+ dX(B,C).

Proof. (i) Since A ̸= ∅ and B ̸= ∅, it follows that dX(A,B) ̸= ∅. Since u ≥ 0 for any u ∈
dX(A,B), it follows that dX(A,B) ⊂ {0} + R+ and {0} ⊂ dX(A,B) + R−. Therefore, we
have dX(A,B) ≥ {0}.

(ii) The necessity is trivial. In order to show the sufficiency, suppose that A = B = {x0}
does not hold for any x0 ∈ X. If A = ∅ or B = ∅, then dX(A,B) = ∅ ̸= {0}. Suppose that
A ̸= ∅ and B ̸= ∅. Then, it follows that A ̸= {x0} or B ̸= {x0} for any x0 ∈ X. Let x1 ∈ A.
It follows that A ̸= {x1} or B ̸= {x1}. If A ̸= {x1} and x1 ∈ B, then dX(A,B) ̸= {0}
since 0 < dX(x2, x1) ∈ dX(A,B) for x2 ∈ A with x2 ̸= x1. If A ̸= {x1} and x1 /∈ B, then
dX(A,B) ̸= {0} since 0 < dX(x1, x3) ∈ dX(A,B) for x3 ∈ B. If B ̸= {x1} and x1 ∈ B, then
dX(A,B) ̸= {0} since 0 < dX(x1, x4) ∈ dX(A,B) for x4 ∈ B with x4 ̸= x1. If B ̸= {x1} and
x1 /∈ B, then dX(A,B) ̸= {0} since 0 < dX(x1, x5) ∈ dX(A,B) for x5 ∈ B.

(iii) We have dX(A,B) = {dX(x, y) : x ∈ A, y ∈ B} = {dX(y, x) : y ∈ B, x ∈ A} =
dX(B,A).

(iv) If A = ∅ or C = ∅, then dX(A,C) = ∅ ≤ ∅ = dX(A,B) + dX(B,C). Suppose that
A ̸= ∅, C ̸= ∅, and B = {y0} for some y0 ∈ X. First, let u ∈ dX(A, C). Then, there exist
x ∈ A and z ∈ C such that u = dX(x, z). Thus, it follows that u ≤ dX(x, y0) + dX(y0, z) ∈
dX(A,B) + dX(B,C). Next, let v ∈ dX(A,B) + dX(B,C). Then, there exist x′ ∈ A and z′

∈ C such that v = dX(x
′, y0) + dX(y0, z

′). Thus, it follows that v ≥ dX(x
′, z′) ∈ dX(A,C).

Therefore, we have dX(A,C) ≤ dX(A,B) + dX(B,C).

The metric dY is said to be translation invariant if dY (y, z) = dY (y + x, z + x) for any
x, y, z ∈ Y , and is said to be homogeneous if dY (λx, λy) = |λ|dY (x, y) for any x, y ∈ Y and
any λ ∈ C.

The following proposition shows properties of the distance for crisp sets.

Proposition 3.3. Let A,B,C ⊂ Y , and let λ ∈ C.
(i) It does not always hold that dY (A,B) = dY (A+ C,B + C).
(ii) If dY is translation invariant, then dY (A,B) = dY (A+ x,B + x) for any x ∈ Y .
(iii) If dY is homogeneous, then dY (λA, λB) = |λ|dY (A,B).
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Proof. (i) We define dY : Y × Y → R as

dY (x, y) =

{
1 if x ̸= y,
0 if x = y

for each x, y ∈ Y . Suppose that A ̸= ∅, B ̸= ∅, and A∩B = ∅. Fix any x0 ∈ A and y0 ∈ B,
and set C = {−x0,−y0}. Then, it follows that dY (A,B) = {1}. Since 0Y ∈ (A+C)∩(B+C)
from the definition of C, it follows that 0 = dY (0Y , 0Y ) ∈ dY (A+C,B +C). Therefore, we
have dY (A,B) ̸= dY (A+ C,B + C).

(ii) Let x ∈ Y . First, let u ∈ dY (A,B). Then, there exist y ∈ A and z ∈ B such that u
= dY (y, z). Since dY is translation invariant, we have u = dY (y + x, z + x) ∈ dY (A + x,B
+ x). Next, let v ∈ dY (A + x,B + x). Then, there exist y′ ∈ A and z′ ∈ B such that v =
dY (y

′ + x, z′ + x). Since dY is translation invariant, we have v = dY (y
′, z′) ∈ dY (A,B).

(iii) First, let u ∈ dY (λA, λB). Then, there exist x ∈ A and y ∈ B such that u =
dY (λx, λy). Since dY is homogeneous, we have u = |λ|dY (x, y) ∈ |λ|dY (A,B). Next, let v
∈ |λ|dY (A,B). Then, there exist x′ ∈ A and y′ ∈ B such that v = |λ|dY (x′, y′). Since dY is
homogeneous, we have v = dY (λx

′, λy′) ∈ dY (λA, λB).

The following proposition provides a relationship between the distance and the norm for
crisp sets.

Proposition 3.4. Let A,B ⊂ Z. Then, dZ(A,B) = ∥A−B∥.

Proof. First, let u ∈ dZ(A,B). Then, there exist x ∈ A and y ∈ B such that u = dZ(x, y).
Therefore, we have u = ∥x−y∥ ∈ ∥A−B∥. Next, let v ∈ ∥A−B∥. Then, there exist x′ ∈ A
and y′ ∈ B such that v = ∥x′ − y′∥. Therefore, we have v = dZ(x

′, y′) ∈ dZ(A,B).

4. Fuzzy Distance and Fuzzy Norm

In this section, a fuzzy distance and a fuzzy norm are proposed, and their fundamental
properties are investigated. Some proofs in this section refer to some auxiliary results in the
next section.

We define the fuzzy distance and the fuzzy norm by Zadeh’s extension principle. See
[2, 6, 11, 13, 17] for Zadeh’s extension principle.

Definition 4.1. (i) For ã, b̃ ∈ F(X), dX(ã, b̃) ∈ F(R) defined as

dX(ã, b̃)(u) = sup
u=dX(x,y)

min{ã(x), b̃(y)}

for each u ∈ R is called the fuzzy distance between ã and b̃.
(ii) For ã ∈ F(X) and b ∈ X, dX(ã, b) ∈ F(R) defined as

dX(ã, b)(u) = sup
u=dX(x,b)

ã(x)

for each u ∈ R is called the fuzzy distance between ã and b. Furthermore, dX(b, ã) = dX(ã, b)
is called the fuzzy distance between b and ã.
(iii) For ã ∈ F(Z), ∥ã∥ ∈ F(R) defined as

∥ã∥(u) = sup
u=∥x∥

ã(x)

for each u ∈ R is called the fuzzy norm of ã.
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In Definition 4.1, the fuzzy distance dX is defined for the metric space X. Since Y and
Z are also metric spaces, fuzzy distances dY and dZ for Y and Z, respectively, are defined
similarly.

The following proposition shows a property of the fuzzy distance.

Proposition 4.1. Let ã ∈ F(X), and let b ∈ X. Then, dX(ã, b) = dX(ã, c{b}).

Proof. For any u ∈ R, we have dX(ã, c{b})(u) = supu=dX(x,y)min{ã(x), c{b}(y)} = supu=dX(x,b)

min{ã(x), c{b}(b)} = supu=dX(x,b) ã(x) = dX(ã, b)(u).

The following proposition is a special case of [6, Proposition 2], and provides a relation-
ship between fuzzy norms of fuzzy sets and generators of the fuzzy sets.

Proposition 4.2. Let {Sα}α∈]0,1] ∈ S(Z), and let ã = MZ({Sα}α∈]0,1]) ∈ F(Z). Then, ∥ã∥
= MR({∥Sα∥}α∈]0,1]) = supα∈]0,1] αc∥Sα∥.

The following proposition is a special case of [6, Proposition 3], and provides a relation-
ship between fuzzy distances of fuzzy sets and generators of the fuzzy sets.

Proposition 4.3. Let {Sα}α∈]0,1], {Tα}α∈]0,1] ∈ S(X), and let ã = MX({Sα}α∈]0,1]), b̃ =

MX({Tα}α∈]0,1]) ∈ F(X). Then, dX(ã, b̃) = MR({dX(Sα, Tα) }α∈]0,1]) = supα∈]0,1] αcdX(Sα,Tα).

We define addition, subtraction, and scalar multiplication of fuzzy sets by Zadeh’s ex-
tension principle.

Definition 4.2. Let V be a complex vector space. For ã, b̃ ∈ F(V ) and λ ∈ C, we define ã

+ b̃, ã− b̃, λã ∈ F(V ) as

(ã+ b̃)(x) = sup
x=y+z

min{ã(y), b̃(z)},

(ã− b̃)(x) = sup
x=y−z

min{ã(y), b̃(z)},

(λã)(x) = sup
x=λy

ã(y)

for each x ∈ V , respectively.

The following proposition is a special case of [6, Propositions 2 and 3], and provides
relationships between operations of fuzzy sets and generators of the fuzzy sets.

Proposition 4.4. Let V be a complex vector space, and let {Sα}α∈]0,1], {Tα}α∈]0,1] ∈ S(V ).

In addition, let ã = MV ({Sα}α∈]0,1]), b̃ = MV ({Tα}α∈]0,1]) ∈ F(V ). Then, ã+ b̃ = MV ({Sα+

Tα}α∈]0,1]) = supα∈]0,1] αcSα+Tα, ã− b̃ = MV ({Sα − Tα}α∈]0,1]) = supα∈]0,1] αcSα−Tα, and λã
= MV ({λSα}α∈]0,1]) = supα∈]0,1] αcλSα.

The following proposition provides a relationship between addition and subtraction of
fuzzy sets.

Proposition 4.5. Let V be a complex vector space, and let ã, b̃ ∈ F(V ). Then, ã + (−1)̃b

= ã− b̃.

Proof. Since [ã]α + (−1)[̃b]α = [ã]α − [̃b]α for any α ∈ ]0, 1], we have ã+ (−1)̃b = MV ({[ã]α
+ (−1)[̃b]α}α∈]0,1]) = MV ({[ã]α − [̃b]α}α∈]0,1]) = ã− b̃ from Proposition 4.4.
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The following proposition provides relationships between the fuzzy distance and the
fuzzy norm.

Proposition 4.6. Let ã, b̃ ∈ F(Z).

(i) dZ(ã, b̃) = ∥ã− b̃∥.
(ii) dZ(ã, 0̃Z) = ∥ã− 0̃Z∥ = dZ(ã, 0Z).

Proof. (i) From the decomposition theorem, it follows that ã = MZ({[ã]α}α∈]0,1]) and b̃ =

MZ({[̃b]α}α∈]0,1]). Thus, it follows that dZ(ã, b̃) =MR({dZ([ã]α, [̃b]α)}α∈]0,1]) from Proposition

4.3. Since ã − b̃ = MZ({[ã]α − [̃b]α}α∈]0,1]) from Proposition 4.4, it follows that ∥ã − b̃∥ =

MR({∥[ã]α − [̃b]α∥}α∈]0,1]) from Proposition 4.2. Since dZ([ã]α, [̃b]α) = ∥[ã]α − [̃b]α∥ for any α

∈ ]0, 1] from Proposition 3.4, we have dZ(ã, b̃) = MR({dZ([ã]α, [̃b]α)}α∈]0,1]) = MR({∥[ã]α −
[̃b]α∥}α∈]0,1]) = ∥ã − b̃∥.

(ii) The conclusion follows from (i) and Proposition 4.1.

The following proposition shows properties of the fuzzy norm.

Proposition 4.7. Let ã, b̃ ∈ F(Z), and let λ ∈ C.

(i) [ã]1 ̸= ∅ ⇒ [∥ã∥]1 ̸= ∅ ⇒ ∥ã∥ ⪰ 0̃.
(ii) ã = 0̃Z ⇔ ∥ã∥ = 0̃.
(iii) ∥λã∥ = |λ|∥ã∥.
(iv) If the dimension of Z is finite, and ã, b̃ ∈ FBC(Z), then ∥ã+ b̃∥ ⪯ ∥ã∥+ ∥b̃∥.

Proof. (i) First, suppose that [ã]1 ̸= ∅. From the decomposition theorem and Proposition
4.2, it follows that ∥ã∥ = MR({∥[ã]α∥}α∈]0,1]). Since [ã]1 ̸= ∅, we have ∅ ̸= ∥[ã]1∥ ⊂ [∥ã∥]1;
see also [11, Proposition 2.1 (i)]. Next, suppose that [∥ã∥]1 ̸= ∅. Then, it follows that
[∥ã∥]α ̸= ∅ for any α ∈ ]0, 1]. Fix any α ∈ ]0, 1]. Since u ≥ 0 for any u ∈ [∥ã∥]α, it follows
that [∥ã∥]α ⊂ {0} + R+ = [0̃]α + R+ and [0̃]α = {0} ⊂ [∥ã∥]α +R−, and that [∥ã∥]α ≥ [0̃]α.
Therefore, we have ∥ã∥ ⪰ 0̃ by the arbitrariness of α ∈ ]0, 1].

(ii) First, we show the necessity. From the decomposition theorem and Propositions 3.1
(ii) and 4.2, we have ∥ã∥ = MR({∥[ã]α∥}α∈]0,1]) = MR({∥{0Z}∥ }α∈]0,1]) = MR({{0}}α∈]0,1])
= 0̃.

Next, we show the sufficiency. Suppose that ã ̸= 0̃Z . Then, there are the following two
cases: (ii-1) ã(0Z) < 1; (ii-2) ã(0Z) = 1, and there exists x0 ∈ Z such that x0 ̸= 0Z and
ã(x0) > 0.

(ii-1) We set α0 = ã(0Z) < 1. For any α ∈ ]α0, 1], since 0Z /∈ [ã]α, it follows that
0 /∈ ∥[ã]α∥. Since ∥ã∥(0) = MR({∥[ã]α∥}α∈]0,1])(0) = sup{α ∈ ]0, 1] : 0 ∈ ∥[ã]α∥} ≤ α0 < 1

= 0̃(0) from the decomposition theorem and Proposition 4.2, we have ∥ã∥ ̸= 0̃.
(ii-2) We set β0 = ã(x0) > 0 and u0 = ∥x0∥ > 0. For any α ∈ ]0, β0], since x0 ∈ [ã]α, it

follows that u0 = ∥x0∥ ∈ ∥[ã]α∥. Since ∥ã∥(u0) = MR({∥[ã]α∥}α∈]0,1] )(u0) = sup{α ∈ ]0, 1] :

u0 ∈ ∥[ã]α∥} ≥ β0 > 0 = 0̃(u0) from the decomposition theorem and Proposition 4.2, we
have ∥ã∥ ̸= 0̃.

(iii) From the decomposition theorem and Propositions 3.1 (iii), 4.2, and 4.4, we have
∥λã∥ = MR({∥λ[ã]α∥}α∈]0,1]) = MR({|λ|∥[ã]α∥}α∈]0,1]) = |λ|∥ã∥.

(iv) From Proposition 5.3, it follows that ã + b̃ ∈ FBC(Z). Since [∥ã∥]α = ∥[ã]α∥ and

[∥b̃∥]α = ∥[̃b]α∥ for any α ∈ ]0, 1] from Proposition 5.2, it follows that [∥ã∥]α and [∥b̃∥]α
are compact for any α ∈ ]0, 1], and that ∥ã∥, ∥b̃∥ ∈ FBC(R). From Propositions 3.1 (iv),
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5.2, and 5.3, it follows that [∥ã + b̃∥]α = ∥[ã + b̃]α∥ = ∥[ã]α + [̃b]α∥ ≤ ∥[ã]α∥ + ∥[̃b]α∥ =

[∥ã∥]α+[∥b̃∥]α = [∥ã∥+∥b̃∥]α for any α ∈ ]0, 1]. Therefore, we have ∥ã+ b̃∥ ⪯ ∥ã∥+∥b̃∥.

The following proposition shows properties of the fuzzy distance.

Proposition 4.8. Let ã, b̃ ∈ F(X).

(i) [ã]1 ̸= ∅, [̃b]1 ̸= ∅ ⇒ [dX(ã, b̃)]1 ̸= ∅ ⇒ dX(ã, b̃) ⪰ 0̃.

(ii) ã = b̃ = c{x0} for some x0 ∈ X ⇔ dX(ã, b̃) = 0̃.

(iii) dX(ã, b̃) = dX (̃b, ã).
(iv) Assume that the dimension of Y is finite, and that dY is translation invariant and

homogeneous. Moreover, assume that ã′, c̃′ ∈ FBC(Y ), and that b̃′ = c{x} for some x ∈ Y .

Then, dY (ã
′, c̃′) ⪯ dY (ã

′, b̃′) + dY (̃b
′, c̃′).

Proof. (i) First, suppose that [ã]1 ̸= ∅ and [̃b]1 ̸= ∅. From the decomposition theorem and

Proposition 4.3, it follows that dX(ã, b̃) = MR({dX([ã]α, [̃b]α)}α∈]0,1]). Since [ã]1 ̸= ∅ and [̃b]1
̸= ∅, it follows that ∅ ̸= dX([ã]1, [̃b]1) ⊂ [dX(ã, b̃)]1; see also [11, Proposition 2.1 (i)]. Next,

suppose that [dX(ã, b̃)]1 ̸= ∅. Then, it follows that [dX(ã, b̃)]α ̸= ∅ for any α ∈ ]0, 1]. Fix

any α ∈ ]0, 1]. Since u ≥ 0 for any u ∈ [dX(ã, b̃)]α, it follows that [dX(ã, b̃)]α ⊂ {0} + R+

= [0̃]α + R+ and [0̃]α = {0} ⊂ [dX(ã, b̃)]α + R−, and that [dX(ã, b̃)]α ≥ [0̃]α. Therefore, we

have dX(ã, b̃) ⪰ 0̃ by the arbitrariness of α ∈ ]0, 1].

(ii) First, we show the necessity. From the decomposition theorem and Propositions 3.2

(ii) and 4.3, we have dX(ã, b̃) = MR({dX([ã]α, [̃b]α)}α∈]0,1]) = MR( {dX({x0}, {x0})}α∈]0,1]) =
MR({{0}}α∈]0,1]) = 0̃.

Next, we show the sufficiency. From the decomposition theorem and Proposition 4.3, it
follows that

dX(ã, b̃) = MR({dX([ã]α, [̃b]α)}α∈]0,1]) = 0̃. (4.1)

In order to show that [ã]α ∩ [̃b]α ̸= ∅ for any α ∈ ]0, 1[, suppose that there exists α0 ∈ ]0, 1[

such that [ã]α0 ∩ [̃b]α0 = ∅. For any α ∈ ]α0, 1], since [ã]α ∩ [̃b]α = ∅, it follows that 0 /∈
dX([ã]α, [̃b]α). Then, it follows that dX(ã, b̃)(0) = sup{α ∈ ]0, 1] : 0 ∈ dX([ã]α, [̃b]α)} ≤ α0 <

1 = 0̃(0), which contradicts (4.1). Fix any α1 ∈ ]0, 1[, and let x0 ∈ [ã]α1 ∩ [̃b]α1 . In order to
show that

[ã]α1 = [̃b]α1 = {x0}, (4.2)

suppose that [ã]α1 ̸= {x0} or [̃b]α1 ̸= {x0}. We show only the case [ã]α1 ̸= {x0}. It can

be shown the other case [̃b]α1 ̸= {x0} similarly. Then, there exists x1 ∈ [ã]α1 such that x1

̸= x0. Since x0 ∈ [̃b]α1 , it follows that 0 < dX(x1, x0) ∈ dX([ã]α1 , [̃b]α1). Since dX(x1, x0)

∈ dX([ã]α, [̃b]α) for any α ∈ ]0, α1], it follows that dX(ã, b̃)(dX(x1, x0)) = sup{α ∈ ]0, 1] :

dX(x1, x0) ∈ dX([ã]α, [̃b]α)} ≥ α1 > 0 = 0̃(dX(x1, x0)), which contradicts (4.1). Now, we
show that

[ã]α = [̃b]α = {x0} for any α ∈ ]0, 1[ . (4.3)

From the same arguments of the proof of (4.2), it follows that [ã]α = [̃b]α is a singleton for

each α ∈ ]0, 1[. Suppose that there exist α2 ∈ ]0, 1[ and x2 ∈ X such that [ã]α2 = [̃b]α2

= {x2} and x2 ̸= x0. We show only the case α1 < α2. It can be shown the other case α1

> α2 similarly. Then, it follows that x2 ∈ [ã]α2 ∩ [̃b]α2 ⊂ [ã]α1 ∩ [̃b]α1 and x2 ̸= x0, which
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contradicts (4.2). From (4.3), the decomposition theorem, and Proposition 2.1, it follows
that

[ã]1 =
∩

α∈]0,1[

[ã]α = {x0}, [̃b]1 =
∩

α∈]0,1[

[̃b]α = {x0}. (4.4)

Therefore, we have ã = b̃ = c{x0} from (4.3) and (4.4).

(iii) From the decomposition theorem and Propositions 3.2 (iii) and 4.3, we have dX(ã, b̃)

= MR({dX([ã]α, [̃b]α)}α∈]0,1]) = MR({dX([̃b]α, [ã]α)}α∈]0,1]) = dX (̃b, ã).
(iv) Define ∥ · ∥Y : Y → R as ∥x′∥Y = dY (x

′, 0Y ) for each x′ ∈ Y . Then, we have dY (ã
′,

c̃′) = ∥ã′ − c̃′∥Y = ∥(ã′ − b̃′) + (̃b′ − c̃′)∥Y ⪯ ∥ã′ − b̃′∥Y + ∥b̃′ − c̃′∥Y = dY (ã
′, b̃′) + dY (̃b

′, c̃′)
from Propositions 4.4, 4.6, 4.7 (iv), and 5.4.

The following proposition shows properties of the fuzzy distance.

Proposition 4.9. Let ã, b̃, c̃ ∈ F(Y ), and let λ ∈ C.

(i) It does not always hold that dY (ã, b̃) = dY (ã+ c̃, b̃+ c̃).

(ii) If dY is translation invariant, then dY (ã, b̃) = dY (ã+ c{x}, b̃+ c{x}) for any x ∈ Y .

(iii) If dY is homogeneous, then dY (λã, λb̃) = |λ|dY (ã, b̃).

Proof. (i) Let dY and A,B,C ⊂ Y be the same ones as in the proof of Proposition 3.3

(i). Then, it follows that dY (A,B) ̸= dY (A + C,B + C). We set ã = cA, b̃ = cB, and c̃

= cC . From the decomposition theorem and Propositions 4.3 and 4.4, we have dY (ã, b̃) =

MR({dY ([ã]α, [̃b]α)}α∈]0,1]) = MR({dY (A,B)}α∈]0,1]) = cdY (A,B) ̸= cdY (A+C,B+C) = MR({dY (
A+ C,B + C)}α∈]0,1]) = MR({dY ([ã]α + [c̃]α, [̃b]α + [c̃]α)}α∈]0,1]) = dY (ã+ c̃, b̃+ c̃).

(ii) Let x ∈ Y . From the decomposition theorem and Propositions 3.3 (ii), 4.3, and 4.4,

we have dY (ã, b̃) = MR({dY ([ã]α, [̃b]α)}α∈]0,1]) = MR({dY ([ã]α + x, [̃b]α + x)}α∈]0,1]) = MR(

{dY ([ã]α + [c{x}]α, [̃b]α + [c{x}]α)}α∈]0,1]) = dY (ã+ c{x}, b̃+ c{x}).
(iii) From the decomposition theorem and Propositions 3.3 (iii), 4.3, and 4.4, we have

dY (λã, λb̃) = MR({dY (λ[ã]α, λ[̃b]α)}α∈]0,1]) = MR({|λ|dY ([ã]α, [̃b]α)}α∈]0,1]) = |λ|dY (ã, b̃).

5. Auxiliary Results

In this section, some auxiliary results referred to in the previous section are presented.
The following proposition gives conditions such that for a mapping, level sets of a fuzzy

set obtained from two other fuzzy sets by Zadeh’s extension principle coincide with images
of level sets of the two fuzzy sets under the mapping.

Proposition 5.1. Let (Xi, di), i = 1, 2, 3 be metric spaces. If f : X1 ×X2 → X3 is contin-
uous, then [f(ã1, ã2)]α = f([ã1]α, [ã2]α) for any α ∈ ]0, 1] and any ãi ∈ FBC(Xi), i = 1, 2,
where f(ã1, ã2) ∈ F(X3) is defined as f(ã1, ã2)(x3) = supx3=f(x1,x2)min{ã1(x1), ã2(x2)} for
each x3 ∈ X3, and a metric on X1×X2 is the product metric defined as dπ((x1, x2), (y1, y2))
= max{d1(x1, y1), d2(x2, y2)} for each (x1, x2), (y1, y2) ∈ X1 × X2. See also [3, Definition
10.11] for the product metric.

Proof. It is sufficient to show that f−1(x3) = ∅ or sup(x1,x2)∈f−1(x3)min{ã1(x1), ã2(x2)} is
attained for any x3 ∈ X3 from [11, Proposition 3.3]. In order to show it, let x̂3 ∈ X3, let
f−1(x̂3) ̸= ∅, and we show that sup(x1,x2)∈f−1(x̂3)min{ã1(x1), ã2(x2)} is attained. Note that ãi
∈ FBC(Xi), i = 1, 2 are upper semicontinuous. Let b̃ ∈ F(X1×X2) be a fuzzy set defined as

b̃(x1, x2) = min{ã1(x1), ã2(x2)} for each (x1, x2) ∈ X1 ×X2. The product metric dπ defines
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the product topology onX1×X2. Since [̃b]α = [ã1]α×[ã2]α is compact for each α ∈ ]0, 1] from

Tihonov’s theorem, it follows that b̃ is upper semicontinuous. If sup(x1,x2)∈f−1(x̂3) b̃(x1, x2)

= 0, then sup(x1,x2)∈f−1(x̂3) b̃(x1, x2) is attained. Suppose that sup(x1,x2)∈f−1(x̂3) b̃(x1, x2) > 0.

Then, there exists (x̂1, x̂2) ∈ f−1(x̂3) such that b̃(x̂1, x̂2) > 0. Let α̂ ∈ ]0, b̃(x̂1, x̂2)]. It follows

that (x̂1, x̂2) ∈ [̃b]α̂ = [ã1]α̂ × [ã2]α̂. Since f−1(x̂3) is closed from the continuity of f , and

[̃b]α̂ is compact, it follows that f−1(x̂3) ∩ [̃b]α̂ is compact. Since sup(x1,x2)∈f−1(x̂3) b̃(x1, x2)

= sup(x1,x2)∈f−1(x̂3)∩[̃b]α̂ b̃(x1, x2), f
−1(x̂3) ∩ [̃b]α̂ is a nonempty compact set, and b̃ is upper

semicontinuous, it follows that sup(x1,x2)∈f−1(x̂3) b̃(x1, x2) is attained.

The following proposition gives conditions such that level sets of the fuzzy norm of a
fuzzy set coincide with images of level sets of the fuzzy set under the norm.

Proposition 5.2. Assume that the dimension of Z is finite. Let ã ∈ FC(Z). Then, [∥ã∥]α
= ∥[ã]α∥ for any α ∈ ]0, 1].

Proof. Define f : Z → R as f(x) = ∥x∥ for each x ∈ Z. It is sufficient to show that f−1(λ)
= ∅ or supx∈f−1(λ) ã(x) is attained for any λ ∈ R from [11, Proposition 3.3]. In order to

show it, let λ̂ ∈ R, let f−1(λ̂) ̸= ∅, and we show that supx∈f−1(λ̂) ã(x) is attained. Since

f−1(λ̂) ̸= ∅, it follows that λ̂ ≥ 0. Since f−1(λ̂) is compact, and ã is upper semicontinuous,
it follows that supx∈f−1(λ̂) ã(x) is attained.

The following proposition gives conditions such that level sets of addition of two fuzzy
sets coincide with additions of level sets of the two fuzzy sets.

Proposition 5.3. Assume that the dimension of Z is finite. Let ã, b̃ ∈ FBC(Z). Then, [ã

+ b̃]α = [ã]α + [̃b]α for any α ∈ ]0, 1].

Proof. We define f : Z × Z → Z as f(x, y) = x + y for each (x, y) ∈ Z × Z. Since f is a
linear mapping, f is continuous (with respect to any norm on Z × Z). Therefore, we have
the conclusion from Proposition 5.1.

The following proposition gives conditions such that a norm is induced by a metric, and
shows a relationship between the metric and the induced norm.

Proposition 5.4. Assume that dY is translation invariant and homogeneous. Define ∥·∥Y :
Y → R as ∥x∥Y = dY (x, 0Y ) for each x ∈ Y . Then, ∥ · ∥Y is a norm on Y . Furthermore,
dY (x, y) = ∥x− y∥Y for any x, y ∈ Y .

Proof. Since dY is a metric on Y , for any x ∈ Y , it follows that ∥x∥Y = dY (x, 0Y ) ≥ 0, and
that ∥x∥Y = dY (x, 0Y ) = 0 if and only if x = 0Y . Since dY is homogeneous, it follows that
∥λx∥Y = dY (λx, 0Y ) = dY (λx, λ0Y ) = |λ|dY (x, 0Y ) = |λ|∥x∥Y for any x ∈ Y and any λ ∈ C.
Since dY is translation invariant, it follows that ∥x + y∥Y = dY (x + y, 0Y ) = dY (x,−y) ≤
dY (x, 0Y ) + dY (0Y ,−y) = ∥x∥Y + dY (y, 0Y ) = ∥x∥Y + ∥y∥Y for any x, y ∈ Y . Therefore,
∥ · ∥Y is a norm on Y . Since dY is translation invariant, we have dY (x, y) = dY (x − y, 0Y )
= ∥x− y∥Y for any x, y ∈ Y .
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6. Conclusions

In the present paper, a fuzzy distance and a fuzzy norm were proposed. The fuzzy distance
and the fuzzy norm were defined by Zadeh’s extension principle, and their fundamental
properties were investigated. Fuzzy distances and fuzzy norms can be expected to be useful
for measuring the difference of data involving uncertainty or vagueness.

Given data which represent characteristics of individuals, the difference of characteristics
of any two individuals is usually measured by a distance or a norm of some kind, and the
data are analyzed based on the measured differences. However, such data sometimes involve
uncertainty or vagueness caused by observations or human decisions. In this case, it is
suitable to represent characteristics of individuals as sets rather than points. Furthermore,
it is natural that such sets have uncertain or vague boundaries. Therefore, it is more suitable
to represent characteristics of individuals as fuzzy sets rather than sets. Fuzzy distances
and fuzzy norms are needed and important to analyze such data represented as fuzzy sets.

Mathematical programming problems often involve crisp distances or norms. When
fuzzy distances or fuzzy norms are considered instead of the crisp distances or norms, the
problems are fuzzy mathematical programming problems. For example, a crisp minisum
location problem is a problem to find the location of a facility which minimizes the total
sum of crisp distances between the facility and demand points. Demand points are fixed
points which represent locations of customers of the facility to be located. If demand points
in the minisum location problem are considered as fuzzy sets, then the problem is a fuzzy
minisum location problem involving fuzzy distances. In this case, the fuzzy sets represent
uncertain or vague locations of demands. The obtained results in the present paper can be
expected to be useful for analyzing various fuzzy mathematical programming problems such
as the fuzzy minisum location problem.
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