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1. Introduction

We consider a network design problem
with hub-and-spoke structure which arises
The hub-and-
spoke structure is a network such that some

from the airline industry.

nodes. called non-hub nodes. can interact
only via a set of completely interconnected
nodes. called hub-nodes. This paper deals
with the case that the hub nodes and non-
hub nodes are fixed. The problem is to de-
cide connections of each non-hub node to
one of the hub nodes minimizing a total
transportation cost. Saito. Matuura. and
Matsui proposed a mixed integer program-
ming formulation of this problem [2]. In
this paper. we adopt a polyhedral approach
to this formulation.
2. Formulation

Let H and N be the sets of hub nodes and
non-hub nodes. respectively. with |H| = p
and |[N| = n. Let A = N x N be a set
of non-hub pairs. For any pair of non-hubs
(i.7) € A. the flow from 7 to j is denoted
by w;; > 0. For any pair of nodes (p.q) €
(Hx HYU(H x N)U (N x H). the unit
transportation cost from p to ¢ is denoted
by ¢pq > 0.. We can formulate the problem
as follows;
(HLP)
min. 32 5)ea Wii(LkeH CikTik

+ ke H 2tcH CHITikTjl + Die i C1iTj1)
s. t. SkepTik =1 (Vi € N),
zir € {0.1} (V(i.k) € N x H).
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By introducing new variables y;x; = Tu.xji,

we can linearize the quadratic objective
function. Let A be an affine subspace de-
fined by the following equations:

Spen rik =1 (Vi€ N).
=Tik + X1 Yikji =0

(Vi.Vj € N.Vk € H.i < §),
-2+ Y ken Yikjt =0

(Vi.Vj € N.Vi € Hai < j).

Then we have a reformulation of (HLP) as
a mixed integer programming problem [2];
(MIP)
min. 3 5ea Wi (ke n CikTik
+ ke LieH Chi¥ikst + Lien i)
s. t. (r.y) e A. y >0,
T € {0.1} (V(i.k) € N x H).

3. The polytope HLP,, ,

.~ Let G .be a graph with vertex set V :=
N x H and edge set E := {{(i.k).(j. 1)} €
(;) | i # j}. Then (MIP) turns into
a problem to find a n-clique with mini-

mal node- and edge- weight by setting a;;
for each node (i.k) € V and byy for
each edge {(i.k).(5.1)} € E. where aj =
Cjen(wijcin +whicks) + e g (wi(cip +crr) +
wyi(cri + i) bikjt = (wy; + wyi)ew. Note
that z;, and yi; correspond to each node
and each edge of G respectively. And each
feasible solution of (MIP) corresponds to an
n-clique of G.

We introduce a polytope HLP,, , as a con-
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vex hull of feasible solutions as. follows:

HLP, , =
x(row;) =1 (Vi € N).
conv$ (r.y) |z, € {0.1}. (Vv e V),
Yo = TuTy (Ve € E).

where £(T) = ¥ ,cr @y (T C V) and row; =
{(i.k) | k € H}. _
To investigate the structure of HLP,, ,. we
-apply the star transformation which was in-
troduced to the quadratib4aSsignment poly-
tope [3]. This transformation induces a pro-
jection of HLP, , onto an affine subspace

U= {.('T’ v) ye=0 (Ve € E\ E*)

Ty =0 (MveV\V*, }

where H* = H\ {p}. V* = {(i.k) | 4 €
Nk e B}, Er = {{(i.k), (1.0} | i.j €
N.k.l € H*.i < j}. Define the polytope
HLP], , as the image of HLP,, ,. We can see

that HLP?

np is a full dimensional polytope

in RY" x RF" and is more tractable: -

The following properties, concerning the
linear constraints of (MIP). are shown by
pulling back from HLP7} .

Theorem 1 A is the affine hull of HLP,, .

Theorem 2 The inequality y, > 0 (Ve €
E) defines a facet of HLP,, ,.

4. New facet defining inequalities.

Padberg introduced the Boolean quadric
polytope BQP,, and showed two classes of
valid inequalities called cligue-inequalitics
‘and cut-inequalities [1). Since. HLP,, is a
face of BQP,,,. it is easy to see that the fol-
lowing lemina holds.

Lemma 3 VB € ZVS.VI' C V, the él?ﬁg?te-
. inequality v

(3 — 1)a(T) -‘y(E(T)')é‘&z:ﬁ‘

“equalities for HLP,, .

and.the cut-inequality -

~32(S) + (9~ a(T) - y(E(S))
—y(B(T)) + y(B(S : T)) < 252
are valid for HLP,, . |

We found some new facet defining in-
The following in-
equalities are among the simplest ones..-
Theorem 4 The clvlq?b(;-inéq1l,al1lty with,
B=2.T={uvw} (u<v=<w).
and the cut~1ﬁnequal11ty with. |
3=1. S={u}. T'={v.w}

(v < w,u & row(v) Urow(w))
define fa,éets of HLP,,“,,,: where (i.k) <
(7.0 < § and row((i. k) = {(.0) | | €
H}. '

5. Computational experiments

We applied our approach to benchmark
test problems. Computational experiments
were performed for instances with 4 hub
nodes. We found an integer optimal solu-
tion for every instance by adding t-hévnew
facet defining inequalities as cutting planes.
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