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On the maximum balanced k-flow problem
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1. Introduction

D.K. Wagner and H. Wan considered the
mazimum k-flow problem of finding a max-
imum k-flow determining how much arc ca-
pacity to purchase for each arc and how
much flow to send so as to maximize the net
profit, where the capacity of any arc can be
increased at a per-unit cost and every unit of
flow sent from the source to the sink yields
a payoff k. Here, we consider the mazimum
balanced k-flow problem of finding a maxi-
mum k-flow in a network with an additional
constraint described in terms of a balancing
rate function. We show that the maximum
balanced k-flow problem can be regarded as
a generalization of the maximum balanced
flow problem, provided that all of the input
data are rational.

2. Maximum balanced k-flows

We denote the sets of reals and of non-
negative reals by R and R;. Let G = (V, A)
be a directed graph with a vertex set V' and
an arc set A. We use z(T) = ¥erz(t) for
a function z on A and T C A. Consider
N =(G=(V,A),uy;s*,s7), where u: A —
R, — {0} is capacity function on A, and s*
and s~ (st # s~ ) are the source and the
sink of N. For a function f : A — R, define
the boundary 8f : V — R of f by

6f('U) = Za€6+v f(a) - Zaeé‘v f(a)’ v e 1/)

where 6%v ( §~v) is the set of arcs in G

which have v as their initial (terminal) ver-
tices. Given N, the mazimum flow problem

(MF) is as follows:

(MF): Maximize valy(f) s.t.
df(v) =0, veV —{st s}, (1)
0< fla) Su(a),  a€4, (2)

where f satisfying (1) is a flowin N of flow
value valy(f) = 8f(s*). A flow f is feasible
if f satisfies (2). A feasible flow f maximiz-
ing valy(f) is a mazimum flow in N. For
S C V such that st € Sand s~ € V -5,
K(S) = {(y,v) € A:ue SveV-S5}
is a cut of G. The value of a cut K(S) in
N is v(K(S)) = Lsexs)u(a). A minimum
cut is a cut minimizing the value. Given a
balancing rate function a : A — R, — {0},
the mazimum balanced flow problem (MBF)
in Ny = (G = (V,A),y,q;s%,s7) is:

(MBF): Maximize valy, (f) s.t. (1), (2) and
f(a) < a(a)valy,(f), a€ A. (3)

A flow f satisfying (3) is balanced in N;i. A
feasible balanced flow f maximizing valy, ( f)
is a mazimum balanced flow in N;. Given
integral cost function ¢ : A — R4 and an
integer k > 0, Wanger and Wan ([1]) dis-
cussed the mazimum k-flow problem (MF);
in Ny = (G = (V, A),u,c,k;s*,s™) defined

as follows:

(MF);: Maximize valy,(k, ¢, ) = kvaly,(f)
~ Faeac(e) max{£(a) - u(a), 0} s (1),
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A flow f is a k-flow in N,. A k-
flow f maximizing valy,(k,c, f) is a maz-
imum k-flow in N,. Given N3 = (G =
(V,A),u,a,c, k;st,s™), consider the mazi-
mum balanced k-flow problem (MBF); de-
fined as follows:

(MBF);: Maximize valy,(k,c, f) s.t. (1),
0< f(a) < ala)valw,(k,c, f), a€4, (4)

A flow f satisfying (4) is a balanced k-flow
in N3. A balanced k-flow f maximizing
valy, (k, ¢, f) is a mazimum balanced k-flow
in N3. We introduce a parametric problem
(MF), of Ny = (G = (V,A),,y;5%,57,9)
with parameter y.

(MF),: Maximize valy,(f) s.t. (1) and
0< £(a) < minfu(a),a(a)y), a€ A (5

Let K(S,) be a minimum cut in Ny and
K(Sy) = {a € K(Sy) : u(a) < a(a)y'} for
a fixed value y = ¢'. Let y* = max{y' : ¢’ =
valNy,(fyl)}, where f,:3e is a maximum flow
in Ny. Then we have

y" = u(K(S,-))/(1 - a(K2(S,0)), (6)

where K?(S,.) = K(S,+) — K*(S,-).

3. Analysis on rational data

We show that problem (MBF); can be
regarded as a generalization of problem
(MBF), provided that all of the given data.
are rational. We assume that u is inte-
gral and a(a) = ((a)/n(a) ( a € A) for
some positive integers ((a) and n(a). Let
u,(a) = u(a) + €(a) for given nonnegative
real numbers ¢(a) (a € A). Then the optimal
value y¥ (y* ) in N{ = (G, ue, o5 5%, 57,9) (
N, ) is given by

Ye = u(K1(Sy))/(1 = a(K3(S,;))) , (V)

y" = u(K'(S,)/(1 - «(K*(Spr)) ,  (8)
where K(S,:) ( K(S,-) ) is a minimum cut

“in Nj, ( Ny- ). Note that y¢ ( y™ ) is the

flow value of a maximum balanced flow in
Nt = (G = (V,A),u,,a;5,57) ( Ny ). Let
I' = I,ean(a), and the following two lem-
mas holds.

Lemma 1: Letc(a) > C1 =|A|T (a € A)
and f! be a mazimum balanced flow in Nj.
Then we have y* > valy, (1, ¢, f) if

v > w(K(S,))/(1 - a(K*(S,))). B

Lemma 2: Let Upay = MmaXqea u(a) and
c(a) > C2 = C1(CiTumax+1) (a € A). Then
we have y* > valy,(1,¢, f¥) if

y* <u(K1(Sy;)) /(1 — a(K3(Sy;))).

Consider network Nj, where c(a) > C; for
each a € A. Let f; be any balanced 1-

flow in N;. From ¢ > 0 and (4) we have

fi(a) < aa)valy, (f1), which implies that f;
is a balanced flow in N;. Define ¢ by

[0 (f1(a) < u(a) ),
e(a) = { fi(a) — u(a) (otherwise).

Then f; is a feasible balanced flow in
Ni. TFrom this, we have valy,(1,c, fi) <
valye(f¥). From valy,(f1) < valy,(fZ), we
have valy,(1,¢, f1) < valy,(1,¢, f¥). From
lemmas 1 and 2, we have valy,(1,¢, f1) < y*.
Hence we have the following theorem.

Theorem 3: The mazimum balanced 1-flow
problem can be regarded as a generalization
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