1-E—-10

197TEEHAARL - a3V X - VY —FFR
BEFMRERER

Uniqueness of the Equilibrium in Non-cooperative Games
with a Continuum of Players
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1 Introduction

Schmeidler (1973) formulated the model of
non-cooperative games with a continuum of
players to describe the social situation with
many players and showed that there exists
pure equilibria when each player’s payoff de-
pends on an average strategy. Rath (1991)
reformulated this case and showed the simple
proof of existence of pure strategy equilibria.

Watanabe (1996) studied the suflicient
condition for uniqueness of the equilibrium
in Schmeidler’s model. When each player
has two strategies, we showed conditions for
When

each player has more than two strategies, we

the uniqueness of the equilibrium.

showed conditions for the uniqueness of the
interior equilibrium. In this abstract and the

presentation, we show the latter case.

2 Definitions

Let (T',7,)) be a measure space of play-
ers where a nonempty sct 1" denotes a set
ol players, 7 is a o-field and A is a finite
atomless measure on 7. Each player has n
strategies, and €7, which is the j-th unit vec-
tor in R", denotes the j-th strategy of the
players. Let E = {e',...,e"} be the set of
strategies. A strategy profile f is a measur-
able function from T to II. Let F' be the
set of strategy profiles and for any f € I

let s(f) = [fr fdX.
age strategy. Let S be the set of all average

s(f) is called an aver-
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strategies. Let U denotes the set of real val-
ued continuous functions defined on £ x S.
A game g is defined as a function from 7" to
U. We say that f € F' is an equilibrium of a
game g if for almost all ¢t € T,

g (f(®),s(H) = gt)(e',s(/))

for any €' € E.

We restrict the class of the games to nor-
malized games. A game g is said to be a nor-
malized game if g(t)(e",q) =0 forany t € T
and ¢ € S. Any game g can be normalized
to the game g by

g(&)(e!,q) = g(t)(e’,q) — g(t)(e", q).

For any game, the normalized game does not
change the best response structure and the
equilibria from the original ones. Hence, we

consider only normalized games.

3 Results

Although we consider uniqueness of the
equilibrium, we consider that a strategy pro-
file is identify to another strategy profile
which has the same values as the profile out-
side the null sets. Formally we define unique-
ness of the interior equilibrium as follows.

Definition 1 lor any game g, we say that
the interior equilibrium of g is unique if for
any equilibrium f and [’ in g,

A{teTIf@) # £} = 0.
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whenever s(f); > 0 and s(f'); > 0 for any
ie{l,...,n}.

Let I' be a correspondence from S to S
defined by

Dlg) = { [ faNlf (1) € B(t,q)}
where

B(t,q) = {e' € Elg(t)(¢',q) > g(t)(¢’,q)
for anye’ € E}

Thus, I is the best response correspondence
for an average strategy.

Condition N A game g satisfies Condition
N if for any €', € E, €' # € and any
g€ s,

A({t € Tlg(t)(e?,q) = g(t)(e',q)}) = 0

Lemma 1 If a game g satisfies condition
N and the interior fixed point of I' of g
is unique, then equilibria of the game g is

untque.

We introduce the two notations to define
the conditions which imply the unique in-
terior fixed point of I'. For any 6 > 0
and k € {1,...,n — 1}, we define A*(6) by
AF(G) = 6(¢* — e™). For any § > 0 and
i€{l,...,n—1} we define § @ q by

n—1
0Qq= (0q1,0q,...,00,-1,1 =0 q;).
j=1

Condition R A normalized game g sat-
1sfies condition R if for any t € T, q €
S,i € {l,...n—1},j € {l,...n} , k €
{1,...,n — 1} satisfying ¢+ # k and any
0 > 0 satisfying q + A*(0) € S, we have
4(8)(c', g+ AR8)) > g(t) (¢4, g+ AR(0)) when-
ever g(t)(e*,9) > g(t)(¢’,q).

Condition H A normalized game g sat-
tsfies condition H if for any t € T,q €
S,et. el € E and any 0 > 0 satisfying 0 @q €
S, we have g(t)(e',0 ® q) > g(t)(e’,0 ® q)
whenever g(t)(et,q) > g(t)(e’, q)

Lemma 2 If a normaiized game g satisfies
condition R and H, interior fixed points of I'
of the game 1s unique.

Theorem 1 Jf a normalized game g satis-
fies condition N, R and H, then equilibria of
the game g is unique.

We can find the class of the functions of g
which satisfy R and H.

Condition G A normalized game g satis-
fies condition G if for any t € T, there ezx-
ists a positive function hy(qi,...,qn_1) and
a non-increasing homogeneous function with

m degree hi(qg:) (1 =1,...,n — 1) such that
9()(€',q) = hu(gr, -, Gu-1)hi(g2)-

Lemma 3 If a normalized game g satisfies
condition G, then the game g satisfies condi-
tion R and H.

Theorem 2 If a normalized game g satis-
fies condition N and G, then equiltbria of the

game g is unique.
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