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1. Introduction

The theory of two-sided matching markets has seen many advances since the birth of the
two standard models, the marriage model due to Gale and Shapley [4] and the assignment
model of Shapley and Shubik [10]. The main progress has been the unification of these two
standard models; Kaneko [5] formulated a general model using characteristic functions, and
proved the nonemptiness of the core, Roth and Sotomayor [9] proposed a general model
that also encompasses both and investigated the lattice property for payoffs, Eriksson and
Karlander [1] proposed a hybrid model of the marriage model and the assignment model,
and Fujishige and Tamura [2] proposed a generalization of the hybrid model due to Eriksson
and Karlander [1] and Sotomayor [11] by utilizing M\-concave functions which play a central
role in discrete convex analysis proposed by Murota [6–8]. Recently, Fujishige and Tamura
[3] further generalized their model of [2] by adopting the idea of possibly bounded side
payments. They showed the existence of a pairwise stable outcome but did not discuss their
structures.

Our aim is to investigate these structures. However, the model of [3] is too general for
analysis, so here we deal with a special case, which we call a labor allocation model with
possibly bounded salaries. This model is a special case, but interesting in its own right, as
it contains the assignment and marriage models as well as the Eriksson–Karlander model.

We consider two disjoint sets of agents, P and Q, in a two-sided market where P is a
set of workers and Q a set of firms. Each worker i ∈ P can supply labor for several firms in
Q, and each firm j ∈ Q can employ several workers in P. If firm j ∈ Q hires worker i ∈ P,
worker i receives a profit of a(i, j) and firm j a profit of b(i, j). We assume in addition,
that in this case j pays a salary to i, which means that i’s profit and j’s profit respectively
increase and decrease by the paid amount, and that each pair (i, j) ∈ P × Q has (agreed)
lower and upper bounds on this salary. We will examine pairwise stability in this market.

The existence and characterization of pairwise stable outcomes will be derived from the
results of [3] and described in Section 2. Our main contributions are in Sections 3 and 4,
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where we discuss the complexity of checking pairwise stability, and structures of pairwise
stable outcomes.

2. Characterization and Existence of Pairwise Stable Outcomes

Mathematically, we describe our model in the following way. Let E = P × Q and define
E(i) = {i} × Q for i ∈ P and E(j) = P × {j} for j ∈ Q. For worker i ∈ P, λ(i) denotes the
maximum number of firms that i can work for, and for firm j ∈ Q, µ(j) is the maximum
number of workers that j can hire. The profit vectors of workers and firms are denoted
by a = (a(i, j) | (i, j) ∈ E) and b = (b(i, j) | (i, j) ∈ E), respectively. We assume that
λ = (λ(i) | i ∈ P ) ∈ ZP

+, µ = (µ(j) | j ∈ Q) ∈ ZQ
+ and a = (a(i, j) | (i, j) ∈ E) ∈ RE, b =

(b(i, j) | (i, j) ∈ E) ∈ RE, where ZP
+(ZQ

+) denotes the nonnegative vectors of ZP (ZQ).
The lower and upper bounds of salaries are expressed by two vectors π ∈ (R ∪ {−∞})E

and π ∈ (R ∪ {+∞})E, which satisfy π ≤ π. We represent labor allocation by a vector
x = (x(i, j) | (i, j) ∈ E) ∈ {0, 1}E where x(i, j) is equal to one if j hires i. For any
y ∈ RE and k ∈ P ∪ Q, the restriction of y on E(k) is denoted by y(k). For example, the
vector x(k) ∈ {0, 1}E(k) represents the labor allocation of agent k ∈ P ∪ Q with respect to
x ∈ {0, 1}E.

A vector x = (x(i, j) | (i, j) ∈ E) ∈ {0, 1}E is called a feasible allocation if
∑

k∈Q x(i, k) ≤
λ(i) for all i ∈ P and

∑
k∈P x(k, j) ≤ µ(j) for all j ∈ Q. If a feasible allocation x satisfies∑

k∈Q x(i, k) = λ(i), we say that x saturates i ∈ P . Saturation for j ∈ Q is similarly defined.

A vector s = (s(i, j) | (i, j) ∈ E) ∈ RE is called a feasible salary vector if π ≤ s ≤ π. An
outcome is a pair (x, s) consisting of a feasible allocation x and a feasible salary vector s.
For a given outcome (x, s), let X = {(i, j) ∈ E | x(i, j) = 1}. Then the pair (x, s) is pairwise
unstable if one of the following conditions holds:

(pu1) there exists (i, j) ∈ X such that a(i, j) + s(i, j) < 0 or b(i, j) − s(i, j) < 0.

(pu2) there exist (i, j) ∈ E \ X and α with π(i, j) ≤ α ≤ π(i, j) such that
(i) either

[
a(i, j) + α > 0 and

∑
k∈Q x(i, k) < λ(i)

]
or

[
for some (i, j′) ∈ X,

a(i, j) + α > a(i, j′) + s(i, j′) and
∑

k∈Q x(i, k) = λ(i)
]

and

(ii) either
[
b(i, j) − α > 0 and

∑
k∈P x(k, j) < µ(j)

]
or

[
for some (i′, j) ∈ X,

b(i, j) − α > b(i′, j) − s(i′, j) and
∑

k∈P x(k, j) = µ(j)
]
.

Condition (pu1) implies that the hiring of worker i by firm j results in a negative profit
for one side, which would of course wish to terminate the employer/employee relation,
while condition (pu2) says that there exists a pair (i, j) with no current employer/employee
relation, with incentive to form one (possibly by terminating present relations). For example,
if i ∈ P is an agent unsaturated by x with a(i, j) + α > 0 and j ∈ Q is an agent saturated
by x satisfying the second condition in (ii), then i would be motivated to work for j, and
j would hire i instead of i′ under salary α. An outcome (x, s) is pairwise stable if neither
(pu1) nor (pu2) holds, or explicitly, if both of the following conditions are true:

(ps1) for all (i, j) ∈ X, a(i, j) + s(i, j) ≥ 0 and b(i, j) − s(i, j) ≥ 0.

(ps2) for all (i, j) ∈ E \ X and α with π(i, j) ≤ α ≤ π(i, j),

a(i, j) + α ≤ q
(x,s)
i or b(i, j) − α ≤ r

(x,s)
j ,
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where

q
(x,s)
i =

{
min{a(i, j′) + s(i, j′) | (i, j′) ∈ X} if i is saturated by x
0 otherwise,

(2.1)

r
(x,s)
j =

{
min{b(i′, j) − s(i′, j) | (i′, j) ∈ X} if j is saturated by x
0 otherwise,

(2.2)

and the minimum over the empty set is understood to be +∞. Note that if λ = (1, 1, . . . , 1),
µ = (1, 1, . . . , 1) and π = π = (0, 0, . . . , 0) then pairwise stability is identical to stability
in the marriage model. On the other hand, if λ = (1, 1, . . . , 1), µ = (1, 1, . . . , 1) and
π = (−∞,−∞, . . . ,−∞), π = (+∞, +∞, . . . , +∞), then we have the assignment model.
Thus our model is a common generalization of these two standard models.

Given sets P,Q of agents and vectors a, b, π, π, λ, µ, the first issue that comes to mind
is the existence and a characterization of pairwise stable outcomes. The next theorem
characterizes feasible allocations x for which there exists a salary vector p forming a pairwise
stable outcome. It is a special case of Theorem 3.4 of [3], but here we give an independent
proof.
Theorem 2.1. Let x be a feasible allocation. There exists a feasible salary vector s forming
a pairwise stable outcome (x, s) if and only if there exist a feasible salary vector p ∈ RE and
vectors zP , zQ ∈ {0, 1}E such that

(as1) for all i ∈ P , x(i) is an optimal solution of

maximize
∑

k∈Q (a(i, k) + p(i, k))y(i, k)

subject to
∑

k∈Q y(i, k) ≤ λ(i),

y(i, k) ≤ zP (i, k) (k ∈ Q),
y(i, k) ∈ {0, 1} (k ∈ Q).

(as2) for all j ∈ Q, x(j) is an optimal solution of

maximize
∑

k∈P (b(k, j) − p(k, j))y(k, j)
subject to

∑
k∈P y(k, j) ≤ µ(j),

y(k, j) ≤ zQ(k, j) (k ∈ P ),
y(k, j) ∈ {0, 1} (k ∈ P ).

(as3) zP (i, j) = 0 ⇒ p(i, j) = π(i, j), zQ(i, j) = 1.
(as4) zQ(i, j) = 0 ⇒ p(i, j) = π(i, j), zP (i, j) = 1.

Intuitively, the pairs (i, j) for which zP (i, j) = 0 are the pairs which are attractive to
agent i ∈ P but not to agent j ∈ Q, in the sense that even with lowest possible salary
of π(i, j), i would be inclined to work for j, but j would not be motivated to hire i (and
likewise for zQ).

Proof. (⇐) In this case we show that (x, p) is a pairwise stable outcome. Let X = {(i, j) ∈
E | x(i, j) = 1}. From (as1), (i, j) ∈ X, i.e. x(i, j) = 1 implies a(i, j)+ p(i, j) ≥ 0. Similarly,
we have b(i, j) − p(i, j) ≥ 0 for (i, j) ∈ X. Hence (pu1) does not hold.

Now let (i, j) ∈ E \ X. Because x(i, j) = 0, the optimality of x(i) implies that when
zP (i, j) = 1, one of (a1) and (a2) is true:

(a1) :
∑

k∈Q x(i, k) < λ(i) and a(i, j) + p(i, j) ≤ 0,

(a2) :
∑

k∈Q x(i, k) = λ(i) and

a(i, j) + p(i, j) ≤ a(i, j′) + p(i, j′) for all j′ ∈ Q with x(i, j′) = 1.
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Taking the case zP (i, j) = 0 into account, and applying (as3), we can see that at least one
of (a0) to (a2) must hold:

(a0) : zP (i, j) = 0, hence zQ(i, j) = 1 and p(i, j) = π(i, j).

Similarly, at least one of (b0) to (b2) must hold:

(b0) : zQ(i, j) = 0, hence zP (i, j) = 1 and p(i, j) = π(i, j),
(b1) :

∑
k∈P x(k, j) < µ(j) and b(i, j) − p(i, j) ≤ 0,

(b2) :
∑

k∈P x(k, j) = µ(j) and
b(i, j) − p(i, j) ≤ b(i′, j) − p(i′, j) for all i′ ∈ P with x(i′, j) = 1.

Note that

(a0) ⇒ b(i, j) − α ≤ b(i, j) − p(i, j) for all α with π(i, j) ≤ α ≤ π(i, j),

(b0) ⇒ a(i, j) + α ≤ a(i, j) + p(i, j) for all α with π(i, j) ≤ α ≤ π(i, j),

and that (a0) and (b0) cannot be simultaneously true. We can now consider in turn the
eight cases, at least one of which must hold.

Case (a0) and (b1): When this occurs, by the preceding observation on (a0), we have that∑
k∈P x(k, j) < µ(j) and b(i, j)−α ≤ 0 for all α with π(i, j) ≤ α ≤ π(i, j), and (pu2) cannot

hold.

Case (a0) and (b2): We may immediately conclude that
∑

k∈P x(k, j) = µ(j) and b(i, j) −
α ≤ b(i′, j) − p(i′, j) for all (i′, j) ∈ X, and (pu2) cannot be true.

Case (a1) and (b1): Here we have
∑

k∈Q x(i, k) < λ(i) and
∑

k∈P x(k, j) < µ(j). If (pu2)
were true, we would have a(i, j) + α > 0 and b(i, j) − α > 0 for some α, which implies that
a(i, j)+ b(i, j) > 0. However, since a(i, j)+ b(i, j) = (a(i, j)+p(i, j))+ (b(i, j)−p(i, j)) ≤ 0,
this cannot occur.

Case (a1) and (b2): We must have
∑

k∈Q x(i, k) < λ(i) and
∑

k∈P x(k, j) = µ(j). As in
the previous case, for (pu2) to hold, we need a(i, j) + b(i, j) > b(i′, j) − p(i′, j) for some
(i′, j) ∈ X, however (a1) and (b2) imply the converse.

Case (a2) and (b2): In this case,
∑

k∈Q x(i, k) = λ(i) and
∑

k∈P x(k, j) = µ(j) must hold.
For (pu2) to be true, we should have a(i, j) + b(i, j) > a(i, j′) + p(i, j′) + b(i′, j)− p(i′, j) for
some (i, j′), (i′, j) ∈ X, which is contrary to the implications of (a2) and (b2).

The remaining cases can be proved analogously.

(⇒) Let (x, s) be a pairwise stable outcome. We will define p, zP and zQ satisfying (as1)
to (as4).

If (i, j) ∈ E satisfies x(i, j) = 1, simply set zP (i, j) = zQ(i, j) = 1 and p(i, j) = s(i, j).

Now consider (i, j) ∈ E with x(i, j) = 0. Define zP (i, j) and zQ(i, j) as follows:

zP (i, j) =

{
0 if a(i, j) + π(i, j) > q

(x,s)
i ,

1 otherwise,

zQ(i, j) =

{
0 if b(i, j) − π(i, j) > r

(x,s)
j ,

1 otherwise,

where q
(x,s)
i and r

(x,s)
j are the values given by (2.1) and (2.2). Because (x, s) is a pairwise

stable outcome, it is easy to see that zP (i, j) and zQ(i, j) cannot simultaneously be 0.
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We now define the vector p. If zP (i, j) = 0 then set p(i, j) = π(i, j). Likewise, if zQ(i, j) =
0 then set p(i, j) = π(i, j). When zP (i, j) = zQ(i, j) = 1, then we see from the pairwise
stability of (x, s) that

a(i, j) + α ≤ q
(x,s)
i or b(i, j) − α ≤ r

(x,s)
j for all α ∈ [π(i, j), π(i, j)],

a(i, j) + π(i, j) ≤ q
(x,s)
i and b(i, j) − π(i, j) ≤ r

(x,s)
j .

It is easy to see that there always exists an α ∈ [π(i, j), π(i, j)] satisfying

a(i, j) + α ≤ q
(x,s)
i and b(i, j) − α ≤ r

(x,s)
j ,

so let p(i, j) be any such α.
For these zP , zQ and p, (as3) and (as4) obviously hold. Moreover, by the pairwise stability

of (x, s), if zQ(i, j) = 0 then we must have∑
k∈Q

x(i, k) < λ(i) ⇒ a(i, j) + π(i, j) ≤ 0,∑
k∈Q

x(i, k) = λ(i) ⇒ a(i, j) + π(i, j) ≤ q
(x,s)
i .

Hence, for any fixed i, we have a(i, j)+p(i, j) ≥ a(i, j′)+p(i, j′) for any j, j′ with x(i, j) = 1
and x(i, j′) = 0, zP (i, j′) = 1, which guarantees (as1). The proof of (as2) is analogous.

The existence of a pairwise outcome is a direct consequence of Theorem 3.3 of [3].
Theorem 2.2. For any instance, a pairwise stable outcome always exists.

3. Complexity of Checking Pairwise Stability

In this section, we deal with the problem where we are given only a feasible allocation or
salary vector, and we wish to decide whether it can be “expanded” into a pairwise stable
outcome. We will say that a feasible allocation x is pairwise stable if there exists a feasible
salary vector s such that (x, s) is a pairwise stable outcome, otherwise it is pairwise unstable.
Pairwise stable and unstable salary vectors are defined similarly. With this terminology,
Theorem 2.1 of the preceding section may be seen as one characterization of pairwise stable
allocations. In the next subsection, we show that checking pairwise stability of feasible
allocations may be accomplished in polynomial time.

3.1. Checking pairwise stability of a feasible allocation

First, we give two propositions which will be used in the proof.
Proposition 3.1. Given numbers qi and rj, we have∃p(i, j) :

π(i, j) ≤ p(i, j) ≤ π(i, j)
a(i, j) + p(i, j) ≥ qi

b(i, j) − p(i, j) ≥ rj

 ⇐⇒

 a(i, j) + b(i, j) ≥ qi + rj

a(i, j) + π(i, j) ≥ qi

b(i, j) − π(i, j) ≥ rj

 .

Proof. We show the direction (⇐). If π(i, j) ≤ qi − a(i, j), then by setting p(i, j) :=
qi − a(i, j), we have

π(i, j) ≤ qi − a(i, j) = p(i, j),

a(i, j) + p(i, j) = qi,

b(i, j) − p(i, j) = b(i, j) + a(i, j) − qi ≥ rj,

π(i, j) − p(i, j) = π(i, j) + a(i, j) − qi ≥ 0.
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If qi − a(i, j) ≤ π(i, j), then by setting p(i, j) := π(i, j), we have

π(i, j) = p(i, j) ≤ π(i, j),

a(i, j) + p(i, j) = a(i, j) + π(i, j) ≥ qi,

b(i, j) − p(i, j) = b(i, j) − π(i, j) ≥ rj.

The direction (⇒) is trivial.

Proposition 3.2. Given numbers qi and rj, we have∃α :
π(i, j) ≤ α ≤ π(i, j)
a(i, j) + α > qi

b(i, j) − α > rj

 ⇐⇒

 a(i, j) + b(i, j) > qi + rj

a(i, j) + π(i, j) > qi

b(i, j) − π(i, j) > rj

 .

Proof. We can show the assertion in the same way as the proof of Proposition 3.1. To show
the direction (⇐), it is enough to set α := qi − a(i, j) + ε for a sufficiently small positive
number ε if π(i, j) ≤ qi − a(i, j); otherwise α := π(i, j).

We note that Propositions 3.1 and 3.2 guarantee that the condition (ps2) for a given
feasible outcome (x, s) can be checked in O(|E|) time, thus, the pairwise stability of a given
outcome can be checked in O(|E|) time.

We now describe our algorithm Allocation Stability (which is given at the end of
this subsection) for deciding the pairwise stability of a given feasible allocation. We fix
a feasible allocation x, and assume that x is pairwise stable. With this assumption, we
attempt to construct a feasible salary vector s such that (x, s) is pairwise stable. If x is
indeed pairwise stable, such an s will always be found. If it is not, then the procedure will
encounter a contradiction, thus discover a proof of pairwise unstability.

Let X := {(i, j) ∈ E | x(i, j) = 1}. We initially define by E \ X the set B, which is
the set of candidates which may break the pairwise stability of x. When an element of B is
established not to hinder pairwise stability of x, it will be eliminated.

If b(i, j) < π(i, j) for some (i, j) ∈ X then x is trivially pairwise unstable. From now on,
we assume that b(i, j) ≥ π(i, j) for all (i, j) ∈ X.

We first construct q = (qi : i ∈ P ) ∈ RP such that

qi ≤ a(i, j) + s(i, j) (∀(i, j) ∈ X)
for all s such that (x, s) is pairwise stable.

(3.1)

(If x is pairwise unstable, any q satisfies (3.1).) Since q = 0 satisfies (3.1), we initially set
q := 0. Then, we slightly update q by the following reasoning: for some (i, j) ∈ B, if j
is unsaturated by x, b(i, j) − π(i, j) > 0 and a(i, j) + π(i, j) > 0 then a(i, j′) + s(i, j′) ≥
a(i, j) + π(i, j) (∀(i, j′) ∈ X) for all s for which (x, s) is pairwise stable; since otherwise,
(i, j) and α = π(i, j) satisfy (pu2) for (x, s). Hence we update qi as

qi := max

{
0, max

{
a(i, j) + π(i, j)

(i, j) ∈ B, b(i, j) − π(i, j) > 0
and j is unsaturated by x

}}
. (3.2)

Set
pij := max{qi − a(i, j), π(i, j)} (3.3)

for all (i, j) ∈ X and define

rj :=

{
min{b(i, j) − pij | (i, j) ∈ X} if j is saturated by x,

0 otherwise
(3.4)
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for all j ∈ Q. For a feasible salary vector s such that (x, s) is pairwise stable, (3.1) and
(3.3) imply pij ≤ s(i, j) for all (i, j) ∈ X. This says that (3.1) induces

rj ≥ min{b(i, j) − s(i, j) | (i, j) ∈ X} (∀j saturated by x)
rj = 0 (∀j unsaturated by x)
for all s such that (x, s) is pairwise stable.

(3.5)

The above condition (3.5) will be maintained as an invariant during the execution of our
algorithm. The r-values, which will be nonincreasing, will be updated in such a way that
they always satisfy (3.5). The q-values, which will be nondecreasing, in their turn will always
satisfy the next condition as well as (3.1):

at the point when the update of qi is completed,
for some (i, j) ∈ B and some r satisfying (3.5),
either [qi = a(i, j) + π(i, j) and b(i, j) − π(i, j) > rj] or
[qi = a(i, j) + b(i, j) − rj and π(i, j) < b(i, j) − rj ≤ π(i, j)].

(3.6)

Note that when qi is strictly increased from 0 by (3.2), only the first case occurs.
We assume that q and r satisfying (3.1), (3.5), and (3.6) are given. In addition, we

assume that r is calculated by (3.3) and (3.4) for the current q. The following claim provides
a certificate of pairwise unstability.
Claim 3.3. For some (i, j) ∈ X, if either (1) i is unsaturated by x and qi > 0, or (2)
qi > a(i, j) + π(i, j), or (3) qi > a(i, j) + b(i, j), then x is pairwise unstable.

Proof. We show the contraposition, and hence, assume that (x, s) is a pairwise stable out-
come. Let (i, j) be any element of X. By (3.1), we have qi ≤ a(i, j)+s(i, j) ≤ a(i, j)+π(i, j),
the negation of (2). By combining the above inequality with 0 ≤ b(i, j) − s(i, j) which is
obtained by the pairwise stability of (x, s), we have qi ≤ a(i, j)+ b(i, j), the negation of (3).
Finally consider (1). Suppose to the contrary that i is unsaturated by x and qi > 0. By
(3.6), either qi = a(i, k) + π(i, k) > 0 or qi = a(i, k) + b(i, k) − rk > 0 for some (i, k) ∈ B.
By setting α := π(i, k) in the former case and α := b(i, k) − rk − ε in the latter case for a

sufficiently small positive number ε, we have π(i, k) ≤ α ≤ π(i, k), a(i, k) + α > 0 = q
(x,s)
i

and b(i, k) − α > rk ≥ r
(x,s)
k which contradict the pairwise stability of (x, s).

The following claims provide a proof of pairwise stability.
Claim 3.4. Assume that none of the conditions of Claim 3.3 holds, and that r was calculated
by (3.3) and (3.4). For all (i, j) ∈ X, we have

a(i, j) + b(i, j) ≥ qi + rj, a(i, j) + π(i, j) ≥ qi, and b(i, j) − π(i, j) ≥ rj ≥ 0.

Proof. Since no condition in Claim 3.3 holds, we have a(i, j)+π(i, j) ≥ qi. We suppose that
j is saturated by x. By (3.3) and (3.4), we have the first and last inequalities as follows:

b(i, j) − (qi − a(i, j)) ≥ b(i, j) − pij ≥ rj,
b(i, j) − π(i, j) ≥ b(i, j) − pij ≥ rj.

The nonnegativity of rj follows from a(i, j) + b(i, j) ≥ qi, b(i, j) ≥ π(i, j) for all (i, j) ∈ X,
and the fact that r was defined by (3.3) and (3.4). We next suppose that j is unsaturated by
x, i.e., rj = 0 holds by (3.4). The assumptions that a(i, j) + b(i, j) ≥ qi and b(i, j) ≥ π(i, j)
show the first and last inequalities.
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Claim 3.5. If a pair (i, j) ∈ E \X satisfies a(i, j)+ b(i, j) ≤ qi +rj, or a(i, j)+π(i, j) ≤ qi,
or b(i, j) − π(i, j) ≤ rj, then there exists no feasible α such that a(i, j) + α > qi and
b(i, j) − α > rj. Thus, under the same assumptions as Claim 3.4, if every pair (i, j) of
E \ X satisfies one of the three inequalities stated above, then x is pairwise stable.

Proof. The first assertion follows from Proposition 3.2. By Claim 3.4 and Proposition 3.1,
for each (i, j) ∈ X, there exists a feasible s(i, j) such that a(i, j) + s(i, j) ≥ qi ≥ 0 and
b(i, j)− s(i, j) ≥ rj ≥ 0. By appropriately defining s(i, j) for all (i, j) ∈ E \X, we obtain a
pairwise stable outcome (x, s).

Next suppose that neither pairwise unstability nor stability has been established. We
may further assume that

b(i, j) − π(i, j) ≥ rj for all (i, j) ∈ X, (3.7)

because (3.7) holds after a calculation of r by (3.3) and (3.4), and because once it is satisfied,
it will thereafter be preserved under the assumption that r is nonincreasing. Note that
checking the conditions of Claims 3.3 and 3.5 does not involve modification to q or r, thus the
invariants (3.1), (3.5) and (3.6) are retained. In this case, we update q and r values in such a
way that the number of arcs (i, j) ∈ E \X which satisfy one of three conditions of Claim 3.5
increases (or pairwise unstability is verified). Of the three possible conditions of Claim 3.5,
a(i, j)+π(i, j) ≤ qi is monotonic in the sense that once it is satisfied for (i, j) ∈ E\X, it will
thereafter be preserved, since qi is nondecreasing. When we interpret B, which is initially
defined by E \X, as the set of edges for which the conditions of Claim 3.5 must be checked,
such (i, j) may be eliminated. Hereafter, we assume that a(i, j) + π(i, j) > qi holds for each
(i, j) ∈ B, and for some (i, j) ∈ B, both a(i, j) + b(i, j) > qi + rj and b(i, j) − π(i, j) > rj

are satisfied. Let us consider a nonempty subset B̃ of B defined by

B̃ := {(i, j) ∈ B | b(i, j) − π(i, j) > rj}.

Since r does not increase in our algorithm, no element of B̃ is deleted from B̃ except when
it is eliminated from B. Let G̃ = (P,Q; X ∪ B̃) be the directed graph in which each pair in

X is oriented from P -vertex to Q-vertex, and each pair in B̃ is oriented from Q-vertex to
P -vertex. (However, to avoid confusion, we will consider an element of B̃ as a pair belonging

to P × Q, and the notation (u, v) ∈ B̃ will mean u ∈ P and v ∈ Q.) We also define arc

lengths ` : X ∪ B̃ → R by

`(u, v) :=

{
a(u, v) + b(u, v) − qu − rv if (u, v) ∈ X,

qv + ru − a(v, u) − b(v, u) if (v, u) ∈ B̃.

By Claim 3.4, the length of each arc associated with X is nonnegative. We say that a
directed cycle C in G̃ is a negative cycle if the amount `(C) defined as the sum of the
lengths of all arcs in C is negative. The next proposition will help us to update q and r
when G̃ has a negative cycle.
Proposition 3.6. Let C be a negative cycle. Then we may choose a vertex v0 so that
C = v0, v1, . . . , vk(= v0), and all paths v0, v1, . . . , vi (1 ≤ i ≤ k) have negative weight.

Proof. If all arcs of C have nonpositive weight, then the claim is trivially true. So assume
that at least one arc has positive weight. Consider all sequences of consecutive arcs of C, and
choose one with maximum (positive) weight. If there is more than one such sequence, select
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a longest one. Name the vertices of this sequence as u0, u1, . . . , uj, and the other vertices of
C as uj+1, . . . , uk(= u0). We will show that the end vertex of the maximum weight sequence,
uj, satisfies the properties of the assertion.

First we note that all paths uj, uj+1, . . . , ul (j + 1 ≤ l ≤ k) must have negative weight,
for otherwise it would contradict the fact that u0, u1, . . . , uj was chosen as the longest
sequence of maximum weight. Now, suppose that for some l (1 ≤ l ≤ j − 1), the path
uj, uj+1, . . . , u0, u1, . . . , ul has nonnegative weight. Then this implies that ul, ul+1, . . . , uj

is a negative weight sequence, again contradicting the choice of u0, . . . , uj as a maximum
weight sequence. Thus, the sequence uj, uj+1, . . . , u0, u1, . . . , ul also has negative weight.

From now on, we divide our argument into two cases according to the existence of a
negative cycle in G̃.

We first suppose that G̃ has a negative cycle, which must have an even number of vertices
because G̃ is bipartite. Let C = v0, v1, . . . , v2k(= v0) be a negative cycle satisfying the

condition of Proposition 3.6. We have (v1, v0) ∈ B̃ because `(v0, v1) < 0. Since b(v1, v0) −
π(v1, v0) > rv0 and r does not increase in our algorithm, if x is indeed pairwise stable
then we can update qv1 as min{a(v1, v0) + b(v1, v0) − rv0 , a(v1, v0) + π(v1, v0)}, because for
every sufficiently small positive number ε, α = min{b(v1, v0) − rv0 − ε, π(v1, v0)} satisfies
π(v1, v0) ≤ α ≤ π(v1, v0) and b(v1, v0) − α ≥ rv0 + ε > rv0 , and because (3.5) implies
a(v1, j) + s(v1, j) ≥ a(v1, v0) + α for all (v1, j) ∈ X and for all feasible salary vectors s such
that (x, s) are pairwise stable. Thus, set

(new)qv1 := min{a(v1, v0) + b(v1, v0) − rv0 , a(v1, v0) + π(v1, v0)},

where (new)∗ denotes a value after the update. We note that qv1 strictly increases and the
above update preserves the invariants (3.1) and (3.6). If v1 is unsaturated by x then x must
be pairwise unstable by (1) of Claim 3.3. Furthermore, if (new)qv1 = a(v1, v0)+π(v1, v0) then
we can eliminate (v1, v0) from B (see Claim 3.5). Thus we assume that v1 is saturated by x
and (new)qv1 < a(v1, v0) + π(v1, v0), which says that qv1 was increased by −`(v0, v1). Since

G̃ is bipartite, we have (v1, v2) ∈ X. By (3) of Claim 3.3, if (new)qv1 > a(v1, v2) + b(v1, v2)
then x must be pairwise unstable. We suppose that (new)qv1 ≤ a(v1, v2) + b(v1, v2), and set

(new)rv2 := a(v1, v2) + b(v1, v2) − (new)qv1 ≥ 0.

Then we can show that v2 is saturated by x, (new)qv1 −a(v1, v2) > π(v1, v2), and (new)rv2 <
(old)rv2 by

0 > `(v0, v1) + `(v1, v2)

= (old)qv1 − (new)qv1 + a(v1, v2) + b(v1, v2) − (old)qv1 − (old)rv2

= a(v1, v2) + b(v1, v2) − (new)qv1 − (old)rv2

≥ a(v1, v2) − (new)qv1 + π(v1, v2),

where (old)∗ denotes values before the update, and the first and last inequalities follow from
Proposition 3.6 and (3.7), respectively. Note that if v2 were unsaturated by x, the above
inequality would imply (new)qv1 > a(v1, v2) + b(v1, v2) which contradicts the assumption.
Let pv1v2 := (new)qv1 − a(v1, v2). For a feasible salary vector s such that (x, s) is pairwise
stable, (3.1) and the definition of pv1v2 imply π(v1, v2) ≤ pv1v2 ≤ s(v1, v2). Thus, the above
update of rv2(= b(v1, v2) − pv1v2) preserves the invariant (3.5). The above calculation also
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says that rv2 is decreased by −`(v0, v1) − `(v1, v2). Similarly we modify qv2i+1
and rv2i+2

for
i = 1, . . . , k − 1 by the following procedure:

for i := 0 to k − 1 do {
qv2i+1

:= min{a(v2i+1, v2i) + b(v2i+1, v2i)− rv2i
, a(v2i+1, v2i) + π(v2i+1, v2i)};

if either
(1) qv2i+1

= a(v2i+1, v2i) + π(v2i+1, v2i), or
(2) v2i+1 is unsaturated by x, or
(3) qv2i+1

> a(v2i+1, v2i+2) + b(v2i+1, v2i+2)
then go to Step 1 of Allocation Stability ;
rv2i+2

:= a(v2i+1, v2i+2) + b(v2i+1, v2i+2) − qv2i+1
;

}

(3.8)

Claim 3.7. At each iteration i in the above procedure, we have

(a) the invariants (3.1) and (3.6) are preserved,

(b) if the process does not go to Step 1 of Allocation Stability, then qv2i+1
is increased

by −
∑i−1

j=0[`(v2j, v2j+1) + `(v2j+1, v2j+2)] − `(v2i, v2i+1),

(c) if the process does not go to Step 1 of Allocation Stability, then v2i+2 is saturated
by x, rv2i+2

is decreased by −
∑i

j=0[`(v2j, v2j+1) + `(v2j+1, v2j+2)], and the invariant (3.5)
is preserved,

(d) when the process goes to Step 1 of Allocation Stability, if (1) holds then at least
one pair can be eliminated from B; otherwise x is pairwise unstable.

Proof. We have already proved the above assertions for the first iteration (i.e., for i = 0).
We consider iteration i with i ≥ 1 and assume that the assertions hold for the previous
iterations. Assertion (a) can be shown in the same way as in the first iteration. We assume
that the process does not go to Step 1 of Allocation Stability, and show (b) and (c).
In this case, by the induction hypothesis, we have

(new)qv2i+1
− (old)qv2i+1

= a(v2i+1, v2i) + b(v2i+1, v2i) − (new)rv2i
− (old)qv2i+1

= a(v2i+1, v2i) + b(v2i+1, v2i) − (old)qv2i+1
− (old)rv2i

−
i−1∑
j=0

[`(v2j, v2j+1) + `(v2j+1, v2j+2)]

= −`(v2i, v2i+1) −
i−1∑
j=0

[`(v2j, v2j+1) + `(v2j+1, v2j+2)],

that is, we have (b). Similarly, we have

0 >

i∑
j=0

[`(v2j, v2j+1) + `(v2j+1, v2j+2)]

= (old)qv2i+1
− (new)qv2i+1

+ `(v2i+1, v2i+2)

= a(v2i+1, v2i+2) + b(v2i+1, v2i+2) − (new)qv2i+1
− (old)rv2i+2

≥ a(v2i+1, v2i+2) − (new)qv2i+1
+ π(v2i+1, v2i+2),

where the last inequality follows from (3.7). The above calculation shows that (c) is true in
the same way as in the first iteration.
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We show assertion (d). If (1) qv2i+1
= a(v2i+1, v2i) + π(v2i+1, v2i) holds, then we can

eliminate (v2i+1, v2i) from B by Claim 3.5 and the fact that q does not decrease. If (2) v2i+1

is unsaturated by x, then x must be pairwise unstable because of the assertion (b) and
Claim 3.3. If (3) qv2i+1

> a(v2i+1, v2i+2) + b(v2i+1, v2i+2), then it follows from Claim 3.3 that
x is pairwise unstable.

From the above discussion, if the process goes to Step 1 of Allocation Stability,
then either B can be reduced, or the algorithm may be terminated, unstability having been
established. We now show that the same can be said if it does not.

Assume that the process does not go to Step 1 of Allocation Stability, i.e. none
of (1), (2), (3) of (3.8) occurs. After the update (3.8), if we re-calculate arc lengths of all
the arcs, `(v0, v1) is equal to the total length `(C) of C and all other arcs in C have length
0 by Claim 3.7. By executing (3.8) again for the same cycle C with the re-calculated arc
lengths, we can increase qv2i+1

and decrease rv2i+2
by −`(C) for i = 0, 1, . . . , k − 1, if neither

(1) nor (3) in (3.8) occurs. (Note that (2) cannot occur because we are considering the same
cycle C.) Thus, if we repeat (3.8), the q-values will increase and the r-values will decrease
by −`(C) each, and eventually either (1) or (3) will be satisfied. Since this will require a
number of executions of (3.8) in general, we take a shortcut. Define δ1, δ2 and L by

δ1 := min{a(v2i+1, v2i) + π(v2i+1, v2i) − qv2i+1
| i = 0, 1, . . . , k − 1},

δ2 := min{a(v2i+1, v2i+2) + b(v2i+1, v2i+2) − qv2i+1
| i = 0, 1, . . . , k − 1},

L := bmin{δ1, δ2}/|`(C)|c × |`(C)|.
(3.9)

The value δ1 is the minimum amount for which (1) will occur, likewise δ2 is the minimum
amount for which (3) will occur. Thus, neither (1) nor (3) will occur for bmin{δ1, δ2}/|`(C)|c
executions of (3.8). Considering this, we increase qv2i+1

and decrease rv2i+2
by L for i =

0, 1, . . . , k − 1, and if L < min{δ1, δ2}, then execute (3.8) again. This will force either (1)

or (3) to happen. This is the end of the update in the case where G̃ has a negative cycle.

We finally deal with the case where G̃ has no negative cycle. Since G̃ has no negative
cycle, we can define the shortest distance d(v) (with respect to the arc lengths `) of each
vertex v ∈ P ∪ Q from Q, and construct a shortest path forest F so that for each vertex v,
the length of the unique path P (v) from the root of the tree including v in F to v is equal
to d(v). Since `(i, j) ≥ 0 for all (i, j) ∈ X, we can easily show that if d(v) < 0 then d(u) ≤ 0
for all vertices u ∈ P (v). More strongly, we can construct F so that

for each v ∈ P ∪ Q, if d(v) < 0 then d(u) < 0 for all internal vertices u of P (v). (3.10)

We note that there exists a vertex v with d(v) < 0 by the assumption that the condition of
Claim 3.5 is not satisfied. We sort all arcs (u, v) with d(v) < 0 in F to satisfy the condition

for each (u, v) with d(v) < 0, any arc in P (u) appears previous to (u, v). (3.11)

Let S = (u1, v1), (u2, v2), . . . , (uk, vk) be such a sorted arc-list. We update q and r according
to the list S as follows.
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for i := 1 to k do {
if ui ∈ Q (i.e., (vi, ui) ∈ B̃) then {

qvi
:= min{a(vi, ui) + b(vi, ui) − rui

, a(vi, ui) + π(vi, ui)};
if either

(1) qvi
= a(vi, ui) + π(vi, ui) or

(2) vi is unsaturated by x
then go to Step 1 of Allocation Stability;

}
else (i.e., (ui, vi) ∈ X) {

if (3) qui
> a(ui, vi) + b(ui, vi) then

go to Step 1 of Allocation Stability ;
rvi

:= a(ui, vi) + b(ui, vi) − qui
;

}
}

(3.12)

In the same way as the proof of Claim 3.7, we can show the following claim, which implies
Claim 3.9.
Claim 3.8. During the update (3.12), we have

(a) the invariants (3.1), (3.5) and (3.6) are preserved,
(b) if neither (1) nor (2) occurs, then qi is increased by −d(i),
(c) if rj is updated then j is saturated by x and rj is decreased by −d(j).

Claim 3.9. If the process goes to Step 1 of Allocation Stability in (3.12) then either at
least one pair can be eliminated from B or x must be pairwise unstable. Otherwise, after the
update (3.12), we have a(i, j)+b(i, j) ≥ qi +rj for all (i, j) ∈ X, and a(i, j)+b(i, j) ≤ qi +rj

for all (i, j) ∈ B̃.

Proof. The first assertion can be shown in the same manner as the proof of Claim 3.7.
We will prove the second assertion. Since the process did not go to Step 1 of Alloca-
tion Stability in (3.12), qv or rv was updated if and only if d(v) < 0. Thus, Claim 3.8
implies that

(new)qi − (old)qi = max{0,−d(i)} (∀i ∈ P ),

(old)rj − (new)rj = max{0,−d(j)} (= −d(j)) (∀j ∈ Q),

where max{0,−d(j)} = −d(j) follows from the fact that j ∈ Q can be a root. For a pair
(i, j) ∈ X, we have

a(i, j) + b(i, j) − (new)qi − (new)rj

= a(i, j) + b(i, j) − (old)qi − max{0,−d(i)} − (old)rj − d(j)

= min{`(i, j) − d(j), `(i, j) + d(i) − d(j)} ≥ 0,

where the last equality follows from the facts that `(i, j) ≥ 0, d(j) ≤ 0, and the relation on

shortest distances `(i, j) + d(i) ≥ d(j). Similarly, for a pair (i, j) ∈ B̃, we have

(new)qi + (new)rj − a(i, j) − b(i, j)

= `(j, i) + d(j) − min{0, d(i)} ≥ `(j, i) + d(j) − d(i) ≥ 0,

where the last inequality follows from the shortest distance relation.
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Summing up the above discussions, we obtain the following algorithm.

Algorithm Allocation Stability
Input: a feasible allocation x ;
Output: “Yes” if x is pairwise stable; otherwise “No;”
Step 0: set X := {(i, j) ∈ E | x(i, j) = 1}, B := E \ X, and q by (3.2) ;

if b(i, j) < π(i, j) for some (i, j) ∈ X then output “No” and stop ;
Step 1: calculate r ∈ RQ by (3.3) and (3.4) ;
Step 2: for each (i, j) ∈ X do

if either
(1) i is unsaturated by x and qi > 0, or
(2) qi > a(i, j) + π(i, j), or
(3) qi > a(i, j) + b(i, j)

then output “No” and stop ;
Step 3: for each (i, j) ∈ B with a(i, j) + π(i, j) ≤ qi do B := B \ {(i, j)} ;

if a(i, j) + b(i, j) ≤ qi + rj or b(i, j) − π(i, j) ≤ rj for each (i, j) ∈ B then
output “Yes” and stop ;

if B was reduced in this step then go to Step 1 ;
Step 4: construct the directed graph G̃ and calculate the arc lengths ` ;

if G̃ has a negative cycle then {
find a negative cycle C = v0, v1, . . . , v2k(= v0) satisfying Proposition 3.6 ;
execute (3.8), and then, calculate δ1, δ2 and L by (3.9) ;
increase qv2i+1

and decrease rv2i+2
by L for i = 0, 1, . . . , k − 1 ;

if L < min{δ1, δ2} then execute (3.8) again;
}
else {

calculate the shortest distances of all vertices of G̃ from Q ;
construct a forest F having (3.10) ;
construct a list S = (u1, v1), . . . , (uk, vk) having (3.11), and execute (3.12);

}
go to Step 1.

We consider the correctness of Allocation Stability. The above discussion assumed
that any component of q does not decrease and any component of r does not increase during
Allocation Stability. We now verify this.
Claim 3.10. During execution of Allocation Stability, any component of q does not
decrease and any component of r does not increase.

Proof. In Allocation Stability, q is updated in (3.8) and (3.12). Claims 3.7 and 3.8
guarantee that any component of q does not decrease. On the other hand, r is updated
at Step 1 and in (3.8) and (3.12). Claims 3.7 and 3.8 also guarantee that any component
of r does not increase in (3.8) and (3.12). Since qi increases or remains the same, pij also
increases or remains the same in (3.3). Hence, rj does not increase by (3.4) at Step 1.

By combining the previous discussion in this subsection and Claim 3.10, we obtain the
following result.
Proposition 3.11. If Allocation Stability stops, it outputs the correct answer.

To show the correctness of Allocation Stability, it is sufficient to show that Allo-
cation Stability terminates in a finite number of iterations.
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Proposition 3.12. Allocation Stability terminates in O(|E|) iterations.

Proof. We note that no pair is added into B in steps other than Step 0. We will show the
assertion of this proposition by using B and its subset B̃. When the process moves from
Step 3 to Step 1, at least one pair is eliminated from B. Thus, this occurs at most |E|
times. Next we consider the case where G̃ has a negative cycle. Claim 3.7 guarantees either
the termination of Allocation Stability or the reduction of B. Thus, this case occurs
at most |E| times. On the other hand, in the case where G̃ has no negative cycle, Claim 3.9
implies that the case where the process moves to Step 1 from (3.12) occurs at most |E|
times. Finally we deal with the case where (3.12) terminates and the process moves to
Step 1. At Step 1 in the next iteration, r remains the same because rj ≤ a(i, j)+ b(i, j)− qi

for all (i, j) ∈ X by Claim 3.9. Thus, if Allocation Stability does not terminate at

Step 3, then at least one pair (i, j) ∈ B \ B̃ satisfies b(i, j) − π(i, j) > rj because Claim 3.9

guarantees that all pairs (u, v) in B̃ satisfy a(u, v) + b(u, v) ≤ qu + rv at this time. Thus, at

least one pair was added to B̃. Since no pair is moved from B̃ to B \ B̃, the final case also
occurs at most |E| times.

The next theorem is a direct consequence of Propositions 3.11 and 3.12.

Theorem 3.13. Given a feasible allocation x, Allocation Stability outputs “Yes” if x
is pairwise stable; otherwise “No.”

Obviously, each step of Allocation Stability terminates in polynomial time in the
number of agents. Proposition 3.12 implies that Allocation Stability terminates in
polynomial time in the number of agents. We can easily check whether a given allocation x
is feasible or not. If it is feasible, we can check its pairwise stability in polynomial time in the
number of agents by using Allocation Stability. Thus, we obtain our main theorem.

Theorem 3.14. The decision problem of checking the pairwise stability of a given allocation
can be solved in polynomial time in the number of agents.

3.2. Checking pairwise stability of a feasible salary vector

We now turn to the problem of checking pairwise stability of feasible salary vectors. Un-
fortunately, unlike the case of allocations, it turns out that this problem is NP–complete,
if we restrict the type of stability, to conditions (as1) to (as4) of Theorem 2.1; we say that
a feasible salary vector p is a strongly pairwise stable salary vector if there exist a feasible
allocation x, zP and zQ satisfying the conditions (as1) to (as4) of Theorem 2.1.

Theorem 3.15. Given a feasible salary vector p, the problem of deciding whether p is a
strongly pairwise stable salary vector is NP–complete.

Proof. It is easy to see that the problem is in NP. We show that it is indeed NP–complete
by reducing SAT. Let U = {u1, u2, . . . , un} be a set of variables and C = {C1, C2, . . . , Cm}
be a set of clauses specifying an arbitrary instance of SAT. We will construct sets of agents
P,Q, vectors λ, µ, a, b and π, π, such that there exists some feasible allocation x such that
(x,0) is a pairwise stable outcome satisfying Theorem 2.1 if and only if the instance of SAT
is satisfiable, where 0 is the vector of all zeros. We define di (respectively di) as the number
of clauses which contain the literal ui (respectively ui). However, for the sake of simplicity,
we will use di to denote the number of clauses which contain the literal yi, where yi is either
ui or ui.

Let P = {u1, u1, . . . , un, un}, that is P has 2n agents corresponding to each literal. The
set Q consists of one agent for each clause, one agent for each variable, and di +1 “dummy”
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agents for each literal yi:

Q = {C1, . . . , Cm} ∪ {1, . . . , n} ∪ {D1,1, . . . , D1,d1+1} ∪ · · · ∪ {Dn,1, . . . , Dn,dn+1},

the sets {Di,1, . . . , Di,di+1} and {Di,1, . . . , Di,di+1} being the dummy agents for literals ui

and ui, respectively. The vector λ is defined by λ(yi) = di + 1 for each literal yi, and µ is
set to be the vector of all 1s. In the rest of the proof we will refer to elements of E = P ×Q
as edges. We now define a, b, π and π.

For literal yi and clause Cj with yi ∈ Cj, set

a(yi, Cj) = 0, b(yi, Cj) = 1, π(yi, Cj) = −∞, π(yi, Cj) = +∞.

We will call these type1 edges. For literals ui, ui and i ∈ Q

a(ui, i) = 1, b(ui, i) = 1, π(ui, i) = −∞, π(ui, i) = +∞,
a(ui, i) = 1, b(ui, i) = 1, π(ui, i) = −∞, π(ui, i) = +∞,

these are called type2 edges. For literal yi and dummy agent Di,k, (k = 1, 2, . . . , di + 1) let

a(yi, Di,k) = 1, b(yi, Di,k) = 0, π(yi, Di,k) = 0, π(yi, Di,k) = +∞.

We name these type3 edges. Finally, for all other edges (i, j) ∈ E we set

a(i, j) = b(i, j) = −1, π = −∞, π = +∞.

Note that for these edges, x(i, j) must be equal to 0 in any pairwise stable outcome (x, p).
Clearly, p = 0 is a feasible salary vector. We now prove that there exists a feasible

allocation x and vectors zP , zQ satisfying conditions (as1) to (as4) if and only if the given
instance of SAT is satisfiable.

First suppose that the instance of SAT is satisfiable, and consider any truth assignment
which satisfies it. The x–values are determined as follows. For each variable ui, if ui is true,
then set x(ui, i) = 1, otherwise set x(ui, i) = 1. For each clause Cj, choose an arbitrary true
literal yi ∈ Cj, and set x(yi, Cj) = 1. At this point, for any literal yi, the number of edges
(yi, k) with x–value equal to one is at most di + 1. Now choose the appropriate number of
dummy agents to bring the total to exactly di + 1 and set x(yi, Di,k) = 1 for all of them.
All other edges have x–values set to zero. As for zP and zQ, all values are set to one except
for the type3 edges with x(yi, Di,k) = 0; for these edges, we set zP (yi, Di,k) = 0. It is easy
to see that such x, zP and zQ satisfy conditions (as1) to (as4).

Conversely, suppose that x, zP , zQ together with p = 0 satisfy (as1) to (as4). Conditions
(as3) and (as4) imply that

zP (i, j) = zQ(i, j) = 1

for all type1 and type2 edges (i, j), thus for condition (as2) to hold for i ∈ Q, exactly
one of x(ui, i) and x(ui, i) must be equal to one. This corresponds to setting one of ui

and ui to be true. For simplicity, we will abuse terminology, and henceforth say that any
literal yi (= ui or ui) with x(yi, i) = 1 is true. Now consider a literal yi which is false, i.e.,
x(yi, i) = 0. Because a(yi, i) = 1, zP (yi, i) = 1, and condition (as1), there must be exactly
di + 1 edges with x(yi, k) = 1 such that a(yi, k) = 1. Since the a–values of all type1 edges
are zero, any type1 edge (yi, Cj) with x(yi, Cj) = 1 must have yi true. But since the zQ and
b values are one for all type1 edges, there is always exactly one such edge for any clause Cj,
completing the proof.
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4. Structures of Pairwise Stable Outcomes

In this section, we consider problems concerning the structures of pairwise stable outcomes.
Since our model contains the assignment model and stable marriage model as special cases,
it is natural to ask whether the structures of those cases carry over to ours. We will consider
four possibilities.

The first is the existence of a common strongly stable pairwise salary vector. For the
assignment case (i.e. , the case where π = (−∞, . . . ,−∞) and π = (+∞, . . . , +∞)), it
follows from the duality of linear programming that there exists a feasible salary vector p
such that for any pairwise stable allocation x, (x, p) satisfies the conditions in Theorem 2.1.
On the other hand, for the marriage case where π = π = 0, the above property trivially
holds. Thus, one may have the following question for our model.

Question 1. Does there exist a feasible salary vector p such that for all pairwise stable
allocations x, the outcome (x, p) satisfies the conditions in Theorem 2.1?

We have a negative answer to Question 1.

Example 1. Consider the instance where

P = {1, 2, 3}, Q = {1′, 2′, 3′},
λ(i) = 1 (∀i ∈ P ), µ(j) = 1 (∀j ∈ Q),

(a11′ , a12′ , a13′ , a21′ , a22′ , a23′ , a31′ , a32′ , a33′) = (−1, 1, 3, 2, 3, 1, 1, 2, 3),

(b11′ , b12′ , b13′ , b21′ , b22′ , b23′ , b31′ , b32′ , b33′) = (−1, 2, 1, 2, 1, 3, 3, 3, 2),

π(3, 1′) = −∞, π(i, j) = 0 (∀(i, j) ∈ E \ {(3, 1′)}),
π(3, 1′) = +∞, π(i, j) = 0 (∀(i, j) ∈ E \ {(3, 1′)}).

For this instance, there exist three pairwise stable allocations X1 = {(1, 2′), (2, 1′), (3, 3′)},
X2 = {(1, 2′),(2, 3′),(3, 1′)}, and X3 = {(1, 3′), (2, 2′), (3, 1′)}. For X1, X2, and X3, the
conditions in Theorem 2.1 hold only if 1 ≤ p(3, 1′) ≤ 2, p(3, 1′) = 1, and 2 ≤ p(3, 1′) ≤ 3,
respectively. Hence, this instance gives a counterexample to Question 1.

The next possibility is the lattice structure of stable salary vectors when the allocation
is fixed. By lattice structure, we mean that if p1 and p2 are in a specified set, p1 ∧ p2

and p1 ∨ p2 are also contained in that set, where (p1 ∧ p2)(e) = min{p1(e), p2(e)} and
(p1 ∨ p2)(e) = max{p1(e), p2(e)} for all e ∈ E. For this, we have an affirmative answer; for a
fixed pairwise stable allocation x, the set of feasible salary vectors p such that (x, p) satisfies
the conditions in Theorem 2.1 has a lattice structure. More precisely, the next proposition
holds.

Proposition 4.1. For a fixed pairwise stable allocation x, if (x, p1, z1
P , z1

Q) and (x, p2, z2
P , z2

Q)
satisfy the conditions in Theorem 2.1, then (x, p1 ∧ p2, z1

P ∧ z2
P , z1

Q ∨ z2
Q) and (x, p1 ∨ p2, z1

P ∨
z2

P , z1
Q ∧ z2

Q) also satisfy these conditions.

Proof. Here we show that (x, p, zP , zQ) = (x, p1 ∧ p2, z1
P ∧ z2

P , z1
Q ∨ z2

Q) satisfies (as1), (as2),
(as3) and (as4).

If zP (i, j) = 0 then we have z1
P (i, j) = 0 or z2

P (i, j) = 0, which implies (as3) for
(x, p, zP , zQ). If zQ(i, j) = 0 then we have z1

Q(i, j) = z2
Q(i, j) = 0, which implies (as4)

for (x, p, zP , zQ).
Next we show that (x, p, zP , zQ) satisfies (as1). Since a(i, j) + p1(i, j) ≥ 0 and a(i, j) +

p2(i, j) ≥ 0 for all (i, j) ∈ X, we have a(i, j)+p(i, j) ≥ 0 for all (i, j) ∈ X. If i is unsaturated
by x then a(i, k) + p1(i, k) ≤ 0 for all (i, k) 6∈ X with z1

P (i, k) = 1, and a(i, k) + p2(i, k) ≤ 0
for all (i, k) 6∈ X with z2

P (i, k) = 1, which imply a(i, k) + p(i, k) ≤ 0 for all (i, k) 6∈ X with
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zP (i, k) = 1. If i is saturated by x then a(i, j) + p1(i, j) ≥ a(i, k) + p1(i, k) for all (i, j) ∈ X
and for all (i, k) 6∈ X with z1

P (i, k) = 1, and a(i, j) + p2(i, j) ≥ a(i, k) + p2(i, k) for all
(i, j) ∈ X and for all (i, k) 6∈ X with z2

P (i, k) = 1. Thus, we have

a(i, j) + p(i, j) = min{a(i, j) + p1(i, j), a(i, j) + p2(i, j)}
≥ min{a(i, k) + p1(i, k), a(i, k) + p2(i, k)}
= a(i, k) + p(i, k)

for all (i, j) ∈ X and for all (i, k) 6∈ X with zP (i, k) = 1. The above discussion verifies that
(x, p, zP , zQ) satisfies (as1).

Finally we show that (x, p, zP , zQ) satisfies (as2). In the same way as above, we can show
that 1) b(i, j)−p(i, j) ≥ 0 for all (i, j) ∈ X; 2) if i is unsaturated by x then b(i, k)−p(i, k) ≤
0 for all (i, k) 6∈ X with zQ(i, k) = 1; 3) if i is saturated by x then b(i, j) − p(i, j) ≥
b(i, k) − p(i, k) for all (i, j) ∈ X and for all (i, k) 6∈ X with zP (i, k) = 1. This implies that
(x, p, zP , zQ) satisfies (as2).

Now, what happens when we allow the allocation x to be arbitrary? For the assign-
ment case, it is known that the set of feasible salary vectors p such that (x, p) satisfies the
conditions in Theorem 2.1 for some pairwise stable allocation x forms a lattice structure [3].
Question 2. Does the set of feasible salary vectors p :

{p | (x, p) satisfies the conditions in Theorem 2.1 for some x}

form a lattice structure?
The answer is negative.

Example 2. Consider the instance where

P = {1, 2}, Q = {1′, 2′},
λ(i) = 1 (∀i ∈ P ), µ(j) = 1 (∀j ∈ Q),

(a11′ , a12′ , a21′ , a22′) = (0, 0,−1,−1),

(b11′ , b12′ , b21′ , b22′) = (4, 4, 3, 3),

π(i, j) = 0 (∀(i, j) ∈ E),

π(1, j) = 0, π(2, j) = 2 (∀j ∈ Q).

For a feasible salary vector p1 with p1(2, 1′) = 0 and p1(2, 2′) = 2, X1 = {(1, 1′), (2, 2′)}
together with p1 satisfies the conditions in Theorem 2.1 by setting z1

Q(1, 2′) = 0. On the other
hand, for a feasible salary vector p2 with p2(2, 1′) = 2 and p2(2, 2′) = 0, X2 = {(1, 2′), (2, 1′)}
together with p2 satisfies the conditions in Theorem 2.1 by setting z2

Q(1, 1′) = 0. However,
p = p1 ∧ p2 = 0 yields no pairwise stable allocation, because a(2, 1′) + p(2, 1′) = a(2, 2′) +
p(2, 2′) = −1. This gives a counterexample to Question 2.

Finally, we deal with the connectivity of the set of feasible salary vectors satisfying the
conditions in Theorem 2.1. For the assignment case, the set of feasible salary vectors p such
that for some pairwise stable allocation x, (x, p) satisfies the conditions in Theorem 2.1 is
connected. That is, if (x, p1) and (x, p2) satisfy the conditions in Theorem 2.1, then there
exists a continuous mapping ϕ : [0, 1] → RE such that ϕ(0) = p1, ϕ(1) = p2 and (x, ϕ(t))
satisfies the conditions in Theorem 2.1 for all t ∈ [0, 1].
Question 3. Let x be a pairwise stable allocation. Does the set of feasible salary vectors p
such that (x, p) satisfies the conditions in Theorem 2.1 is connected?
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The answer to this question is also negative.

Example 3. Consider the instance with

P = {1, 2}, Q = {1′, 2′},
λ(i) = 1 (∀i ∈ P ), µ(j) = 1 (∀j ∈ Q),

(a11′ , a12′ , a21′ , a22′) = (2, 2, 3, 2),

(b11′ , b12′ , b21′ , b22′) = (1, 0, 3, 2),

−2 ≤ p(1, 1′) ≤ 1, −1 ≤ p(1, 2′) ≤ 0,

0 ≤ p(2, 1′) ≤ 1, −2 ≤ p(2, 2′) ≤ 2.

We consider a feasible allocation X = {(1, 1′), (2, 2′)}. By setting

p(1, 1′) = −2, p(1, 2′) = −1, p(2, 1′) = 0, p(2, 2′) = 1,

(X, p) satisfies the conditions in Theorem 2.1. On the other hand, by setting

p(1, 1′) = 1, p(1, 2′) = 0, p(2, 1′) = 1, p(2, 2′) = 2,

X also satisfies these conditions. However, we can show that X cannot satisfy these condi-
tions if 0 < p(2, 1′) < 1.
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