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INTRODUCTION 

NUMBER 3 

The income of a firm will be created through efficient use of its 
assets. But the income of the firm will not necessarily be the same as 
the income of its owner. If the maximization of the income to the firm's 
owners (e. g. stockholders) can be taken as the purpose of the activity 
of the firm, it is convenient to consLder the firm's accounts as divided 
into two parts. Following the terminology of [1] and [2], we will call 
them the enterprise or corporate account, and the dividend or withdraw
al account. From this setting of the problem, the firm will try to 
maximize the withdrawal account over time. 

Withdrawals will be made from the corporate account and the 
corporate account will increase or decrease according to the unforeseen 
positive or negative profit which may be determined by the activity of 
the firm in the complicated market situation. If the corporate account 
falls below a certain level because of a large loss or because of an ex
cessive withdrawal, then the firm will be ruined. So, it may be dangerous 
to withdraw a large amount from the corporate account at a given time. 
On the other hand, if the firm hesitates to withdrarw even a small 
amount although it possesses a relatively large corporate account, this 
too may be poor policy, since its owners (stockholders) depend on some 
withdrawals being made. 

In this situation, what kind of withdrawal policy will be the firm's 
best strategy in the long run? To answer this question we will describe 
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96 Koichi Miyasawa 

the model which reflects this situation in Section l. 
Before proceeding to this section we should like to make the follow

ing remarks. In our model of the economic survival game the firm's 
profit is interpreted as the realized value of the market random variable. 
But we do not state explicitly what the distribution of this random va
riable depends on. In terms of usage in decision theory, it may be said 
that it is determined by the "world." So, in that sense, the economic 
survival game treated in this paper belongs to the class of games against 
nature. 

In a real oligopolistic situation, it is more natural to assume that 
the profits of the firms will depend on the strategies taken by the firms 
in the market and the world. This is surely a situation with which game 
theory is concerned. For the moment let us restrict the number of the 
competitive firms to two and neglect the influence of the world. Then, 
taking into consideration. the demand functions, cost functions and so 
on, we will be able to summarize the above duopolistic situation in the 
framework of a two-person non-zero-sum game even though this is a 
complicated process. 

For this competitive situation, game theory tells us of the existence 
of an equilibrium point and a corresponding pair of equilibrium strate
gies, provided that we do not take into consideration the possbity of co
operation or negotiation between the firms. But in this case it would be 
very difficult both to calculate these equilibrium mixed strategies because 
of the tremendous number of possible strategies and to assume that each 
firm would use its equilibrium strategy in reality. To overcome these 
difficulties, it may be worthwhile to use the following approach for the 
equilibrium analysis of the duopolistic situation. 

Each firm starts by taking some strategy which may be considered 
good in some sense. In the next period both firms will modify their stra
tegies by using those which are optimal against the strategies that were 
taken by their opponents in the first period. In this way in each period 
each firm will take a strategy which is optimal against the strategies 
taken by his opponent in previous periods. If each firm proceeds in this 
way, then two questions arise: will the average of strategies taken by 
each firm converge to an equilibrium strategy and will their average 
gains converge to an equilibrium point? The existence of this equilibrium 
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strategy and equilibrium point is proved in game theory as stated above. 
In the theory of games this process is usually called either ficti

tious play -which is not realy a suitable name for the situation- or a 
learning process. In the case of the zero-sum two-person game, the affi
rmative answer to the above question is proved in [3J and [4]. But the 
affirmative answer to the non-zero-sum case presented in this paper is 
conjectural and this is still one of the open problems in game theory. If 
the assertion could be proved, it would shed a new light on the analysis 
of the duopolistic situation. * 

1. THE SETTING OF THE PROBLEM 

At the end of each time period t = 0, 1, 2, "', (the present time 
point will be expressed as the end of the time period t=O which is at 
the same time the beginning of the time period t= 1), we assume that 
.a corporation has two accounts, a corporate account C(t) and a with
drawal accout Wet). The corporation has to choose a withdrawal strategy 
;w among the set of all withdrawal strategies with a certain intention to 
be stated later. A withdrawal strategy is a rule which determines, at 
the end of each time period, the amount of withdrawal (or dividend) 
which should be transferred from the corporate account to the with
.drawal account. In this way a withdrawal strategy w is defined as a 
function on the corporate account C(t) which takes a value w(C(t)) 

.such that 
(1. 1) Osw(C(t))sC(t), t=O, 1, 2, ...... . 

If a strategy w is once chosen by the corporation, then, at the end of 
each time period (t-l), w determines the initial level Set) of the cor
porate account at the time period t according to the following equation: 

(1. 2) S(t)=C(t-l)-w(C(t-l)), t=I,2, ...... . 

During the time period t, the corporation will obtain a profit (or 
loss) zCt) which is determined by many factors such as the market situ
.ation and the initial amount of the corporate account Sct) at the time 
period t, and so on. Then the corporate account Cct) at the end of the 

* I would like to express my cordial thanks too Professor Oskar Morgenstern for his constant 
encouragement and. valuable suggestions. Also I wish to thank Dr. H. F. Karreman and my 
other colleagues in the Econometric Research Program at Princeton University who did not 
,grudge their time for discussion of the problem of the construction of the model. 
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time period t is given by the equation 
(1. 3) C(t)=S(t)+z(t), t=I,2, ...... . 

(See Fig. 1.) 

e(a) e(t) 
e (t-l) 

w(e(a)) w(e(t-l)) z(t) 

~ 8(1) s(t) 

a 1 t-l t 

Fig. 1 

Here let us assume that a profit z(t) is a realized value of a random 
variable z whose distribution function F may depend on the value of the 
corporate account Set), because the market situation will be more favor
able to the firm if it possesses a large corporate account. When it is 
necessary to make clear the dependency of F on S(t)=s, it will be ex
pressed by F[s]. The random variabe z(t) will be called the market random 
variable. 

Now we introduce the "ruin rule" of the corporation as follows: 
Once the corporate account CCt) becomes zero or negative at some time 
point, then the corporation must disappear from the market at that point. 
Under the conditions stated above, the corporation's objective is to 
choose a withdrawal strategy w which maximizes the expected value 
of the sum of the discounted withdrawals, that is the expected value of 

(1. 4) 

where p IS the discount rate, O<p<l. In this expression (1. 4), once 
C(t) takes a non-positive value at some time period t=t', that is once 
it once it occurs C(t'):::;,O, then we assume w(C(t'))=w(C(t+l))=···=O, 

since the corporation must be ruined at that point. The expected value 
of the amount O. 4) obtained a by using strategy wand starting with 
an initial corporate account 

C(O)=x, x>O, 

will be written Vex, w). We will define the above situation an economic 
survival game Q. 

Definition 1: A strategy WO which satisfies the condition 
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o. 5) vex, WO)~ vex, w) 

for all passible strategies wand for all initial corporate accounts x ~O, 
will be called an optimal strategy of the economic survival game Q. 

The value of Vex, WO) associated with an optimal strategy WO will 
be called the value of the game Q starting with an initial corporate 
account x. This value will be written Vex). 

Our purpose is to characterize the optimal strategy of the eco
nomic survival game D. 

Generally speaking, in this kind of decision problem, it is usually 
very difficult to give an explicit formulation of an optimal strategy, even 
if its existence may be proved. For example, see the very interesting 
article by M. Shubik and G. L. Thompson [lJ, in which they analyze 
the structure of the opitamal strategy for an economic survival game. 
But the game D they treat is a very special one, in which the market 
random variable z can take only the two values -1 and 1 with certain 
fixed probabilities p and q respectively, independent of the level of the 
initial corporate account at each time period t. 

The purpose of this paper is to determine the pattern of the opti
mal strategy in an economic survival game D in which the market random 
variable z can take any integral values greater than or equal to the 
least possible finite negative value. 

2. SOME PRELIMINARIES 

We will start by stating a very simple but fundamental theorem 

under a general condition. 
Theorem 1: The value function Vex) of the economic survival game 

Q satisfies the following functional equation: 

(2. 1) V(x)=~va~~(y+p J: V(x·-y+z)dF[x-yJ(z)), for x>O, 

with the boundary condition 
(2. 2) V(x) =0, for x:s:;O. 
Proof. If we withdraw an amount O:s:;y:s:;x immediately at t=O, and 

tren follow with an optimal strategy at all t~ 1, we can obtain the dis
counted value 

(2. 3) y+p J: V(x-:!f+z)dF[x-yJ(z). 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



100 Koichi Miyasawa 

Accordingly, the value Vex) must be the maximum value of (2. 3) with 
respect to y. That is, the value function Vex) satisfies equation (2. 1). 

Q. E. D. 
From now on we will proceed under the following assumptions: 

Assumption (i): At each time period t=l, 2, "', the market random va
riable z can take only integral values i, i=O, ±1, ±2, ... with probabilities 
Pi(5(t), i=O, ±1, ±2, ... , respectively, which may depend on the initial 
level of the corporate account 5,t) at the beginning of the time period 
t, where 

00 

Pi(S(t»)~O, L Pi(5(t») =1. 
1.= -00 

Assumption (ii): The initial corporate account C(O) is a positive 
integer. 

Assumption (iii): The possible values of a withdrawal function ware 

restricted to non-negative integers. 
Assumption (iv): The first time that the corporate account takes a 

nonpositive value C(t')::::;O at t=t', the game must be stopped at this 
moment. 

Under these assumptions, the function (2. 1), which a value func
tion V(n) of the game Q should satisfy can be written as foollows: 

00 

(2. 4) V(n)=max lk+p L V(n-k+i)Pi(n-k»), 
O:S:k:s:n 1.= - 00 

where all variables n, k, i are integers. If we define the function G(m) by 
00 

(2. 5) G(m)=p L V(m+i)Pi(m), 
i~-oo. 

then equation (2. 4) can be rewritten as 
(2. 6) V(n)=maxlk+G(n-k) J. 

O';;k,;;n 

At this point, to avoid the possible diversity of an optimal strategy 
which can be seen from (2. 6), we restrict our considerations to the 
following. 

Definition 2: An optimal strategy WO of the geme Q which satisfies 
the condition 

(2. 7) 

(2. 8) 

wO(n)=O, if and only if 
G(n) >max I k+ pG(n-k») 

l,;;k,;;n 

is called a special optimal strategy of the game Q. 
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From now on we assume that when we talk about an optimal stra
tegy, it is a special optimal strategy. We also remark that the equation 

(2. 9) V(n, wO)=k+G(n-k) 
implies 

(2. 10) wO(n)=k. 

Lemma 1: For an optimal strategy WO of the game Q, there exists an 
integer no(;;:::O) such that 

(2. 11) wO(l) =wO(2)==··· =wO(no) =0 

and 
(2. 12) 
Proof: If 

then it is clear that 

WO(ne.+ 1) >0. 

wO(m)=O, for all m=l, 2, ... , 

V(n, WO)=O, for all n=l, 2, .... 
But if C(O)=n>O, then by withdrawing the whole corporate accaunt n 
immediately, we can obtain n> V(n, WO)=O. This contradicts the optima
lity of wo. So, there must exist an integer no which satisfies (2. 11) 
and (2. 12). 

Lemma 2: If for a certain integer n we have 
(2. 13) wO(n)=O, 

and for a certain integer a;;::: 1 
(2. 14) wO(n+l»O, for all l:C;;l:C;;a, 

then we have 
(2. 15) 

and 
(2. 16) 

wO(n+I)=I, for l:C;;l:C;;a, 

wO(n+a+l)=O or a+l. 
Proof: The fact wO(n)=O means 

(2. 17) V(n)=max{k+G(n-k)} =G(n). 
O::::;ksn 

On the other hand we have 

(2. 18) V(n+1)= max {k+G(n+l-k)} 
O::;;ksn+l 

=max[G(n+l), max{l+k+G(n-k)}]. 
o,;k,;n 

From (2. 17) and (2. 18), we have 

(2. 19) V(n+1)=max[G(n+l), I+G(n)]. 

Accordingly, from (2. 19), the assumption 
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means 
(2. 20) V(n+l)=I+G(n), 

that is wO(n+l)=1. 
From (2. 18) and (2. 20) we have 

(2. 21) I+G(n)= max (k+G(n+l-k»). 
O::;;k:::;;n+l 

Next we have 

(2. 22) V(n+2)= max (k+G(n+2-k») 
O<;k<;n+2 

=max[G(n+2), max [1+k+G(n+l-k»)]. 
O:5:k::;;n+l 

Then from (2. 21) and (2. 22) we have 
(2. 23) V(n+2)=max[G(n+2),2+G(n)]. 

Accordingly, from (2. 23), the assumption 
wO(n+2»0 

means that 
V(n+2)=2+G(n), 

that is 
wO(n+2)=2. 

In this way, from (2. 13) and (2. 14), we have (2. 15). 
Then from (2. 15), we know that 

(2. 24) V(n+a)=a+G(n) 
= max (k+G:n+a-k»). 

O;<;;;k:s;;n+a 

Now 
(2. 25) V(n+a+l)=max[G(n+a+l), max (k+G(n+a+l-k»)] 

Osk::::;:n+a+l 

=max[G(n+a+l), max (l+k+G(n+a-k»)]. 
Osk:::;;n+a 

Accordingly, from (2. 24) and (2. 25), we have 
V(n+a+l)=max[G(n+a+l), a+l+G(n)]. 

This implies (2. 16). 

3. THE MAIN THEOREM 

Q. E. D. 

In this section we will try to make clear the structure of the opti
mal strategy in an economic survival game. But for that we are obliged 
to place some restrictions on the market random variable in the game. 

Theorem 2. we assume the following: The market random variable 
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z in the economic survival game Q is distributed independently over 
time and has the same distribution---taking integral values--at each 
time period t=1,2, ....... Among the possible values of z, there exists the 
finite negative integer -KCK>O). 

Then there exists the unique finite sequence of integers no, nJ, "', 
nl and mo, mJ, "', ml-', such that 

(3. 1) 0::::::no<mo::::::n,<m,::::::n2<m2::::::···::::::nl-/<ml-,::::::nl, 
where 

O<mi-ni::::::K, i==O, 1, "', I-I. 
And the optimal strategy WO of the game Q is given as fallows: 

wO(n) =0, for O::::::n::::::no 

(3. 3) wO(n)=n-ni, for ni<n <mi, i=O, 1,2, "',1-1, 
wO(n)=O, for mj-,::::::n:5~nj, j=I, "', I, 

and 
wO(n)=n-nl, for n"?nl. 

Remark 1: If wO(I»O, that is wOCl)=I, then 
wO(n)=n, for all n=I, 2, ...... . 

(This will be proved in the proof of Theorem 2.) This situation will be 
expressed as a special pattern of Theorem 2 in which nO=nl=O. 

Definition 3: When there exist two different integers n' <m' such that 
wCn') =w(m') =0 

and 
w(n)=n-n', for n'<n<m', 

we call the set of integers (n', n' + 1, ", m'l a wave of a strategy w, and 
denote it by wen', m'). We will define the length of a wave wen', m') by 

(3. 5) m'-n'+I. 
When there exists an integer n * such that 

w(n*)=O 

and 
w(n)=n-n*, for all n>n*, 

a strategy w enters in what we will call a stable state from n *. 
Remark 2: Using the terminology defined above, Theorem 2 may be 

stated as follows: The optimal strategy WO of the game Q has a finite 
number of waves each of which has a length less than or equal to k+ 1, 

and then which enters in a stable state from a certain point. 
Corollary: If the least possible negative value of the market random 
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variable z is -1, then the optimal strategy WO of the game Q is given 
as follows: There exists a unique integer N, and 

wO(n)=O, for n<£N, 
(3. 6) and 

wO(n)=n-N, for n>N. 
(Compare with the results in [1].) 

Proof of Corollary: In the case of - K = -1, Theorem 2 states the 
following: Even if an optimal strategy were to have a wave, its length 
cannot exceed K+1=2. On the other hand, from our definition, any wave 
has a length greater than or epual to 3. This proves that in the case of 
-K=-l, an optimal strategy WO cannot have any wave; that is, WO is 
given as in (3. 6). 

Proof of Theorem 2: Let WO be an optimal strategy of the game Q. 

wO(l) can have two possible values: 
(3. 7) wO(l)=O, 

and 
(3. 8) 

At first let us consider the case (3. 7). In this case, from Lemma 1, 
we know the existence of a certain integer no, nO;;::: 1, such that 

(3. 9) wO(1)=wO(2)=···=wO(no)=0, 
and 

(3. 10) 

If it were 

that is, by Lemma 2 
wO(n»O, for all n>no, 

(3. 11) wO(n)=n-no, far all n>no, 
then Theorem 2 holds with 1=0. 

So, we consider the case where an integer mo>no exists such that 
(3. 12) wO(n)=n-no, for no<n<mo, 

and 
(3. 13) 

Then we will prove that 
Q. W ~-~<£K 

Now let us tentatively assume that 
(3. 15) mo-no;;:::K+1. 

We will then consider the following two games Q(mo, WO) and Q(mo-1, 
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w*), where the notation D(n, w) expresses an economic survival game D 
which starts with an initial corporate account C(O) =n, using a strategy 
w. The strategy w * will be defined below. Let S°Ct), S* (t), and C°Ct), 
C* Ct) be the starting corporate accounts and the corporate accounts at 
a time period t of the games D(mo, WO) and D(mo-l, w *) respectively. 
Then we have 

(3. 16) CO(O)=mo, and C*(O)=mo-l. 
Now let us define the strategy w* as follows: As long as CO(t) continues 
to take on the values n such that 

WO(CO(t) =0, 
we define w * by 

w*(C*(t»=O. 
But, once at some time period t=t'>O, CO(t) reaches a value C°Ct')=n 
for which 

WO(C°Ct'» >0, 
then after that point, that is for all t?:. t', we define w * following just 
the same rule as for WO. 

Then we will show that under assumption (3. 15), we have 
(3. 17) V(mo WO)< V(;'1l0-1, w*)+l. 

where V(mo, WO) and VCmo, -1 w *) express the values obtained in the 
games D(mo, WO) and D(mo-l, w*) respectively. 

Let us divide the set of all positive and negative integers and zero 
into three disjoint subsets Ql, RI and SI defined as follows: 

(3. 18) SQdnln?:.mo, wO(n)=O}, 
(3. 19) R1={nlwC'(n»0}, 
(3. 20) SI = {nln::;;no}. 

And let us consider the movement of CO(t) over time. From the definition 
(3. 13) of mo, we know Co(t) starts, at t=O, from the point CoCa) =mo 
in Ql. Accordingly, concerning the movement of C°(t), the following three 
cases are conceivable: 

Case AI: CO(t) continues to stay in Ql, that is 
(3. 21) COCt)eQl, for all t=O, 1, 2, ...... . 
Case B1 : After C°(t) varies in Ql, at some point t=t' + 1, CO(t) enters 

for the first time in RI. That is for some t=t'?:.O, 
(3. 22) CO(t)eQb for O::;;t::;;t', 

and 
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(3. 23) 
Case Cl : After C°(t) varies in Q(, at some point t=t" + 1, C°(t) enters 

for the first time in SI. That is, for some t=t"?O, 
(3. 24) C°(t)EQJ, for o~t~t", 

and 
(3. 25) 

Let us consider these three cases separately. 
Case Al : In this case, we always have 

WO(CO(t)) =0, for t=O, 1, 2, ....... 
Accordingly, from the definition of w*, we also have 

w*(C*(t))=O, for t=O, 1, 2, ....... 
That is 

(3. 26) 
And we have 

WO(C°(t»)-w*(C* (t))=0, for t=O, 1,2, ...... 

C*Ct)=C°(t)-I, for t=O. 1. 2 ....... . 
So it is conceivable that C* (t) may reach zero (that is the game 
D(mO -1, w *) must be stopped) before C * (t) reaches zero. But in this 
case, from (3. 21), we always have 

C°(t) ?mo?3. 

That is 
C*(t)?2, for all t=O, 1, 2, 

Consequently, the above situation can never occur, and the equality (3. 
26) surely holds. 
Case B l : In this case we have 

CO(t)EQ1, for O~t~t'. 
Accordingly, because of the definition of QI, we have 

(3. 27) WO(CO(t))=O, for O~t~t'. 
Then, from the definition of w*, we also have 

w*(C*(t))=O, for O~t~t', 
that is 

WO(C°(t))-w*(C*(t))=O, for O~t~t'. 
Now let 

CO(t'+1)=n'ER1. 

Then, from the definition (3. 19) of RI, we have 
WO(C°(t' + 1)) >0. 

And from the reasoning in Lemmas 1 and 2, there must exist an integer 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



n* such that 
(3. 29) 
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wO(n*)=O, 

(3. 30) wO(n)=n-n*, for n*::;;'n::;;'n'. 
Here the value of n* must be such that 

(3. 31) m°::;;'n* <n', 
or 

(3. 32) n*=nO<n'. 
In any case we have 

(3. 33) wO(C°Ct'+I»==n'-n*(>O). 

107 

Then because of the definition of w*, (3. 27) and (3. 33) imply the 
following: 

w*(C*(t)=O, for O::;;,t::;;,t', 
and 

(3. 34) S*(t+l)=C*(t)=C°(t)--I=S°Ct+l)-I, for O::;;,t::;;,t'. 
Accordingly from (3. 28) and (3. 34) we have 

(3. 35) C*(t+l)=n'-1. 
Furthermore, from the definition of tu *, in this case, w * follows the rule 
of WO at all t'?t'. Accordingly, from (3. 35) and (3. 30), we have 

(3. 36) w*(C*(t'+I»)=wC'(n'-I)=n'-I-n*. 
Then, from (3. 33) and (3. 36), we have 

(3. 37) wO(C°(t'+I»-w* (C*(t'+I»=1. 
At the same time, we have 

that is 
(3. 38) 

S°Ct' +2)=n'- (n'-n*)=n*, 
S*(t' +2)=(n'-I) -(n'-I-n*)=n*, 

S°Ct' +2) =8 * (t' +2). 
Therefore, from (3. 38), after t=t'+2, the two strategies WO and w* 
give completely the same results. 

From the above reasoning, in Case B l , we may conclude as follows: 
In the whole process of the two games D(mo, WO) and D(mo-l, w*), the 
difference between the two withdrawals accruing from WO and w* is just 
one unit which occurs at a certain time period t=t' + 1. The present 
value of this difference is pt'+! < 1. 

Case Cl: In this case, as was shown in Case Bt, we have 
WO(CO(t»=w*(C*(t»=O, for O::;;,t::;;,t", 
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and 
(3. 39) S°Ct" + 1) =S* (t" + 1) + l;;:::mo. 

Accordingly, in order that CO(t" + 1) takes a value in SI, a realized value 
z" of the market random variable z at t=t" + 1 must be such that 

(3. 40) z":::;'-(mo-no). 

But under assumption(3. 15), (3. 40) implies 
(3. 41) z":::;'-(K+l). 

But this is impossible, because - K is the least possible negative value 
of z. Accordingly, under assumption (3. 15), Case Cl can never occur. 

From the above considerations we can synthetically state the follow
ing conclusion: In the two games Q(mo, WO) and Q(mo-l, w*), under 
the assumption (3. 15), a positive difference between withdrawals accruing 
from WO and w* can only occur in Case B l , and the present value of 
this difference is l.pt with some t;;:::l, that is l.pt<1. Therefore, the 
inequality (3. 17) holds. But this inequality implies the following: In the 
game Q starting with corporate account mo, if we withdraw one unit 
immediately, and then follow the strategy w*, then we can obtain more 
than V(mO, WO). This contradicts the optimality of the strategy wo. This 
contradiction comes from the assumption (3. 15). Accordingly the in
equality (3. 14) must hold. That is, the length of the possible first wave 
W(no, mo) cannot exceed K + 1. 

Next, from the optimality of wo, it is clear that it is impossible to 
have 

wO(n)=O, for all n;;:::mo . 

.so, we must have some integer nIC;;:::mO) such that 
(3. 42) wO(n)=O, for mO:::;'n:::;'nl, 

and 
(3. 43) 

If we have 
wO(n)=n-nl, for all n;;:::nl, 

then Theorem 2 holds with 1=1. So, we assume the existence of the 
.second wave W(nl, ml), that is the existence of an integer ml(>nl) such 
.that 

(3. 44) wO(n)=n-nl, for nl <n<mt, 

and 
(3. 45) wO(ml) =0. 
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Then we will prove that 
(3. 46) 

First, as before, let us tentatively assume, on the contrary, that 
(3. 47) ml-nl:2:K+1. 

109 

Then we compare the two games Q(ml, WO) and Q(ml-1, w *), where the 
strategy w* is defined just the same way as in the case of the first 
wave W(no, mo), but starting with 

CO(O)=ml, and C*(0)=ml-1, 
respectively. 

Now let us divide the set of whole integers and zero into the 
following three disjoint subsets Q2. R~ and S2: 

(3. 48) Q2={n!n:2:ml,wO(n)=0}, 

(3. 49) R2= {n!n:2:mo, wO(n»O}. 

(3. 50) S2={n!n~nl} 

Then, from the fact that CO CO) =mJ 'EQ2, concerning the movement of 
CO(t) over time, the following three possibilities are conceivable: 

Case A2 : CO(t)EQ2, for all t=O, 1, 2, ...... 
Case B2 : There exists a certain time period t=t':2:0 such that 

CO(t)EQ2, for O~t~t' 
and 

CO(l' + 1) ER2. 

Case C2 : There exists a certain time period t=t":2:0 such that 
CO(t)EQ2, for O~t~t" 

and 
CO(t" + 1) ES2. 

With the same reasoning as in the case of the first wave W(no, mo), it 
is clear that we can make the following statements: 

In Case A 2 , we always have 
wo(CO(t)) =w* (C* (t)) =0, 

and 
WO(C°(t))-w*(C*(t))==O, for t=O, 1, 2, ....... 

In Case B 2 , just as in Bl, we have 
WO(CO(t))-w*(C*(t))=O, far O~t~t', 

and 
WO(CO(t' + l))-w* (C* (t' + 1))= 1. 

And at all t:2:l' +2, the two strategies WO and w* give completely the 
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same results. As in the case of the first wave W(no, mo), it can be easily 
shown that Case C2 can never occur under assumption (3. 47). In this 
way, under assumption (3. 47), we arrive at the contradiction 

V(ml, WO)< V(ml-1, w*)+1. 
This contradiction proves the inequality (3. 46). 

Proceeding as above, we can conclude that the length of any wave 
Went, mt) cannot exceed K + 1, that is 

mt-nt::;;K. 
Now we will prove the number of possible waves Went, mt) as

sociated with an optimal strategy WO is finite. First, we will tentatively 
assume that infinitely many waves Went, mt), i=O, 1, 2, ... , were associated 
with an optimal strategy wo. Then, in the game Q(N, WO), even if we 
assume that at each time period t=O, 1, 2, ... we had positive withdrawals 
WO(CO(t», the amount of the withdrawals WO(C°(t» cannot exceed K-1, 
since the length of each wave Went, mt) cannot exceed K+1. Accordingly, 
the sum of the present values of withdrawals can never exceed 

that is 

(3. 51) 
1 

V(N, WO) < -1-· . K, 
-p 

for any initial corporate account Co(O) =N. 

On the other hand, it is clear that 
(3. 52) V(N, WO)?:.N. 

SO, if we start with a sufficiently large CO(O) =N, then from (3. 51) and 
(3. 52), we have the following contradiction 

VCN, WO)<lLK<N::;; VCN, WO). 
-p 

Accordingly, the number of possible waves associated with an optimal 
strategy WO must be finite. That is, if w°(1) =0, then the optimal strategy 
WO must have the structure stated in Theorem 2. 

Next, we consider the case 
(3. 53) wO(l)=1. 

In this case let us tentatively assume that a certain wave W(O, m) is 
associated with an optimal strategy wo. Then by comparing the two 
games Q(m, nO) and Q(m-1, w*) as above, it can easily be shown that 
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V(m, WO)< vent-I, w*)+1. 

This contradiction proves the following: In case (3. 53), a wave W(O, m) 

cannot be associated with an optimal strategy wo. That is, in this case 
the optimal strategy WO must have the form stated in Remark l. In order 
to complete the proof of Theorem 2, only the proof of the uniqueness 
of the optimal strategy WO remains. Let us assume that the strategy WO 

has the structure stated in Theorem 2. Let w* be another optimal stra
tegy of the game Q. We define the functions VD, V*, GO and G* by the 
following: 

(3. 54) VO(n) = Yen, WO), V' (n) = Yen, w*), 

(3. 55) 

(3. 56) 

where Zi are possible values of the market random variable and Pi are 
their probabilities. 

First, we remark that 
(3. 57) VO(n)= V*(n), for all n=1,2, ...... , 

because of the optimality of both WO and W*. Now 

(3. 57) VO(l)=max{l, GO(l)}, 

(3. 59) V*(l)=max{l, G*(l)}. 

In the case 
VO(l)=l== V*(l), 

that is 
wO(l)=l=w*(l), 

the uniqueness of the optimal strategy can be proved in the same way 
as for the case 

(3. 60) wO(l)=w*(l)=O. 

Therefore we show the proof only for the latter case. Let us assume that 
there exists an integer I(sno) such that 

(3. 61) wO(n)=w*(n)=O, for lsns/-l, 
and 

(3. 62) 
Of course we have 

(3. 63) 
since Isno. 

w* (I) ==1. 
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Then (3. 61), (3. 62) and (3. 63) imply the following: 
(3. 64) VO(n)=GO(n), V*(n)=G*(n), for I::;;n::;;l-I, 
(3. 65) VO(l)=G°(l»I+G°(l-I), 

and 
(3. 66) V*(l)=I+G* (1-1). 

From (3. 57) and (3. 64), we have 
(3. 67) GO(I-I)=G*(I-I). 

Then from (3. 65), (3. 66), and (3. 67), we have 
(3. 68) V°(l) > V* (l). 

This contradicts (5. 57). Accordingly we must have 
(3. 69) wO(n)=w*(n)=O, for I::;;n::;;no. 

Next let us assume that 
(3. 70) w*(no+I)=O. 

Then from (3. 70) and from the fact that 
(3. 71) wO(no+I)=I, 

we have the following: 
(3. 72) VO(no+I)=I+GO(no), 

and 
(3. 73) V* (no+ 1) =G* (no+ 1) > 1 +G* (no) 

On the other hand, from (3. 57) and (3. 69), we have 
(3. 74) GO(nO) =G* (no). 

Accordingly, from (3. 72), (3. 73) and (3. 74), we have the contradiction 
(3. 75) V*(no+l» VO(no+I). 

This proves 
(3. 76) w* (no+ 1) =wO(no+ 1) =1. 

Now let us assume that 
(3. 77) wO(no+2)=2, 

but 
(3. 78) w*(no+2)=0. 

(Here we remark, by Lemma 2, that the possible values of wO(no+2) 
are zero and 2.) These imply that 

(3. 79) VO(no+2)=2+G*(no), 
and 

(3. 80) V*(no+2)=G*(no+2»2+G*(no). 
Then from (3. 74), (3. 79) and (3. 80), we have 

VO(no+2)< V*(no+2). 
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This contradiction proves 
w* (no+2) =wO(no+2) =2. 

Proceeding in this way, we know that w* coincides with wo. This proves 
the uniqueness of the optimal strategy in the economic survival game Q. 

Q. E. D. 
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