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1. Introduction 

In this paper we study MI Mlr type queueing systems with gates. 

In these models, customers arrive at a system in a Poisson process at a 

rate A and have exponentially distributed service times with mean 11 f-l. 
A customer who arrives at the system, at first joins in the first queue 

at the gate, and when the gate opens he goes to the second queue at 

the counter. Servers serve customers in the second queue only. The 

gate closes immediately after all the customers in the first queue go to 

the second queue. 

"-1.1.11 , 
. .. , 

N t 

The first Gate The second Counter 
queue queue 

Fig. 1. A queueing system with a gate 
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104 Y. Takahashi 

Many types of gating rules can be considered. They may depend 

on the queue sizes, the total service time of the customers in the second 

queue, etc. But in this paper the gating rule is restricted to two types; 

(i) the deterministic gating rule, under which the gating intervals are 

constant and (ii) the exponential gating rule, under which the gating 

intervals are independent random variables with a common exponential 

distribution. 

Queueing systems with the deterministic gating rule are similar to 

Dj Mjr queueing systems with group arrivals and they can be analyzed 

with the same ideas. However queueing systems with gates generally 

cannot be analyzed by the ordinary techniques used for the analyses of 

queueing systems with group arrivals. The reason is that, in a queueing 

system with a gate, except for the case with the deterministic gating 

rule, the number of customers arriving at the system in a gating interval 

depends on the length of the gating interval. By the same reason, we 

can use queueing systems with gates as more suitable models than bulk 

queues for some congestion problems in a complex time sharing computer 

system. 

We study single server queues with the exponential gating rule in 

Section 2, and with the deterministic gating rule in Section 3. The 

methods used in Section 2 are extended in Section 4 to study many 

server queues with the exponential gating rule. 

2. Single Server Queues with the Exponential Gating Rule 

2.1 Limiting Joint Ilistribution of Queue Sizes 

Let A, p and r; (0<..1, p, r;<=) be the parameters of the exponential 

distributions of inter-arrival times, service times and gating intervals, 

respectively. Denote the number of customers in the first queue at time 

t by M t , and the number of customers in the second queue including 

ones being served at time t by N t. Then the joint probability Pr {Mt=m, 

Nt=n} (m, n=O, 1, 2, ... ) converges to a limit p(m, n) as t tends to 
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Queueing Systems with Gates 105 

infinity, which is independent of the initial value (Mo, No) of the process. 

There are two cases; (i) p (m, n) = 0 for all m and n, or (ii) p (m, n) is 

the unique stationary initial distribution satisfying the system of equations 

00 00 

(2.1) L: I:: p(m, n) =1 
IIl=O n=O 

and 

(2.2) 0=-(,H,u+7j) p(m, n)+,u {p(m, n+1)+0(n) p(m, n)} 

n 
+.il {1-0(m)} p(m-1, n)+7jo(m) I:: p(k, n-k) 

k=O 

(m, n=O, 1, 2, ... ), 

where 0(0)=1 and o(x)=O for x#l. As proved later, if .il<,u this system 

of equations has a unique solution, and if .il?:;',u the only non-negative 

solution of (2.2) is p(m, 11)=0 for all m and n, and it does not satisfy 

(2.1). 

This system of equations can be expressed in equations of the 

generating function of p (m, n). Denoting the generating function by 

00 00 

(2.3) F(x, y)= I:: I:: x"y" p(m, n) (O;;:;;x, y;;:;;1) , 
m=O n=O 

(2.1) becomes as F(1, 1)=1, and (2:.2) can be written as 

(2.4) 0= -(.il+,u+7j) F(x,I/)+,u{ ~[F(X, y)-F(x,O)]+F(x, O)} 

+.ilxF(x, y)+7jF(y, V). 

Rewriting (2. 4) we obtain that 

(2.5) {.ilxy-(.il+,u+7j) Y+I!} F(x, Y)+7jyF(y, y) 

=,u(1-y) F(x, 0). 

This equation includes F(x, y) in three different forms; F(x, V), F(y, y) 

and F(x, 0). To solve the equation, therefore, we have to eliminate two 

of them. 
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106 Y. Takahashi 

If we take Y=X and divide both sides by (I-x) in (2.5), then we 

have a relation between F(x, 0) and F(x, x); 

(2.6) /IF(x, O)=(/l-J.x) F(x, x). 

If J.>/l, for (2.6) being valid at x=l, F(l, 1) must be zero. If J..=p, 

taking x=l in (2.6), we have F(l, 0)=0. The monotonicity of F(x, y) 

implies that F(x, 0) =0 for O;;;;x<l, and again from (2.6) it follows that 

F(x, x)=O for O;:;;;x<1. Thus if J.;;;;;'/l, the only non-negative solution 

of (2.2) is p(m, n)=O for all m and n. Hence in later discussions we 

assume that J.</l. 

Combining (2.5) with (2.6) we obtain the equation 

(2.7) {J.xY-(J.+/l+l}) Y+/l} F(x, Y)+l}yF(y, y) 

= (l-y) (/l-J.x) F(x, x). 

Putting G(x) =F(x, x) and substituting Y=/l/(J.+/l+l}-J.x) in (2.7), it 

follows that 

(2.8) 

or 

(2.9) G(x)=g(x) G(f(x» 

where 

(2. 10) I(x) = -,( + p ~-~-iX ' 

and 

(2.11) 
_ /l1} ___ _ 

g (x) = CHl}-J..x) (p-J..x) . 

For simplicity, we define the functions In (x) and gn (x) recursively as 

follows; 

(2.12) 
jlo(x) =X 

(In (x) = l(fn-l (x» (n=l, 2, 3, ... ) 
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and 

(2. 13) gn (x) = g Cfn (x» (n=O, 1, 2, ".). 

We can show that 

(2.14) lim j.(x) =a 
n-->oo 

and 

(2.15) lim gn(X) =1 
n-->oo 

for every O;S;x;S;l, where a is the smaller one of two positive roots of 

x=/(x) [see Appendix A]. 

Repeated use of the relation (2.9) shows that 

(2.16) 

N 00 

Since the product IT gn(X) uniformly converges to a function IT gn(x) 
n=O n=O 

in the interval [0, 1] [see Appendix B] and G (x) =F(x, x) is continuous 

in [0, 1], the right side of (2. 16) tends to 

00 

(2.17) G(a) IT g.(x). 
n=O 

The unknown constant G(a) is determined by the condition G(I) =F(I, 

1) =1, and it is 

00 

(2.18) G(a) =1/ IT gn(I). 
n=O 

Hence we have 

(2.19) G(x) = IT gn(X) 
n=O g. (1) 

Therefore using this known G (x) we can obtain F(x, y) from (2.7); 

(2.20) 
-T)yG(y) -I- (l-y) (p-J.x)G(x) F(x y) = ... .~ - .. - .. -...- .. ~ ~.-- . 

, J.xy--(J.+P+T)Y+P 
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108 Y. Takahashi 

for O;:S;x, y;:S;l, y*/(x) , and 

(2. 21) 

for y=/(x), to be continuous at points satisfying y=/(x). 

We have shown that a solution of the system of equations (2. 1) and 

(2.2) must have the generating function F(x, y) given by (2.20) and 

(2.21). Conversely, if J.<f-l we can show that F(x, y) given by (2.20) 

and (2.21) is a probability generating function and it determines a prob

ability distribution satisfying (2.2). We can also show that the probability 

distribution has the moments of all orders. Since it is clear that F(x, y) 

satisfies the equation (~~. 4) and the condition F(l, 1) = 1, the only fact 

to be proved is that F(x, y) has non-negative derivatives of all orders 

in [0, 1], [see Feller [1], p. 221]. The proof of it is postponed to Appendix 

C. 

Finally we shall calculate the means and the variances of the queue 

sizes in the limiting distributions. Since the generating function of the 

total number of the customers in the system is F(x, x) =G (x) , and that 

of the number of the customers in the second queue (including one 

being served) is F(l, .x:), the following results can be easily obtained. 

The mean and the variance of the total number of customers in the 

system are as follows. 

(2.22) 

(2.23) 

E(M+N) =G'(l), 

Var(M + N) =G" (1) +G' (1) - {G' (1) p. 

The mean and the variance of the number of customers in the second 

queue including one being served are as follows. 

(2.24) 

(2.25) 

E(N) =G' (1) - ~, 
1) 

Var(N) :=G" (1) +G' (1) - {G' (1)}2 

+ ~ (2f-l+1)-J.)- ~(f-l-_J.) G'(l). 
1)2 1) 
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For the numerical values, see Figs. 4 and 5. 

2.2 Limiting Sojourn Time Distribution 

We shall calculate the limiting sojourn time distribution under the 

"first come, first served" queue discipline. Let W be the sojourn time 

in the system (i.e. the sum of the waiting time and the service time) of 

a customer who arrives at the system in the steady state at time t. 
First we shall calculate the conditional distribution of W, assuming 

that the numbers of customers in the first queue and in the second 

queue including one being served just before t are m and n, respectively. 

We denote the first time when the gate opens after t by t+,. Then 

the event {W;;;;;w} can be divided into two events; the first case that 

the server has served k«n) customers in the time interval (t, t+,] and 

served more than or equal to m+1I+1-k customers in (t+" t+w], and 

the second case that he has served all n customers in the second queue 

in (t, t+,] and served more than or equal to m+l customers in (t+" 
t+w]. Summing up these events for possible values of , and k, we 

obtain that 

(2.26) Pr{W;;;;;wIM,=m, N,:=n} 

where Ek (x) is the distribution function of Erlang distribution of order 

k with mean k/ ft. Hence the conditional probability density function of 

Wis 

(2.27) 

and its Laplace transform is 
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(2. 28) 

Y. Takahashi 

~(sim, n)= i~ e-'W v(wim, n) dw 

=C~!J>n+l[C~p r- s 
s+r; 

Multiplying the both sides of (2.28) by P (m, n) and summing up for all 

m and n, we obtain the Laplace transform of the limiting sojourn time 

distribution; 

co 00 

(2.29) ~ (s) = L: L: ~ (sim, n) P (m, n) 
In =0 n=O 

The mean and the variance of the limiting sojourn time distribution 

can be obtained as follows. 

The mean sojourn time in the system is 

(2.30) E(W) = ~G'(I) 
A 

The variance of the sojourn time is 

(2.31) Var(W) = 1
2
[G"(1)-{G'(1)Pl . A 

(= ~2[Var(M+N) - E(M+N) l). 
For the numerical values, see Figs. 2 and 3. 

3. Single Server Queues with the Deterministic Gating Rule 

3.1 Limiting Distribution of the Number of Customers in the System 

Since the lengths of the gating intervals in this model are constant, 

we may assume without loss of generality that the gate opens at times 

t=O, 1, 2, .... We call the time interval from f-l to t, period t, and 
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denote the number of customers in the first queue at the end of period 

f by M" and that in the second queue including one being served at 

that time by N,. As M, denotes the number of arrivals in period f, 

M, (t=1, 2, 3, ... ) are mutually independent random variables and have 

the common Poisson distribution with mean A. Let X, denote the possible 

number of customers whom the server can serve in period f assuming 

there are sufficiently many customers in the second queue. Then M,'s 

and x,'s are independent of each other, and the mutually independent 

random variables X, (f=l, 2, 3, ... ) have the common Poisson distri

bution with mean f-l. If the initial condition is that (Mo, No) = (mo, no). 

then N,'s are determined by the relation 

(3.1) (f=O, 1,2, ... ). 

where [x]+=x if x~O and =0 if x<O. 

The relation (3.1) has the same form as the well known equation 

for the waiting times in a CI/C/I type queue. Hence we can easily 

obtain the following results [see Kingman [2]]. 

If A~f-l, lim Pr {N,=n} =0 for all n, and if A<f-l, the limiting distri-
1->00 

bution pen) of N, exists and its probability generating function is given 

by 

(3.2) F(y) = L: y" pen) 

where 

(3.3) 

n=O 

=exp1- I: ~E(l-y[Un]') If. 
\ n=1 n 

n 

Un = L: (M,-X,+l) 
1=1 

(n=l, 2, 3, ... ). 

Therefore the mean and the variance of the limiting distribution of the 

number of customers in the second queue including ones being served 

at the end of a period are given by 
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(3.4) E(N) = I: ~E([Un]+) n=! n 

and 

(3.5) Var(N) = I: ~ E( ([ Un]+P). n=! n 

For the numerical values, see Figs. 4 and 5. 

3.2 Limiting Sojourn Time Distribution 

Here we shall again assume the "first come, first served" queue 

discipline. Let W be the sojourn time of a customer in the system. 

The distribution of W under the condition that the customer arrives at 

the system at time t-r, where t is an integer and O::;;;;r<l, and that 

N,=n, is given by 

(3.6) Pr{W;:;;wlr, N,=n} 

00 -,{,-A-,-(l_-_r~) }c-m_e-10-,) = E Em+n+1 (w-r) -
m=O m! 

where Ek (x) is the distribution function of the Erlang distribution of 

order k with mean k/ (.t. Therefore the conditional probability density 

function of W is 

(3.7) v(wlr, n) 

1 

00 pm+n+l Hi! - r)}~w~rr+-,,- e-,,(w-,)-lO-C> 

= mo~o m! (m+n)! 

(w~r) 

(w<r) 

and its Laplace transform is 

(3.8) ~(slr, n)=~~e-sWv(wlr,n)dW 

= (;~p_)n+! e-sl(I-,)/(s+p)-". 

Hence the Laplace transform of the limiting sojourn time distribution is 
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(3.9) cp(s) = n~/(n)~:cp(SI!",n)d!" 

=s-~p F C~ p-) . S(S~: ~i) (e-"(,+"J -e-') . 

The mean and the variance of it are given by 

(3.10) 

and 

(3.11) 1 I( A)2 Var (W) = p2 {Var(NHE(NHA+I} + 12 1 - -;; . 

For the numerical values, see Figs. :2 and 3. 

4. Many Server Queues with the Exponential Gating Rule 

4.1 Limiting Joint Distribution of the Queue Sizes 

In the case of exponential gating rule, the technique used in Section 

2 can be applied to many server queues. In this section we omit the 

discussion concerning the existence of the limiting distribution, and 

restrict ourselves to discuss how to Jind the limiting distribution. 

Let A, p and r; be the parameters of the exponential distributions 

of inter-arrival times, service times and gating intervals, respectively. 

There are r servers, and for the existence of the proper limiting distri

bution we assume that A<rp. We denote the number of customers in the 

first queue at time t by M t , and the number of customers in the second 

queue including ones being served at time t by N t • Then the limiting 

distribution 

(4.1) p(m, n) = lim Pr {Mt==m, Nt=n} (m, n=O, 1, 2, ... ) 
1->00 

satisfies the system of equations 
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(4.2) 0=-(i!+1J) p(m,n)+A{I-o(m)} p(m-l,n) 

n ( r-! 1 
+r;o (m) k~l (k, n-k)- flJ(- kr;;.O (r-k) a (n-k) f p (m, n) 

+ fl{r- :~: (r-k)o(n-k-l)f p(m, n+l) 

where 0(0) =1 and a (x) =0 for x~O. 

(If X~rfl, the only non-negative solution of (4.2) is p (m, n) =0 for 

all m and n, and if J.<rfl, it has a unique solution satisfying the con-
00 00 

dition that L: L: P (m, n) = 1. These results can be proved by analogous 
m=O n=O 

methods as in Section 2. Hence the proofs are omitted here.) 

Let the probability generating function of p (m, n) be denoted by 

00 00 

(4.3) F(x, y)= L: L: xm yn p(m, n) (O;:Sx. y;:Sl) . 
m=O n=O 

Using the relation 

(4.4) 00 1 [ an ] L: xmp(m,n)=- ----;;F(x,y) 
m=O n! _ ay y=O 

(4.2) can be rewritten in terms of F(x, y) as 

(4.5) 0= -(A+r;) F(x, y) +AxF(x, y) +r;F(y, y) 

-rpF(x, y) +fl rE! r~~ yk [_a~ F(x, y)] 
k=O k! ay y=O 

1 r-!r-k [ ak 
] +rp -[F(x,y)-F(x,0)1-flL:- k1 y.-l" .F(x,y) 

Y k=!· "11 v=O 

To simplify the notations, we define 

(4.6) j
F(O) (x, O)=F(x, 0) 

F(k)(:l', 0)= [~-.- F(x, y) ] ay _ y=O 
(k=I,2,3, '''). 

Then (4.5) can be written as 
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(4.7) {,lxy-O +7J+r,u) y+rp} F(x, y)+7JyF(y, y) 
r-I 

=(I-y),u L: y'F('l(X,O). 
k=O 

This is a generalized form of (2.5). In Section 2, three unknown func

tions are F(x, y), F(y, y) and F(x,O). At first, taking y=X, we obtain 

the relation (2.6) between F(y, y) and F(x,O), and then substituting 

y=,u/CA+,u+7J-J.x) we get the main functional equation (2.9). However 

in this case we have r+2 unknown functions, F(x, y), F(y, y), F(O)(x, 0), 

.. " FC,-ll(X,O). In order to determine the form of F(x, y), we shall 

first get the relations among FCkl(X,O),S, and write them in terms of 

FCO)(x, O)=F(x, 0). Then we shall use the same technique as in Section 

2 to get the functional equation of G (x)= F(x, x). 

Differentiate (4.7) k times (k=I,2, "', r-I), with respect to yand 

put y=O, then 

(4.8) FCkl(X, 0) = ~ CA +7J+ (k-I),u- J.x) FCk-ll(X, 0)- !L a. 
p. p. 

where 

(4.9) 
(k=2,3," ·,r-I). 

Hence FCkl(X,O) is written in terms of F(x, O)=F,Ol(X, 0) such as 

(4.10) 
k-I I 

F(kl(X, O)=F(x, 0) IT -~. (J.+7J+j,u-J.x) 
j=1 It 

7J k-I k-I I 7J 
- - L: ai [] - (J.+7J+J,u-J.x)- - a •. 

,11 ;=1 j=;,u ,11 

Substituting the right hand side of (4. 10) for F(')(x, 0) in (4.7), we obtain 

an equation including only three unknown functions, F(x, y), F(y, y) 

and F(x, 0) as 
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(4.11) 

where 

(4.12) 

and 

(4. 13) 

Y. Takahashi 

{,{XY-(A +7}+rp) y+rp}F(x, y)+7}yF(y, y) 

[ 

r-I r-k k-I 1 ] 
=(l-y)p F(x, 0) r+ kL;:Ik!Y· j~O P (A+7}+jP-AX) 

[ 

r-I r-k k-I k-I 1 
-(l-y) 7} (r-l) a, y+ L: -k-'-Y· .L: a; n - (A+7}+jP-AX) 

k=2 . 1=1 )=1 P 

r-I r-k ] + L: -,-- y. a. 
k=2 k. 

r-I 
=(l-y)pF(x,O)B(x,y)-(l-Y)7) L: a;A;(x,y), 

i=1 

r-I r-k k-I 1 
B(x, y)=r+ L: ~-y' ~ -(A+7}+jP-AX) 

k=1 . )=0 P 

r-i r-I r-k k-Il 
A; (x, y) = -.,-y;+ L;: -k-'-Y· !l.- (A+7}+jP-AX) 

I. k=.+I. )=. P 

(i=1,2, ... , (r-2). 

Now we use the same technique as in Section 2. In (4.11), we take y=x 

and divide it by (I-x), then we have 

r-I 
(4.14) (rp-Ax)F(x,x)=pF(x,O)B(x,x)-7) L: a;A;(x,x). 

i=1 

Solving F(x,O) from the above equation and substituting it in (4.11), 

we have 

(4.15) {,{xy-(A+7}+rp) y+rp} F(x, y)+7}yF(y, y) 

=(l--y) (rp-Ax) B(x, y) F(x, x) 
B(x, x) 

r-I { B(x, y) } 
-7} (l-y) L: a; A; (x, y) - B(-·--) A; (x, x) . 

• =1 X,X 

As in Section 2, we define 

(4.16) 
rp 

I(x) = -----. -
A+7}+rp-AX 
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and 

(4.17) G(x)=F(x,x). 

Taking y=/(x), (4.15) will be reduced to 

(4.18) r;/(x)G(/(x»=(I-/(:c» (rf1.-).x) Bilt:~» G(x) 

r-1 { B(x,/(x» } 
-T}(l-/(x».2: t/; A(x,/(x» --B···-( -)-- A;(x, x) . 

• =1 X,X 

It follows that 

(4.19) 

where 

(4.20) 

and 

(4.21) 

r-1 
= (l(x) G(/(x»+ 2: a; h;(x) , 

;=1 

r;/(x) (l(x) =- ----- _ .. 
(I-/(x» (rf1.-).x) 

.~~x-,~) 
B(x,/(x» 

h;(x) = __ "2 ___ - { .B(~, "~L A; (x lex»~ _ A; (x x) 1 
rf1.-).x B(x,/(x» ' , f 

(i=I,2, ... , r-I). 

Now we define r+ 1 sequences of functions recursively as follow: 

(4.22) 

(4.23) 

(4.24) 

{

fo(X)=X 

/..(x)=/(/.._l(X» 

g.(x)= (l(/..(x» 

h.;(x)=h;(/..(x» 

Then clearly, we have that for every 0;;;:; x;;;:; 1 , 

(n=l, 2, 3, ... ) 

(n=O, I, 2, ... ) 

(i=I,2, ... , r-I) 

(n=O, 1,2, ... ). 
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(4.25) 

(4.26) 

(4.27) 

gn(X)->o(a)=l 

hni(X)->hi(a)=O 

as n increases to infini ty. 

Y. Takahashi 

(i=1,2, "', r-l) 

From (4.19), using these functions, G(x) can be written as 

(4.28) 

Though this expression has r unknown parameters, aI, a2, "', a,-l and 

G(a), they can be determined by the simultaneous linear equations which 

consist of (4.9) and G~l)=1. Thus we have obtained F(x, x)=G(x), and 

also F(x, y) from (4.15). 

The above solution is rather complicated, but for small r, we would 

be able to calculate the means and the variances with the help of 

computer. 

5. Numerical Examples 

Some numerical examples of single server queues with gates unde'!' 

the ex~ential or the deterministic gating rules are represented in Figs. 

2-5. 

Figs. 2 and 3 show the mean and the variance of the sojourn time 

in the system in the steady state for various values of the relative traffic 

intensity p=J./ p. and of the mean length 1/1} of gating intervals. The 

graphs in solid lines represent the exponential case and those in broken 

lines represent the deterministic case. 

Figs. 4 and 5 show the mean and the variance of the number of 

customers in the second queue in the steady state immediately after the 

gate opens. The same notations as in Figs. 2 and 3 are used here. 

The number of customers in the second queue immediately after the 

gate opens, can also be considered as the total number of customers in 
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the system just before the gate opens, and in the case of the exponential 

gating rule, its distribution coincides with that for arbitrary time if the 

system is in the steady state. Hence the graphs in solid lines in Figs. 

4 and 5 also represent the mean and the variance of the total number 

of customers in the system with exponential gating rule at arbitrary 

time in the steady state. (This is not true for the deterministic case.) 

Appendices 

Appendix A. Convergences of in(x) and gn(X) 

Proposition A. (i) The sequence J:(x) uniformly converges to er in the 

interval [0,1]. 

(ii) The sequence gn(X) uniformly converges to 1 in [0,1]. 

Proof. Since a is the smaller one of two positive roots of the equation 

x=i(x), it is given by 

(A ·1) a =~[A+.u+1}-.yU~I-,u+1})2_4A.u] 2A . 

Clearly 0<0'<1. If X=a then in(a)=a for all n. If x""'a, 

(A ·2) J(x):=_,! _ __ y~(A::+~I+LlxL 
X-a - (x-a) U+.u+1}-AX) 

aA 
= A+p+~::":iX-

,!-Af(x) . 
p 

Since O<f(x);;;;; l~ in [0,1], we have 
.u+1} 

(A ·3) o < f(x)~_~ < aA 
X-a = .u+1} 

«1) 

for every O;;C;;;x;;C;;;l, X=t-a. Hence from the definition (2.12) it follows 

that 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



122 

(A'4) 
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I.f..(x)-al = I !(.f..-l(x»-al 

cd 
~ ----I.f..-l(x)-al 

p+r; 

~ ... ~ (-/-f~-)" (.~-a) < (p~~) n. 

Letting n tend to infinity, it proves (i). (ii) follows immediately from (i) 

and from the continuity of g(x) in [0,]]. 

l\' 
Appendix B. Convergence of IT gn(.~) and Diiferentiability 

n~O 

= 
of the Limit Function 11 g.(x) 

,,=0 

.IV 00 

Proposition B. (i) Il g.(x) uniformly converges to a function IT g.(x) 
n=O n=O 

in [0, 1]. 
DJ 

(ii) The limit function IT g.(x) has non-negative derivatives of all orders 
n=O 

in [0.1]. 

Proof. From the Taylor's formula, 

(A·5) 
_ v(~ +~ +r;)2-=:-4}fl g(x) -1+ -- ------- (x-a) +o(x-a) 

flr; 

where 0(1) represents a term such that o(t)/t---->O as t---->O. From the 

definition (2.13) it follows that 

(A·6) 

!(.f..(x»-a 
=-- ---- - +o(.f..(x)-a) . 

.f..(x)-a 

Since i.(x) uniformly converges to a by Proposition A, (A·3) implies 

that 
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(A '7) 
log !I.+l(X) aA 0< -------- < ---- <1 
log g.(x) f-L +1) 

for sufficiently large n and every O;:S;x;:S;1. This proves (i). 

In order to prove (ii), it is sufiicient to prove 
N 

(a) for every k=I, 2, 3, ... , the ~~-th derivative of IT !In(X) uniformly 
n=O 

converges in [0, 1]. 

Note that j(x) and !I(x) have positive derivatives of all orders in [0,1], 

and hence In(x) and !I.(x) have also positive derivatives of all orders in 

[0,1]. Since 

(A '8) 

differentiating both sides of (A·8) I~ times, we have 

(A'9) J N 1 (Ull k (k) { N } c") [N ] 
In~o!l·(x)f =v~o li n~ogn(X) . n~o{log!l.(x)}(k-v+1) 

where {h(x)}(k) denotes the k-th derivative of hex). Hence using the 

mathematical induction, (a) follows from 

N 
(b) for each k=I, 2, 3, ... , the series L: {log !I.(X)}(k) converges uniform-

n=O 

ly in [0, 1]. 

By the definition of !In(X), we can write as 

(A'10) {log !I.(x)} (k) = - {log CA +1)- Af,,(X»} (k) - {log (f-L - Af,,(X»} (k) 

[{ 
1 }"IO { 1 } "iO] k =Ec; ------~---- + ----- . IT {f"W(x)} Vii 

i A+1)-Af,,(X) f-L-Af,,(X) j=l 

with positive constants c, and (k+ l)-tuples of integers (li;O, ... , li;,), 

Since C; and (li;O,···, liik) are independent of n, and I.(x) uniformly 

converges to a, (b) follows from 

N 
(c) for each k=l, 2, 3, ... , E {f,,(.r)} (k) converges uniformly in [0,1]. 

n=O 
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N 
Now we shall prove (c) by induction. First we prove that I: [.W(x) 

n=O 

uniformly converges in [0,1]. By the definition (2.12) 

(A ·n) d 
f~~\ (x) = dx U(['(x))} =f(1) ([.(x)) [.(!)(x). 

Since f(1)(x) = ~ U(x)P and ° < [.(x) ;;;;, P_- in [0,1], it follows that 
p p+~ 

(A'12) 
f~1)1 (x) A AP 

0< 77i.J(x)-=;{f'+1 (x)P< (p+~)2 «1). 

N 
This proves the uniform convergence of I: f.(l)(x). Next we assume 

n=O 

N 
that for every j=l, 2, . '., k-l, the series I: f.Cil(X) uniformly converges 

n=O 

in [0,1]. Since we can write as 

(A ·13) f~!lI(X) = {f(f.(x))} (k) = {f(1)(f.(x)) fn(l)(x)} (k-[) 

k-l 
=fC1J (f.(x)) . f.W(xH I: C;' f("iO) (f.(x)) II {j.ljJ(X)}"i j 

i j=1 

with positive constants c/ and k-tuples of integers (v;Q, .. " v; '-1), we 

have 

Summing up with n, we obtain that 

(A ·15) f inl (xH ~ [1 - ~ {j.+! (X)p] f.(·)(x) 
n=O P 

N k-l 
= I: I: et !("IO) (f.(x)) IT {f.(n(x)} "iJ. 

n=O i j=1 

Since fCn (f.(x)) uniformly converges to (Alp)i a i+1, the right hand side 

of (A· 15) converges uniformly by the assumption. Since fN+1(X»0 and 

U!p.) {f.+l(x)P<1 in [0,1], the series of positive functions 
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~ [1 - ~ {fn+l (XW] !n(kl(X) must converge monotonically pointwise in 
n=O P 

[0,1] by (A ·15). From Proposition A, for an arbitrary positive number 

c there exists an integer no such that for any n>no, I!.(x)-al<"· 
Hence the inequalities 

(A ·16) 1 N [A ] . --_ .. --- - L: 1 -- - {fn+l (x)}2 !.(.l (x) 
1-(A!p) (a+c)2 n=no 11 

N 1 N [A ] < L: !.Ck) (x) < -.~- -,._. 2 L: 1 - - {f'+1 (X)P !n(kl(X) 
n=no 1-(A!p) ,a-c) n=nQ p 

N 
hold, and we obtain that the series L: !.(k)(x) converges pointwise in 

n=O 

in [0,1] and that !.(k) (x) converges to zero. Since !.(k)(x) is a positive 

and increasing function in [0,1], the convergence of the sequence is 

uniform in [0,1]. Hence from (A· ]5) the convergence of 

f [1 - ~ {f.+l (X)p] !.(k)(x) is uniform and from (A·16) the convergence 
n=O P 

N 
of 2: !.(k)(X) is also uniform in [0, 1]. Thus (c) is proved and we com-

n=O 

plete the proof of (ii). 

Appendix C. Absolute Monotonicity of F(x, y) 

Proposition C. F(x, y) defied by (2.20) and (2.21), has non-negative 

derivatives of all orders in to, 1]. 

00 

Proof. From Proposition B, n g.(x) has non-negative derivatives of 
n=O 

all orders. G(x) defined by (2.19) has also non-negative derivatives of 

all orders and by the Taylor's formula we can write as 

(A·m 
00 

G(x) = 2: ak Xk 
k=O 

where a. are non-negative coefficients. Furthermore we can write as 
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CA'18) 

where 

(A'19) 
k-l 

bk = I: 11,
i=O 

Y. Takahashi 

(O~x<l) 

(k=I, 2, 3, ... ). 

Using these constants, we can rewrite F(x, y) as follows: 

(A '20) F(x, y) = (f{x~X~y) [ -r;yG (y) + (1- y) (p. - AX) G (x)] 

= ~ tJx) (1-1iL [ f~G(f(x)) - -y-G(y)] 
f1 f(x) -y I-f(x) l-y 

= ~f(x) (l-y) 1:: bk [(f(X))k-l + (f(xW- 2 y + ... +yk-l] 
P. k=! 

= ~ 1:: bk (f(X))k 
P. k=! 

+ ~ f(x) y i: ak [(f(X))k-l + (f(x))k-2y + ... +yk-l]. 
P. k=l 

Since the constants ak and bk are non-negative and f(x) has positive 

derivatives of all orders in [0, I], F(x, y) has also non-negative derivatives 

of all orders in [0, 1]. 
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