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Introduction and Summary 

The theory of queues has been studied principally under the 
assumptions of mutual independence of the interarrival times and service 
times. In practice, however, it seems to be natural that some of these 
assumptions are not satisfied. Several works in which these assumptions 
are weakened are as follows: systems with state-dependent interarrival 
or service times (Ancker and Gafarian [IJ, [2J, Conway and Maxwell [7J, 
Haight [9J, [IOJ, Harris [l1J), systems with semi-Markovian interarrival or 

service times (Cinlar [5J, [6J, Neuts [13J). 
In this paper we shall consider a system in which the number of the 

arrival customers is with Markovian character. After preparing nota
tions (§ 1) and lemmas (§ 2), the tram.ient and the equilibrium behaviors 
of the virtual waiting-times are discussed in § 2 and § 3, respectively. In 

* This work was done during the author was a student of the graduate 
course of Tokyo Institute of Technology. 
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168 Takao Ushijima 

§ 4 the steady state expectation EW is seeked, and we give numerical 

illustrations in § S. As it can be seen from this example, there exists 

remarkable differrence in EW between the case of independent input and 

the dependent case. This suggests that the type of work need to be 

studied. 

1. Assumptions and Notations 

The analysis will be restricted to a system with following as

sumptions: 

1. The possible times of the arrival of the customers and the 
possible service times are integral multiples of a time period T. 
Without any loss of generality, we can put T=1. 

2. The number N,. of the arrival customers at time n is Markov 

chain with a transition matrix P=[Pij], where 

Pi! == P,{N,. = jIN"-l = i} 

3. Customers are served in their order of arrival, but the 

customers who arrived simultaneously are served in arbitrary order. 

4. The service times are strictly positive and mutually m-
dependent random variables with identical probability distributions. 

Furthermore, throughout this paper we assume that . 
Condition I. 1. The stochastic matrix P is (m+ 1) X (m+ 1) (i.e., 
O::;;N ,.;£m a.s.) and irreducible. 2. Poo is strictly positive. 

Let W,. denote the time to complete whole services for all customers 

joining the queue at just after n. W,. is a discrete analogue of the 

virtual waiting-time [14J, so we shall call it the virtual waiting
time at n. Let X,. be the sum of the service times of the customers who 
arrived at n, i.e., 

(1.1) if N,.>O, 

=0 if N,,=O, 
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A Queueing System with Markov Arrivals 169 

where SIIi is the service time of the i-th customer arriving at n. Then 
we have 

(1.2) W" = W"-l-h(W"-l)+X", 

where 
h(x) = 1 

=0 

if x> 0, 

if x = o. 

Putting P,{S",=s}=as (s=1,2, ... ) and 

then we get 

(1.3) 

and 

(104) 

00 

g(z) = L: as z' , 
5-1 

g(O) = 0, g(l) = 1, 

Now we shall introduce the following notations; 

and 

Pij(X) = P, {N" = j, X" = xIN"-l = i} , 

pij(r,s)=P,{N,,=j, W,,=SIN"-l=i, W"-l=r}, 

Pij(")(r,s) =P, {N,,=j, W,,=SINo=i, Wo=r}, 

00 

-o/ij(Z) = L: Pij(X)Z" and if1(z) = [Vi;(Z)] , 
x-o 

Aij(r; Z, w) = I: I: piP)(r, s) z'w" and 
.. -05-0 

A(r; z, w) = [Aij(r; Z, w): . 

Remark 1. Since N";£X,, a.s., we have 

(1.5) Pij(X) = 0 if j > x. 

Remark 2. If z~O, Aij (r; z, w) is a monotone and analytic function. 
By (1.2) and (1.5) we get 
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170 Takao Ushijima 

(1.6) 

= Po;(S) 

=0 

if i=O, 1 <1'~s+l, j~s, 

or if 0 < i~1'<s+l, j<s, 

if i = l' = 0, j ~ s, 

otherwise, 

(1.7) Pij(")(1', s) = 0 if i > l' or j > s, 

and by (1.1) and the independence of the service times, 

(1.8) ,yi;(Z) = Pi;gi(z). 

We introduce the three inequality notations between two matrices 
A = [ai;] and B=[bij]: 

A<B 

A-::;;.B 

A<B 

if 

if 

if 

ai; ~ bi; 

A~B 

ai; < bi; 

for all i, j, 

and 

for all i, j. 

These inequalities are also used for vectors. 

2. Transient Behavior of the Virtual Waiting-Time 

In order to determine Ai; (1'; Z, w) explicitly, the properties of a 
maximal eigenvalue of the matrix ljJ(z) play main role, so at first we shall 
list them. 

Lemma 1. (Debreu and Herstein; Theorem I in [8].) 
Let A2;;;O be an irreducible matrix. Then A has an eigenvalue 

Ao>O such that 
(i) with Ao can be associated an eigenvector xo>o; 

(ii) if a is any other eigen value of A, then lal <Ao; 

(iii) Ao increases when any component of A increases; 
(iv) Ao is a simple root of I >J -A 1=0. 

Lemma 2. Let Ao(z) be the maximal eigenvalue of ljJ(z). Under 
Condition I, for z;;:;O 

(i) Ao(z) is determined uniquely; 
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A Queueing System with MarkQv Arrivals 171 

(ii) A.o(z) is a continuous, strictly positive and strictly increasing 
function; 

(iii) A.o(z) is a simple root of lti--"'(z) 1=0; 
(iv) all components of the eigenvector xo(z) associated with A.o(z) 

have the same sign, more precisely, xo(O)~O (or ::::;:0) and for z>O xo(z) >0 
(or <0). 

Proof Obviously A.o(z) is continuous (cf. Bellman [3], pp. 60-61). 
Suppose z>O. Then from Condition I and (1.8) ",(z) ~O is 

irreducible, and from (1.4), (1.8) 

By Lemma 1 the lemma holds for z>O. 
Next suppose z=O. We get ",(O)=[Pij SjoJ by (1.3) and (1.8), where 

Sij is Kronecker's delta. From Condition I. 2, 

(2.1) ).,0(0) = Poo > 0, 

and the other eigenvalues are equal to O. Therefore A.o(O) is a simple 

root of I ti -"'(0) I =0. The proof of the lemma is complete. 
Lemma 3. (Debreu and Herstein; Lemma* in [8]) 

Let A~O be a square matrix and let A.o be its maximal eigenvalue. 
If for an x>O Ax~sx, A.o~S. 

On the other hand we need a dejinition. Assume that Hij(x) is a 

distribution function with a moment generating function 

00 

/;j(v) = J eV"d Hij(X) , 
-00 

which exists. Let C=[Ci;] be a finite ergodic transition matrix and 

C(v) = [Ci;!i;(V)]. 
Definition 1. C(v) is degenerate if it is of the form 

C(v) = eP v D(v) C D-l(V) 

where D(v)=diag [exp (Pi V)] (fJ, Pi; real). The following two lemmas 
are due to Miller [12J. 
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172 Takao Ushijima 

Lemma 4. (Theorem 1 (b) in [12J) 
The maximal eigenvalue a(v) of C(v) is of the form eflv (f3; real) if and 

only if C(v) is degenerate. 
Lemma 5. (Theorem 2 in [12J) 
If C(v) is not degenerate, then a(v) is a strictly convex function of v, 

where v is a real number. 
Using Lemmas 2 to 5, we have the following lemmas. 
Lemma 6. Under Condition I the maximal eigenvalue e-vA,o(eV), 

of the matrix e-V~(eV) is a strictly convex function of v (v; real). 

and 

i.e., 

Proof. Let Ho(x) and Hl(X) be the distributions such as: 

00 

if x = j-l, j = 1,2, ... , 

otherwise, 

if x=j, j= 1, 2, ... , 

otherwise, 

J ef'" dHo(x) = e-v g(eV
) , 

-00 

00 J eVS dH1(x) = g(eV) . 
-00 

Denoting the convolution operator by a symbol *, we define the distri
bution function 

if x~-1 

if x< -I, 

and further inductively the distribution functions 

for j = 1,2, .... 

Hence, the (i, j) component of e-V~(eV) is rewritten as 

Po; e-V gj(eV) = Poj revs dH,j(x) . 
-00 
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On the other hand, since AO(O) =Poo*O and AO(Z) is a strictly 
increasing function of z by Lemma 2, .'oo(z) is not of the form ZP+l (fJ; real). 
Hence, e-VAo(eV) is not of the form e8v• Since P is obviously ergodic by 

Condition I, it follows by Lemma 4 that e-Vifi(eV) is not degenerate. 
Thus, the maximal eigenvalue of e-t'ifi(eV) is a strictly convex function 
by Lemma 5. 

Lemma 7. Under Condition I, the equation 

(2.2) I zI -wifi(z) I = ° 
has a unique root ~o(w) in O<z< 1, for any O<w< 1. 

~o(w) is an increasing function of wand a unique root of z-WAo(z) 
=0 in O<z<1. 

Proof. The equation (2.2) is equivalent to the condition that there 
exists an eigenvalue A(Z) of ifi(z) which satisfies 

(2.3) z-w>..(z) = ° . 
(i) First, under the condition (2.3) we will show that components 

x,(z) (i =0, 1, ... , m) of the eigenvector x(z) associated with A(Z) are all 
real and have the same sign. 

Since Z and ware real, A(Z) and ifi(z) are also real. Thus, taking 

conjugate of A(z)x(z)=ifi(z)x(z), we get 

A(Z) x(z) = ifi(z) x(z) , 

which shows that x(z) and x(z) are the same eigenvector, i.e., x(z) =x(z). 
Hence, Xi(Z) are all real for i=O, 1, ... , m. 

Now, we assume that xo(z) ~O and that there exist i and j so that 
x;(z) <0, Xj(z) >0. Multiplication of a proper permutation matrix JJ(z) 
to x(z) implies that 

and 

JJ(z) x(z) = [ '1h(z) ] , 
'12(Z) 

'11(Z) = [Xi. (z), ... , Xh -1 (z)Y ::;: 0, 

'12(Z) = [Xj k(Z), ... , Xj •• (z)y > 0, 
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where (jo' jl' ... , j m) is a permutation of (0, 1, ... , m) and 2;;;;'k;;;;'m. 
In this case, by the assumption xo(z);;;;'O we may have suppose that 
the (0, 0) component of 11(z) is equal to 1. 

Using (2.3), 

(2.4) ~['71(Z) ] = [Bll(Z), B12(Z) ] ['71(Z) ] 
w '72(Z) B 21(z), B22(Z) '72(Z) , 

where 

[ 
Bn(z), B12(Z) ] = Il(z) ifi(z) Il-1(z) . 
B 21(Z), B22(Z) 

Of course Bu(z) , B 22(Z) are square matrices. Thus, since the (0, 0) 
component of Il(z) is 1, we have 

'l/l'oo(z) Vo j, (z) . .. '0/0 j m (z) 

Il(z) ifi(z) Il-1(z) = 'l/l'i!O(Z) 'o/.,/,(z) ... 'I/I"';m(z) 

'l/l'imO(Z) 'I/Joimj 1 (Z) ..• 'l/l'imjm (z) 

where (i1' i 2, ... , i m) is a permutation of (1, 2, .•. , m) and similarly 

(j1,j2' •• ·,jm) is so. From (1.8) and g(z)~z for O<z<l, we get 

if O<z<I, 

and hence 

(2.5) ABaa(.) < Z 

where ABII(.) is the maximal eigenvalue of B22(Z). 
On the other hand, we have 

which may be proved easily by rewriting (2.4) as 

B21(Z) '71(Z) = [ ~ I -B22(Z) ] '72(Z) , 
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and using B 21(z)2:;O, 1Jl(Z)::;;:O. For O<z<1 and O<w<1 it follows that 

A.B •• (Z) ~ ~ > z, 

by Lemma 3. This contradicts to (2.5). So, if xo(z)~O we get x,~O 
for all i=1,2, "·,m. 

If xo(z»O, then Xj(z)2:;O (i=I,2, ... ,m) can be shown by the same 
argument. Thus, x,(z) (i=0, 1, "', m) have the same sign. 

(ii) We will show that A(Z) which is an eigenvalue of t/I(z) is equal 

to the maximal eigenvalue Ao(Z). 
For any vector y(z) we have directly 

(2.6) A.(z) yT(Z) x(z) = [t/lT(z) y(z)]T x(z) . 

Since the eigenvalues of t/lT(z) coincide with those of t/I(z) , we can take 
y(z) as follows: 

(2.7) A.o(z) y(z) = t/lT(z) y(z) , 

and 

y(z) > O. 

y(z) >0 and x(z)~O (or ::;;:0) by the above argument (i) imply 

yT(z) x(z) * 0 . 

Therefore, inserting (2.7) into (2.6) we have 

(iii) Finally, we will show that ';o(w) is an increasing function of 
wand the equation Z-WAo(Z) =0 has CL unique root Eo(w) in O<z< 1, for 
any O<w< 1. 

By the relations 

t/I(O) = [P'i 8io] and t/I(1) = P . 
we have 

(2.8) A.o(O) = Poo and A.o(1) = 1 , 
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respectively. Hence, 

(2.9) lim e- II A.o(e ll
) = 00 , lim e- II A.o(e ll

) = 1 . 
v_-oo v-o 

Thus, for any O<w< 1, there exists a unique root vo(w) of the equation 

(2.10) for v ~ 0, 

and vo(w) is an increasing function of w, because the left hand of (2.10) 
is a strictly convex function by Lemma 6. 

This means that Eo(w)=ello(W) is an increasing function of wand a 
unique root of z-w'\'o(z) =0 in O<z< 1, and completes the proof of the 
lemma. 

Since the maximal eigenvalue '\'o(z) is a simple root of I,\,[ -ifi(z) I 
=0, the Jordan decomposition theorem shows that there exists a regular 

matrix T(z)=[t'j(z)] such that 

A.o(Z) 
0 

(2.11) T-l(Z) ifi(z) T(z) = 
J 1(z) 

0 
Jf(z) 

where 

l";(') 1 

:;(J J.(z) = 

0 

is a square matrix on the diagonal, '\',(z) (i=l, 2, ... , q) are eigenvalues 
of ifi(z) and q is the number of distinct eigenvalues of ifi(z) excluding 
A.o(z). The first column of T(z) , 

to(z) = [too(z), ... , tmo(z)Y , 

is the eigenvalue associated with '\'o(z) , so we can assume to(z) >0. For 
m 

convenience to(z) is normalized to L t,o (z) = 1. 
i-O 

Lemma 8. Let Eo(w) be a unique root of Z-WA.o(z) =0 in O<z< 1, 
then we have 
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(2.12) 

Proof. It follows from (2.11) that 

Ao(Z) 

ap{z) T(z) = T(z) J1(z) 

Then comparing (0, 0) components of both sides, we have 

By the relation Eo(w) =wA.o(Eo(w)) , (2.12) holds. 
Now difine a function h.{r) by 

h.(r) = 1 

=0 

if i < r, 

if i > r. 

We may state the following theorem: 

Theorem 1. Under Condition I, for O<z.s;1 and O<w< 1 we have 

(2.13) A{r; z, w) = [Z'+l 1(,) -(z-l) wA(r; 0, w) ap(z)] 

X [zI -wap(Z)J-l , 

where 

1(,) = [a.; h.(r)J , 

(2.14) ( 
• lfo'(w) t.o(Eo(w)) 

A.o r, 0, w) = (I-Eo(-w)) too(Eo(w)) 

and 

(2.15) Aij(r; 0, w) = ° if j?;. 1. 

Proof. (2.15) is easily seen from (1.7). 

On the other hand, we have 

h;(r) 
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f;;(O)(r, s) = Si; S,. hi(r) , 

Taking generating functions in the above equations and using (1.5) to 

(1.8) , 

and hence, 

where 

I: f1 i j (0) (r, S)Z' = Zr Si; hi(r) , 
s-O 

m 
zAij(r; z, W) -w I: Aik(r; Z, W) -o/k;(Z) 

k-O 

00 

A,o(r; 0, W) = I: PiO (")(r, 0) w" . 
n-O 

Using (2.15), this leads to 

A(r; z, W) [zI -wif!(Z)] = [Zr+1 I(r) - (z-l) wA(r; 0, W) if!(Z)] , 

which is equivalent to (2.13). 
Next, we must determine A,:o(r; 0, w) explicitly. From (2.11) we 

get 

(2.16) 
[

Z_WA.O(Z) 

T(z) [zI - w if! (z)] T-l(Z) = J1(z,w) . 

o 
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where 

[

Z-WA.;(Z) -w 

J;(z, w) = O· . o 1 -w 
Z-WA.;(z) 

If we denote by U(z, w)=[u;;(z, w)] the matrix 

we get 

I U(z, w) I = (z-w A.l(Z» ... (z-w A.g(z» . 

Now let U;j(z, w) be the cofactor 0:[ u;;(z, w) and put T-l(Z) =[Tij(Z)]. 
Then we have 

(2.17) A,j(r;z,w) 

m 
= I:: (Z'+l 3;" h,(r) + (z-I) wA io(r; 0, w) -%k(Z) 

k-O 

(
tkO(Z)TO;(Z) r.; m tU (Z)U flZ (Z,W)T/3j(Z») 

X A. ( + I. :E U() , z-w 0 z) p··o /-0 I z, w I 

which is easily seen by inserting 

r 
z-w A.o(z) 0 ]_1 

[zI -W !fi(Z)]-1 = T (Z) 0 T -1(Z) 
U(Z, W) 

into (2.13). 
It follows from Lemma 7 that there exists [d -w!fi(z)]-1 for all O<z~1 

and O<w<1 except for the root z=Eo(w). Since A;k; z, w) is an 
analitic function of z for O<z~1 and I U(z, w) I =1=0 for all O<z~1 and 
O<W< 1 by Lemma 7, z=~o(w) must be a zero of the coefficient of 
(z-WA,O(Z»-1 in the right-hand side of (2.17). Furthermore there exists 
j satisfying Toj(Eo(w»=I=O, because of the regularity of T-1(Z). Thus, 
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= Eo'+1(w)t,o (Eo(w)) h,(r) 

This equation and (2.12) lead to (2.14) 

3. Equilibrium Behavior of the Process N,,, W tI 

In this section, we consider the limiting behavior of the transition 
probability, P,j(tI)(r, s). 

Under Condition I. I the Markov chain with the matrix P is recur
rent. Hence, there exists a stationary distribution ll=[no, ... , nmJT 
satisfying prll=ll. If we define the following notation: 

aOO a01 aom 
a10 all aim 

(i) 

amo ami'" amm 

then by wellknown techniques we have 

n,= 
(3.1) (i) 

POI P02'" Pom 

Pll-I Pu ... PI ... 

aOO 

a 10 

a'-lO 
a.+lo 

am 0 

Pml Pm2'" P ... ".-I 

a 01 ao m 
all aim 

a,_1 I a'-l m 

a'+ll a,+1 m 

a ... I am". 

I POI ... Pom 

I Pll-I ... PI ... 

I Pml ... P ... ".-I 

Let N be a random variable to which N tI converges in law. Put 
p=ENlft, where 11ft is the mean service time. 

Lemma 9. 

(3.2) A.o'(I) = p 
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Proof. Differentiate (2.7) in z. Then we get 

(3.3) [A.o{z)I _!fT(Z)J y'(z) + [A.o'(z) I _!fT' (z)J y(z) = 0 . 

It is obvious that A.o(z)I _!fT(Z) , !fT'(Z) and y(z) are all finite for O<z<oo. 

Further, by Lemma 6 

~ e-fJ A. (efJ) = _e-fJ A. (efJ)+ ~ A. (efJ) < 00 
~ 0 0 d~ 0 

for - 00 < v < 00 , 

i.e., 

A.'(z) < 00 

Hence, by (3.3) we have 

y'(z) < 00 

for 0 < z < 00. 

for 0 < z < 00. 

Using the relation A.o(1)=1, !fT(1)=pT and (2.7), 

y(l) = ell, 

!fT' (1) = [jP,; g'(l)Y = ~ ~ Pi; r ' 
e [A.o(l) I -!fT(1)J = 0 , 

where e is a constant number and e is a row vector [1, 1, "', 1J. 

Therefore, multiplying the vector e to (3.3) and putting z=l, we get 

and hence 

A.'o(l)=p. 

Since the root ~o(w) of Z-WA.o(z) ,,=0 is an increasing function of w 
by Lemma 7, we may put 

(3.4) lim~o(w) = ~0(1-) == ~o' 
wO 

Lemma 10. Under Condition I we have 
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and 

(i) 

(ii) 

if p> 1, then 

if p ~ 1, then 

O<Eo< 1; 

Eo= 1. 

Proof. (3.5) is a direct result of the continuity of A.o(z). If we 
put z =ev, by A.o( 1) ,= 1 and (3.2) we get 

(i) If p> 1, the gradient of e-vA.o(eV
) at v=O is strictly positive. 

Hence, there exists a unique vo<O satisfying 

by Lemma 6 and (2.9). If we set Eo=evo, then we have O<Eo< 1. 
(ii) If p~l, we can see by using the same argument in (i) that for 

v~O e-vA.o(eV )=1 if and only if v=O. Hence, we have Eo=1. 
Lemma 11. Under Condition I we have ti ° (1) =too(1) for i = 1,· .. , m, 

where to(z) = [too(z) , ... , tmo(z)Y is the normalized eigenvector of I/J(z) 
associated with A.o(z). 

Proof. For convenience we put to(1)=to=[too' "', tmoY. The rela-
m 

tions Pto=to and 1: tio=1 lead to 
;=0 

PlO P20' .. Pmo 

t.o=(-I)' Pll-lP21 "'Pml 

(i) 

Plm P2m'" Pmm- 1 

1 PlO ... Pmo 

1 Pll-l··· Pml 
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If we add to the first row of the determinant in the numerator all the 
m 

other rows, rewrite the first row using :E P;;=1 and permute the row, 
;-1 

then the numerator is equal to the determinant 

Pu-1 P12 ... Pl'" 
P21 P22- 1 ... P2'" 

P"'l P"'2 ... p",,,,-1 

Therefore, we have tio =too since tio is independent of i. 
We shall assume i:5:,r, or h;(r)=l. 

Theorem 2. Under Condition I we have that 

(i) if p~l, then limpi;<")(r, s)=O for all j and s; 
n-oo 

(ii) if p< 1, then there exist Pies) =lim h;<")(r, s) for j=O, 1, ... , m 
n-oo 

which are independent of the initial state. Furthermore, the generating 

function Aj(z) = E Pj(s)ZS is given by 
s-o 

(3.6) A(z) = (1-p)(z-l) tPo(z) [zI-tP(Z)]-l for 0 < z:5:,. 1 

where A(z) = [Ao(z), ... , A",(z)] and 

tPo(z) = [I/J'oo(z), ... , ""'o",(z)J. 

Proof. It is obvious that 

Hm [zI -wtP(z)] = [zI -ifJ(z)] 
wtl 

Define CPi;(Z, w) and CPij(Z) by 

[zI -wtP(Z)]-l = [CPij(Z, w)] for O<w< 1 and z=l=Eo(w) , 
and 

if z=l=Eo. 

From (2.13) and (2.15) we get 
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(3.7) lim (l-w) Ai;(r; z, w) 
wtl 

m 
= (z-l) :E VOk(Z) Pkj(Z) Hm (l-w) AiO(r; 0, w) 

k-O wtl 

if z*Eo 

(i) Suppose p> 1. From Lemma 10 (i), (2.14) and the assumption 

hi(r) =1, 

(3.8) lim (l-w) Ai;(r; Z, w) 
wtl 

if z*Eo 

Since Ai;(r; z, w) is monotone in z>O, (3.8) also holds for z=Eo. 
Hence, by the definition of Ai;(r; z, w) and Tauberian theorem we have 
lim Pi;(")(r, s) =0. 
n-oo 

Lemma 10 (ii) holds for p<l, so (3.6) which is proved in (ii) is valid 

for p=1. Therefore, inserting p=1 into (3.6) we have limPi;<")(r, s)=O 
n-oo 

by Tauberian theorem. Thus, lim Pi; (") (r, s) =0 is valid for p;;;;;;1. 
n_oo 

(ii) Suppose p< 1. Then Eo= 1 by Lemma 10 (ii). 
Hence, we get 

m 
(3.9) Hm (l-w) Ai;(r; z, w) = (l-p)(z-l) :E VOk(Z) Pk;(Z) 

wtl k-O 

for O<z< 1 

by Lemma 11 and 

1
. l-rfo(w) 1 
Im = Hm Eo'(w) = --, 

wtl l-w I-p 

where the last relation can be proved by differentiating the equation 

Eo(w)=WAo(Eo(w)) in w, taking the limit w--+l and using Eo(1) =1, Ao(l) 
= 1 and i\o'(I) =p. 
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The equation (3.6) is the same expression of (3.9) in the matrix form 
for O<z< 1. Since Aij(r; z, w) is continuous and monotone in z>O, (3.6) 

is valid at z=1. 

4. Expectation of the Virtual Waiting-Time 

Now, we shall determine the mean virtual waiting-time EW in the 

steady state. First of all we shall prepare the following lemma: 

Lemma 12. Under Condition I we have 

(i) 

(ii) 

(iii) 

(iv) 

V'ij(l) = Pi; ; 

V';;'(I) = ~ Pi; ; 

V'i/,(I) = ~ (j~1 +1'J,vs-l)Pij; 

Aj(l) = 'It;, 

where Vs is the second moment of service times. 

Proof. (i) and (ii) have been said already. (iii) Differentiating V'ij(Z) 

twice at z=l, from g'(I)=I/t-t and g"(I)= £: (i-l)iai=v.-l/t-t we get .-1 
V'i/' (z) =j(j-l)Pi;g'(1)2+ jPi;g"(I) 

. .. 1 
= L..(~=- +IIV -1)P" 

t-t t-t r • " . 

00 

(iv) Since A;(I)= L; h(s) is the probability that there are j arrivals at 
5-0 

any time point, A ;(1) ='It; is valid. 

Theorem 3. Under Condition I, j~or p< 1 
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where UN is the seconed moment of the random variable Nand 

(j) 

° POt 1 ... Po", 
1 

P11- 1 
P 

1 ... Pt'" 

(4.2) R;= 

m 
Pml p 

Proof. The definition of A ;(z) implies that 

m 
(4.3) EW = :E A;'(I) . 

j-O 

On the other hand, (3.6) is equivalent to 

m 
(4.4) zA ;(z) - ~ Ai(Z) 'o/ij(Z) = (l-p)(z-I) '%;(z) 

.-0 

for j=O,···, m. 

We shall evaluate the first and second derivatives of (4.4) at z=1. By 
m 

Lemma 12 and the relation :E 'lti Pij='ltj we have 
i-O 

(4.5) 

and 

(4.6) 2A;' (1) +A;" (1)- .1: A;"(l) Pi; - ~! £; Ai'(I) Pi; 
a-O r ,-0 

m 
If we insert :E A/(I)Pi; of (4.5) into the sum of (4.6) with respect to j, 

i-O 

we get 

(4.7) In ( j ) p ( 1 ) UN :E 1-- A!(I}=- l+pu.-- ---. 
j-O P 1 2 P 2p2 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



A Queueing System with Markov Arrivals 187 

Rewriting (4.5) for j=l • ...• m and (4.7) in a vector fonn. 

(4.8) A'(I) = K.Q. 

where K=[ ;;2 - ~ (1-/tvs - ~). ?t1(1- ~) 

-(I-p)Po1.···'n"m(l- ;)-(1-P)Pom] 

and 

- 1 POl.··· Po". -1 

1 fi -1 Pn ... PI". 

m --IP I···P -1 
'" 1ft mm 

Multiplying both sides of (4.8) on the right by e=[I, ... , lY, it follows 
from (4.3) that 

(4.9) 

If we set L= Q-l and denote by L'j the cofactor of the (i, j) 
component of L, we have 

m m 
1:: q'j = 1:: Lj./IL I = IR.I/ILI. 
j-O j-O 

The definition of L leads to 

... Pom 

1 Pll-I ... Plm 

(4.10) ILI= 

m 
--;;: Pm! 1 Pm! ... Pmm- 1 
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The first tenn of the right hand side of (4.10) is equal to plRol and 
the second tenn is IRol from (3.1) and (4.2). Hence, inserting 
m 
~ q,j=IRjl/(p-l)IRol into (4.9), we get 
J-O 

If we verify that 

(4.12) 
1 m 

-IR I ~ PO;IRjl=p, 
o ,-I 

the proof of the lemma is complete from (4.11). Expanding IRjl with 
the first column, 

m I m m . 
L: PO} IRjl=- L: L: (-I)'-lipoJ 
j-l ft j-I i-I 

(j) 
Pal P02 I '" Po", 

Pll-l P12 I ... PI'" 

(i) 

P"'l P"'I '" I ... p".".-l 

I POI Pal ... Po". 
I POI POI ... Po". 

I m . I Pll-1 Pn ... PI'" 
= - L: (_l)i-l~ 

ft i-I 

(i) 

I P".l P".. .. ·p",,,.-l 
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Pal P02'" Po", 

Pl1- 1 P12 ... PHI. 

189 

(i) J--------

P",l Pm2'" Pm",-l 

Since the first term in the parenthesis vanishes and the second term is 

equal to (-l)'n',IRol by (3.1), the equation (4.12) holds. 

5. Example 

In this section we shall give a simple example. Assume that the 
interarrival time V is distributed as follows: 

(5.1) Pr{V=I}= a, Pr{V=k}= (I-a) b(I-b)"-2 

if k~2, and no more than one customer may arrive at any time point. 

Now, suppose that we have m independent input processes in 
operation simultaniously, all of which have the common interarrival 
time distribution (5.1). Our input process is the superposition of them. 
The (i, j) component of the transition matrix P is given by 

Therefore, the stationary distribution of P and its first and second 
moments are given by 

(5.2) 

(5.3) 

and 

'It, = 
(7) (l-a)"'-; b,i 

(l-a+W' 

;\.= __ m __ 
l-a+b ' 
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(SA) 
mb(mb+l-a) 

(l-a+b) 

respectively. Furthermore we have 

(5.5) IR;I= (l-a+b) 

Inserting (5.5) into (4.1), 

if j;;;, 1. 

EW = P + 1 {p(I+,uv.--1 ) -~} 2(I-p) ,u,uz 

VN 
,u2 - P 

+ (l-p)(l-a+b) , 

which is determined only by the first and second moments of the 
random variable Nand S. 

If we fix the ratio 

(5.6) 
I-a 
-b-=a, 

then (5.2) to (SA) can be rewritten as follows: 

m(m+a) 
and VN= (I+a)2 . 

Therefore, under the condition (5.6) the stationary distribution IJ is 
invariant of a. 

In the case m=2 for simplicity, we shall compare EW for various p 
and a numerically. 

In below, we shall show P and EW for the cases 

p = 0.6, 0.8, 0.9, 

a = 0.2, 004, 0.8. 
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Throughout these cases, 1/1-'=1.5 and vs=2.5 are fixed (See Tables (I)
(Ill)). Furthermore, we shall attach a figure in order to illustrate the 
variation of EH'. In this figure, a dotted line shows the case in which 
each input process is Bernoulli arrival (i.e., independent case). 

Table. The matrix P and the expectation EW of §S. 

(1) p=0.9 

(1) a=0.2, b=0.34, EW =4.88 

[

0.4356 
P = 0.506 

0.64 

0.4488 
0.426 
0.32 

0.1156 ] 
0.068 
0.04 

(3) a=0.8, b=0.085, EW=27.32 

r 
0.837 
0.183 
0.04 

(H) p=0.8 

0.156 
0.749 
0.32 

0.007 J 
0.068 
0.64 

(1) a=0.2, b=0.29, EW=2.63 

r 
0.5041 

P = 0.568 
0.64 

0.4118 
0.374 
0.32 

0.0841 J 
0.058 
0.04 

(3) a=0.8, b=0.07, EW=12.53 

[ 

0.8649 0.1302 0.0049 J 
O. 186 0.758 0.056 
0.04 0.32 0.64 

(Ill) p=0.6 

(1) a=0.2. b=0.2. EW =1. 33 

[ 

0.64 0.32 0.04 J 
P = 0.64 0.32 0.04 

0.64 0.32 0.04 

(3) a=0.8. b=0.05. EW=4.93 

[

0.9025 
0.19 
0.04 

0.0950 
0.77 
0.32 

0.0025 ] 
0.04 
0.64 

(2) a=0.4. b=0.26. EW =7.32 

[ 

0.5476 0.3848 0.0676 J' 
0.444 0.45 0.106 
0.36 0.48 0.16 

(2) a=0.4, b=0.22. EW=3.73 

[ 

0.6084 0.3432 0.0484 ] 
0.468 0.444 0.088 
O. 36 0.48 O. 16 

(2) a=0.4. b=0.15, EW=1. 73 

[

0.7225 0.2450 0.0225 J 
0.51 0.43 0.06 
0.36 0.48 0.16 

For fixed p, IT is independent of a and b. Hence, we find that there 
exists a remarkable difference in EH' in accordance with the forms of 
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a=0.4 a=0.8 a=0.2 

30 

EW 

i 20 

O~ ____ ~ ____ L-____ L-____ ~ ____ _ 

0.1 0.2 0.3 0.4 

-b 

Figure. The mean virtual waiting-time EW of §5. 

Markov chain P all of which have the common distribution. For 
example, if we put p=0.9 we can get that EW =4.88 for a=0.2 and 
EW=27.32 for a=0.8. We shall discuss on the cause of this difference. 

When a tends to 0, as we may infer from Tables (I)-(III), if the 
number of arrival customers at any time point is large, the number at 
the next time point will decrease with high probability, that is, the 
variance of interarrival times decreases with a. 

This difference in the variance is one of the causes of the difference 
in EW. 
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