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Abstract 

An algorithm is described for solving nonlinear programming 

problems. A continuous version of Rosen's gradient projection method 

is fully investigated and an algorithm is derived by discretizing the 

continuous model for numerical computation. A new iterative pro· 

cedure is introduced for computing gradient project. The algorithm 

does not cause hunting in the neighbourhood of a maximal point and 

works well for both equality and inequality constrained maximization 

problems. 

1. Introduction 

A new algorithm is presented for solving nonlinear programming 

problem: To maximize a differentiable objective function f(xl, 

x",) of n variables constrained by differentiable equalities gj(Xl, 

x"') =0, j=l, ... , r, and inequalities g~(Xl, ... , x",)~O, j=r+l, 

r+s. 

Instead of the Lagrangean multiplier method, we take a geometric 

approach to the problem. We introduce a nonlinear autonomous 

system whose integral curve converges to a maximal point of the 

problem and then we derive an algorithm which is essentially an 

!) This is a revised version of the author's manuscript [9]. 
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An Algorithm for the Constrained Maximization 185 

iterative procedure of numerical solution of the system by the 

Runge-Kutta-Merson method_ 

The algorithm is continuous version of Rosen's gradient projec

tion method [6]. Our approach seems preferable to his direct analysis 

of discretized algorithm, because ou)' algorithm can more faithfully 

trace the curved surface of the feasible region to a maximal point. 

Our method can be successfully applied to a wide variety of 

nonlinear optimization problems and illustrative examples are shown 

in § 5. 

2. The Statement of the Problem 

Introducing squared slack variables, the inequality constraints. 

are replaced by equality ones 

gr+iXl, "', x,,+s)=g~+;(.rl' ''', x,,)-x~+j=O, j=l, "', s. 

Then f and g's can be considered as functions of n+s variables X 

=(Xl, "', X .. , X,,+!, "', x,,+s). 

Let C be a mapping from n+s dimensional Euclidian space J?nH 

to r+s dimensional one K'+s described by an (r+s)-tuple 

C(X)=(gl(X), "', gr(X), gr+l(X), "', gr+s(X». 

Let VCC) be the inverse image C-l(O) of 0 E K'+s, i.e. 

V(C)={X=(Xl, "', x,,+.); giXl, "', x,,)=O, j=l, "', r 

and gr+iX)=g~+j(Xl, "', x,,)-x~+j=O, j=l, "', s} 

Assumption. We assume that 

1) f and g's belong to class Cl, the family of twice continuously 

differentiable functions of X. 

2) the Jacobian matrix ]G(X)=(ogJjaXi) of the mapping C has rank 

r+s for all X in V(C). (V(C) is nonempty.) 

By the implicit function theorem, it is easily seen that V(C) is 

an (n-r)-dimensional differentiable manifold in Rn+s and that f is a 

differentiable function on the manifold VCC). 

Then the problem is to find a maximum point of the function J 
on the manifold V(C). 
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186 Kunio Tanabe 

3. Theoretical Bases 

Let (dl)p E Tp*( V) be the differential of I at a point PE V(C), 

where Tp*( V) is the dual of the tangent space Tp( V) of the manifold 

V(C) at a point p. A point PE V(C) is called a critical point of I on 

the manifold V(C), if (dl)p=O. Clearly a maximal point is a critical 

point. 

The following is easily deduced by the implicit function theorem. 
For example, see Hancock [4] or Tanabe [9]. 

Proposition 1. A point PE V(C) is a critical point of I on V(C), iff 

17 1((X)p) is in the linear subspace of ]?n+S spanned by 17g1((X)P)' 

17gr+.((X)p), where 17 is the gradient operator (ajaxl, "', ajaxn+sy and 

(X)p E ]?n+s is the value of X at a point pE V(C). 

In the following, (X)p will be identified with p. 

Next consider an autonomous system 

( 1 ) dXjdt= [J-f~(X)(JG(X)f~(X»-lfG(X)]17 I(X) 

where J is the identity matrix and f~(X) is the transposed of the 

lacobian matrix fG(X) of the mapping C, i.e. 

(2) f~(X)=(agjjaXi)(X) 

= (17f/l(X), "', Agr+s(X» 

= 
-2Xn+l 0 

o 
o -2xn+. 

where r=(ajaxl, "', ajax .. y. The right-hand-side of Eq_ (1) will be 

denoted by lJI'(X) E ]?n+S. 

The following theorem is easily shown and very useful for the 

calculation of lJI'(X). 

Theorem 2. There exists a unique differentiable mapping A(X) E R"+s 
defined on VCC) which satisfies 
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( 3 ) [j;(~)i"~X)] [:i~;] ~ [rf~X)] 
or equivalently 

(4) W(X)=vf(X)-f~(X)A(X), and 

f~(X)v f(X)= fG(X)f~(X)A(X) . 

It should be noted that the matrix fG(X)fHX) is nonsingular. 

Proposition 3. A point PE V(C) is a critical point of the function f 
on the manifold V(C), iff 

( 5) W((X)p)=O E J?nH . 

Proof. In this proof, (X)p is identified with X. If W(X)=O, it follows 

from Eq. (4) that Vf(X)=],(X)A(XI. This means that vf(X) is a 

linear combination of Vgl(X), ... , VUr+sCX). 
r+s 

Conversely, if V f(X)= 2: AiVgi(X), then Eq. (3) is satisfied by W(X) 
i=l 

=0 E J?nH and A(X)=(Al, ... , Ar+s)!. Since Eq. (3) has a unique solution, 

then it follows that W(X)=O. Hence Proposition 1 applies to give the 

desired result. 

From this proposition, it follows that a critical point of the sys

tem (1) is just a critical point of the function f on the manifold 

V(C). The set of critical points will be denoted by Ct. i.e. 

Cr={p E V(C); (df)p=O}={X E V(C); W(X)=O}. 

It should be noted that the set Cr is closed in the manifold V(C). 

Theorem 4. For any feasible point XO E V(C), there exists a unique 

solution X(t, XO) of the system (1) defined in some interval [0, M) 

with the initial point Xo=X(O, XO). The solution has the following 

properties: 

1) The trajectory of the solution is feasible, i.e. 

X(t, XO) E V(C) for all t E [0, M). 

That is, the manifold V(C) is an invariant set of the system (1). 

2) 

( 6) df(X(t, XO))/dt= IIW(X(l, XO))112~0 
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for t E [0, M). Further, if the initial point XO E V(C) is not a 

critical point, then dl(X(t, XO»/dt>O for t E [0, M). 

Proof. By the assumption, ]G(X) is continuous in the neighbourhood 

of V(C) in /?"H, and ]G(X) is of full rank on V(C). Hence, there 

exists an open neighbourhood UvC/?"H of V(C) such that ]G(X)]~(X) 

is nonsingular in Uv . From the elementary theory of differential 

equations, we have the first half of the theorem. 

Next, for every i=l, "', r+s, we have 

(7) dOi(X(t, XO»/dt=<Vgi(X), dX/dt> 

= <VOi(X), lJf(X». 

It follows from Eq. (3) that 

( 8 ) ]G(X)lJf(X)=O E Rr+s . 

This means that 

(9) <VOi(X), lJf(X»=O for i=l, "', r+s. 
Then it follows from Eqs. (7) and (9) that Oi(X(t, XO» is constant in 

t E [0, M), so that 

(10) Oi(X(t, XO»=gi(X(O, XO» 

=Oi(XO) 

=0 for t=l, "', r+s. 
Thus the trajectory X(t, XO), t E [0, M), lies in the manifold V(C). 

Finally we have 

(11) dl(X(t, XO»/dt=<V I(X), lJf(X» 

= <V I(X), P(X)v I(X» 

=<V I(X), P2(X)V I(X» 

= <P(X)v I(X), P(X)v I(X» 

=lllJf(X(t, XO»11 2 

where P(X) denotes the matrix [I-]~(X)(JG(X)]~(X»-l]G(X)], which 

is symmetric and idempotent. 

If IllJf(X(t, XO»II vanishes at t E [0, M), then it follows that 

(12) lJf(X(t, XO»=O E /?,,+S, 

hence x('i, XO) is a critical point. On the other hand, X(t)-=-x(i, 

XO), t E [0, CXJ), is obviously a solution of the system (1). From the 
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uniqueness of the solution of (1), it follows then that 

X(t, XO)=x(i, XO), t E [0, 00). 

This contradicts the assumption that XO is not a critical point. Thus 

the proof is completed. 

It is seen from this theorem that there is no periodic solution of 
(1). 

Theorem 5. Let XO E V(C) be a non-critical point. If the solution 

X(t, XO) of (1) defined in [0, M) with the initial point XO is bounded, 

then M= 00 and the positive limit set r is a compact connected set 

contained in the boundary aCt of the set Ct of critical points. 

Proof. Since the solution lies in the manifold V(C), it follows from 

the assumption that the positive limit set r of the solution is non

empty, invariant and compact in the manifold V(C), hence M=oo. 
Let K be a compact set in the manifold V(C) which contains the 

trajectory X(t, XO), t E [0, 00). From the continuity of I on V(C), it 

follows that I is bounded on K. As is seen in Theorem 4, I(X(t, XO» 
is a strictly monotone increasing function of t E [0, 00), then, it follows 

that I(X(t, XO» converges to 1<00 as t~ 00. Again from the continuity 
of I, it follows that 

ICX)=1 for XE r. 
Let X be a point in the positive limit set r. Since re V(C) is an 

invariant set of the system (1), there exists a solution X(t, X) defined 

in some interval [0, N) with the initial point X such that 

X(t, X) E r for t E [0, N). 

If X is not a critical point, then it follows from Theorem 4 that 

I(X(t, X» is a strictly monotone increasing function of t E [0, N). But 

this contradicts the fact that I(X) is constant on r. Thus r is 

contained in Ct . It is easily seen that r is connected. (See [1].) 

It is easily seen that reaC" so the proof is omitted. 

It follows from the theorem that if the solution converges to a 

point X, then X is a critical point of the function I on the manifold 
V(C). 
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Corollary 6. In the case of Theorem 5, we have 

1) 

(13) let): ~:II ~; Ildt<A:~T, 
where A::~ I(T)- I(XO) and I(T)=!, and 

2) 
(14) dljdt=dljdl= IIW(X(t, XO»II. 

Proof. We have by Theorem 4, 

I(X(t, XO»-I(XO)=~: IIW(X(t, XO)Wdt. 

By the proof of Theorem 5, we have lim I(X(t, XO»=I, hence 

~~ IJW(X(t, XO»11 2dt=1- I(XO). By Schwartz:;:nequality, we have 

l(t) = ~: IIW(X(t, XO»)lldt~ (~: 111JT(X(t, XO»112dt t2 0: dt t2 
<';1-I(XO)~T. 

Eq. (14) is easily seen from Theorem 4. 

Let L(XO) be a connected component of the set {X E V(G); I(X) 

~/(XO)}, that contains XO E V(G). 

Corollary 7. If L(XO) is bounded, the conclusion of the previous 

theorem is valid. 

Proof. From Theorem 4, it follows that the solution X(t, XO) lies in 

L(XO) for t E [0, M). Then Theorem 5 applies to give the desired 

result. 

It should be noted that the assumption is satisfied when V(G) is 

bounded in R"+s. 

Corollary 8. If Cl (l K consists of isolated critical points of I, besides 

the assumption of Theorem 5 being satisfied, then the solution X(t, XO) 
converges to a critical point of I as t tends to infinity, t.e. 

lim X(t, XO)=X E Cl. 
t~oo 

Proof. The result is easy to establish, so the proof is omitted. 

It should be noted here that a regular critical point is an isolated 
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point, where a critical point of I is 'regular,' if its Hessian aSI is 

regular at this point. (See Matsushima [5].) 

Let the distance of two subset it, B of J?r'+s be denoted by p(A, 

B), and let a neighbourhood UA,o of A be defined by UA,o={X; p(X, 

A)<I1}. 

A compact set ReCf of critical points of the dynamical system 

(1) is 'stable,' if for each .(>0 there is ?1~) such that any trajectory 

which starts from a point in V(C)n UB,p remains in V(C)n UB,A; 

'asymptotically stable,' if it is stable and in addition for each e>O 

there are '< and 11 such that 

X(t, XO) E V(C) nUB,. for any t>'< 

and any XO E V(C)n UB, 11. 

A solution X(t, XO) of the dynamical system (1) is 'quasi-asymp

totically stable,' if for each e, there are '< and 11 such that 

IIX(t, XO)- X(t, X»II <e for any t>'<, and any X E Uxo, 6 • 

Theorem 9. Let C be a compact connected component of Cf such that 

Cn(Cf-C)=ifJ. 

If the function I is maximal on the set C, then C is asymptoti

cally stable set of the system (1). 

Proof. Let I(X)=m on C. There exists a relatively compact neigh

bourhood U&e V(C) of C such that 

(J& n (Cf-C)=ifJ, and 

m> I(X) for X E (J&--C . 

Let m' be a maximal value of I(X) on the boundary of Ue. Of 

course m>m'. Since I(X) is continuous on V(C), we can choose a 

neighbourhood Vec Uc of C such that 

I(X»(m+m')/2 for X E Ve. 

Then for any solution X(t, XO) of (1) defined in [0, M) with the 

initial point XO EVe, we have 

I(X(t, XO»>(m+m')/2 for t E [0, M). 

Thus the solution of (1) which starts from a point in the neigh-
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bourhood Vc remains in the relatively compact set Uc. Next from 

Theorem 5, it follows that the solution approaches to a critical set 

in Uc as t--HXJ. On the other hand, 

C/n Uc=C, 
so that the solution approaches to C. This completes the proof. 

The next corollary follows immediately from the theorem. 

Corollary 10. If an isolated critical point p is a maximal point of I 
on V(C), then the system (1) is asymptotically stable at the point p 

in the manifold V(C). 

Theorem 11. If a point X' is not a maximal point of I on V(C), then 

the system is not asymptotically stable at the point X'. If we assume 

further that 

X' ~ (Cl-X'), 

then the system (1) is unstable at X' E V(C) in the manifold V(C). 

Proof. For any neighbourhood Ux'c V(C) of X', there exists a point 

X" E Ux' such that 
I(X") > I(X'). 

By the continuity of I, there exists a relatively compact neighbour

hood Wx'c Ux' of X' such that 

Cf(X'H I(X"»/2> I(X) 
for X E Wx'. The solution X(t, X") with the initial point X" and 

defined in [0, M) remains outside of Wx', since I(X(t, X") is a non

decreasing function of t. Thus we have the first part of the theorem. 

Next by the assumption there exists a relatively compact neighbour

hood Vx'c V(C) of X' such that 

Vx'n(CI-X')=~ . 
Suppose the point X' is stable, there exists a neighbourhood U'x, c Vx ' 

of X' such that every solution which starts from a point in U'z- re
mains in Vx'. As is seen in the above proof, there exists a point 
X" E U'x, and an open neighbourhood W'x, c U'x, such that the solution 

XCt, X") is outside of W'x,. Since the trajectory X(t, X"), t E [0, M) 

lies in the bounded set VX'- W'x" it follows from Theorem 5 that 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



An Algorithm for the Constrained Maximlzation 193 

the solution XCt, X") approaches to a critical set in Vx.-Wic.. But 

this contradicts the fact that there are no critical points in Vx .- Wic .. 

Then X' cannot be a stable point. 

Proposition 12. If the solution X(t, XO) which starts from XO E V(G) 

converges to an isolated maximal point g of f on VCG), then the 

solution XCt, XO) is a quasi-asymptotically stable solution of (1). 

Proof. For any neighbourhood U; of g, by Corollary 10, there exists 

an open neighbourhood V;e U; such that every solution which starts 

from a point in V; converges to )( as t->oo. By the assumption, 

there exists 't" E [0, 00) such that XC't", XO) E Vi. Since XCt, XO) is con

tinuous in the argument of XO E VCG), there exists an open neighbour

hood Wxoe VCG) of XO such that 

XC't", X') E Vi for X' E Wxo_ 

Thus every solution which starts from a point In Wxo converges to 

X. This completes the proof. 

To illustrate the meaning of Theorems 5-12, we give Fig. 1 
which shows schematically the behaviour of trajectories of system Cl) 

on a manifold V(G). 

Saddle points---
\ 

\ 
\ 

\ 
\ 

Maximal point 
\ 

\ 

" \ , 
" , , , , , 

" ----------"Saddle points 

Fig. 1. Flows on V(G). 
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4. Computational Algorithm 

From the foregoing discussion, we can derive an algorithm for 

nonlinear programming problems. We assume that an initial feasible 

point XO is known. 

An algorithm introduced here is an iterative procedure of numeri

cal solution of the system (1) with the initial point XO by the Runge

Kutta-Merson method. The reason why this method is adopted is 

that it is self·starting, hence a change in stepsize is easily effected 

at any intermediate stage of the calculation and that the evaluation 

of the derivative of the right-hand·side IJf(X) of Eq. (1) is not required. 

It requires only several evaluations of IJf(X) at each iteration. 

Theorem 2 shows that IJf(X) is calculated by solving the linear 

simultaneous equations (4): First A(X) is calculated by solving the 

linear equations of order r+s, 

(4.1) ]G(X)V f(X)=(fG(X)]~(X»A(X) . 

Then we obtain IJf(X) , substituting A(X) into 

(4.2) IJf(X) = V f(X)-]~(X)A(X) . 

But when Eq. (4.1) is of large order, it is difficult to solve it 

satisfactorily [2]. Besides, even when ]G(X) is sparse (fG(X)]~(X» is 

often dense. In this case, therefore, it is unrealistic to evaluate IJf(X) 

by solving Eq. (4). Fortunately, we have another useful method for 

calculating IJf(X) [7]. 

Theorem 13. Let mappings r.(ifJ) from R"+s to R"+s be defined as 

<ifJ, Vgi(X» X . 
r.i(ifJ)==ifJ IIVgi(X)W Vgi( ), t=l,···, r+s. 

Let Z(ifJ)=r.1 0 r.2°···" r.r+s(ifJ). Then the sequence of vectors {ifJi} E R"+s 

generated by the recurrence relation 

ifJo= vf(X) , ifJi+l = Z(ifJi) , i=O, 1,2, ... 

always converges to IJf(X), i.e. 

lim ifJi =IJf(X) . 
i_oo 
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Note that the theorem is valid even when Vgi(X) are linearly 

dependent. This iterative procedure can make full use of sparseness 

of ja(X) to produce 1Jf(X) and is effective especially when it is applied 

to problems of large scale. 

It is seen from the form of ja(X) and Eq. (4) that the introduction 

of slack variables does not increase the computational work for 1Jf(X) 

seriously. 

When the step size 11t is small enough, the Runge-Kutta method 

gives fourth order accuracy in the increment of each component of 

X at every step of iteration. Generally, numerical solution diverges 

from the solution X(t, XO) as iteration proceeds. But this does not 

matter much, for we need not necessarily give an approximation to 

the solution X(t, XO) in the interval [0, 00) but to produce from one 

feasible point Xi-! another Xi successively by applying one step of 

the iteration process of the Runge-Kutta method to the solution X(t, 

Xi-!) which starts from Xi-!. Calculating the values of g's at Xi, we 

can check the feasibility of Xi at each step of iteration. Hence the 

stepsize can be chosen larger than usually so long as Xi is feasible. 

When Xi becomes infeasible, we can either iterate again from 

Xi-! with a smaller stepsize or correct Xi back into V(C) by minimiz

ing the following function 
r+s 

veX)==: l: gJ(X) 
j=l 

subject to 

/(X)=/(Xi) . 

The correction procedure is to solve numerically the following 

system which is similar to (1) 

(15) dX/dt=vv- (vv, 11/)11/11111/112 . 
If we only keep Xi's in V(C) in this way, Theorems 4-12 suggest 

that 

1) there is little danger for numerical solution Xi to converge to a 

point which is not a maximal point. (The algorithm never con-
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verges to a minimal point except for the case that the initial 

feasible point is a minimal point.) 

2) if f(X) is unimodal with respect to V(G), the algorithm is expected 

to converge to the global maximum. Then if the original prob

lem is a convex programming, the maximum point will always 

be found. 

Introduction of the squared slack variables, of course, increases 
the number of critical points of the problem. But this has little effect 

on the algorithm, because a critical point of the transformed problem 

which is not a critical point of the original problem cannot be a 

maximal point of the transformed problem and because a maximal 

point of one problem exactly coincides with a maximal point of the 

other. 

The algorithm has been coded in FORTRAN IV for HIT AC 5020 

r1 Is X in U. (V) 
no 

~ Correct X, back into V (G) 

! Yes 

I 
Evaluate the objective 
function j at X' 

1 
r j(X') > j(X,-l) I no I Is x' optimal I yes 

! Ves 
no 

I Write down X' and j(X') I Modify the stepsize I 

1 
r 

One step iteration by I 
Runge-Kutta-Merson method I 

1 
L..{ Modify the stepsize I ~ 

Fig. 2. Flow chart. 
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computer. The stepsizes are controlled automatically from the infor

mation available in the calculation of 1J!(X) at each step of iteration. 

Only active constraints are involved in the calculation of 1J!(X) at 

each iteration. Then slack variables are used in the neighbourhood 
of the edges of inequality constraints to produce a feasible direction 

1J!(X). 

We give an outline of the algorithm by means of a simplified 

flow chart (Fig. 2). Let U. be a neighbourhood of V(C) in R"+s such 

that 

U.={XER"+s; IIC(X)II.>~o}, 

where 11*11= denotes the maximum among the absolute values of com

ponents of *. 

5. Computational Experiences 

In this section, several numerical examples will be given. All 

the problems were computed on HITAC 5020 computer. 

Example 1. To maximize 

subject to 

1 
/= (x,+I)'+x; 

g,=xi+x;-4~0 , 

g,=16-xi-xi~0 . 

The optimum is at (-2.0, 0.0). The feasible region is not convex. 

The transformed problem is stationary at (4.0, 0.0), (2.0, 0.0) and 

(-4.0, 0.0). Starting from the initial feasible point (3.0, 2.5), we 

obtained the convergent sequence of iterates given in Table 1. 

Example 2. To maximize 

/=xi+xi+xl 
subject to 

The optimum is at (1/3, 1/3, 1/3), (-1/3, -1/3, 1/3), (1/3, -1/3, -1/3) 
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Iteration 
number 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 

0.300000 E 1 
0.299977 1 
0.299931 1 
0.299839 1 
0.299655 1 
0.299284 1 
0.298535 1 
0.297006 1 
0.293816 1 
0.286848 1 
0.269927 1 
0.215156 1 
0.164993 1 
0.125709 1 
0.986430 
0.619730 
0.429111 

-0.442092 
-0.799165 
-0.130309 1 
-0.163219 1 
-0.179822 1 
-0.192287 1 
-0.197978 1 
-0.199563 1 
-0.199911 1 
-0.199982 1 
-0.200000 1 
-0.200000 1 
-0.200000 1 
-0.200000 1 
-0.200000 1 

Kunio Tanabe 

Table 1. 

f(X) 

0.250000 E 1 0.4494382 E -1 
0.250015 1 0.4494606 -1 
0.250044 1 0.4495054 -1 
0.250102 1 0.4495953 -1 
0.250218 1 0.4497761 -1 
0.250450 1 0.4501409 -1 
0.250911 1 0.4508846 -1 
0.251824 1 0.4524297 -1 
0.253610 1 0.4557694 -1 
0.256990 1 0.4636159 -1 
0.262643 1 0.4858430 -1 
0.264909 1 0.5899710 -1 
0.255978 1 0.7366714 -1 
0.246020 1 0.8970995 -1 
0.238781 1 0.1036535 
0.229423 1 0.1267909 
0.216009 1 0.1738021 
0.202338 1 0.2269977 
0.187428 1 0.2814320 
0.153464 1 0.4086647 
0.116483 1 0.5693191 
0.881128 0.7074401 
0.533179 0.8637817 
0.285082 0.9604012 
0.132871 0.9911475 
0.601932 -1 0.9981647 
0.270983 -1 0.9996253 
0.535574 -2 0.9999803 
0.105821 -2 0.9999989 
0.209085 -3 0.9999990 
0.105051 -3 0.1000004 
0.527862 -4 0.1000006 

I IIG(X)II~ I ilt 

0.0000E-40 0.1000 
0.0000 -40 0.2000 
0.0000 -40 0.4000 
0.0000 -40 0.8000 
0.0000 -40 0.1600 El 
0.0000 -40 0.3200 1 
0.0000 -40 0.6400 1 
0.0000 -40 0.1280 2 
0.0000 -40 0.2560 2 
0.0000 -40 0.5120 2 
0.0000 -40 0.1024 3 
0.0000 -40 0.1024 3 
0.0000 -40 0.5120 2 
0.0000 -40 0.2560 2 
0.0000 -40 0.1280 2 
0.0000 -40 0.1280 2 
0.0000 -40 0.1280 2 
0.0000 -40 0.6400 1 
0.0000 -40 0.3200 1 
0.0000 -40 0.3200 1 
0.0000 -40 0.1600 1 
0.0000 -40 0.8000 
0.0000 -40 0.8000 
0.0000 -40 0.8000 
0.0000 -40 0.8000 
0.0000 -40 0.8000 
0.0000 -40 0.1600 1 
0.0000 -40 0.1600 1 
0.0000 -40 0.1600 1 
0.0000 -40 0.3200 1 
0.8583 - 5 0.3200 1 
0.1144 - 4 0.3200 1 

and (-1/3, 1/3, -1/3). Starting from the initial feasible point (0.1, 

0.02, -0.00202124), we obtained the sequence given in Table 2. The 

result shows that the method can well trace the sharply curved sur

face. It should be noted that although the contour surfaces of the 

objective function and the constraint are closely attached at the 

optimum points in the problems of Examples 1 and 2, the method 

does not suffer zigzaging in the neighbourhood of these points. 

Example 3. To maximize 

f =(xl-3)2(4-X2) 

subject to 
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I.N.I XI 

1 0.100000 
2 0.110512 
3 0.134962 
4 0.201233 
5 0.299786 
6 0.365550 
7 0.444539 
8 0.466053 
9 0.486765 

10 0.493676 
11 0.494493 
12 0.494542 
13 0.494424 
14 0.494288 
15 0.494006 
16 0.493410 
17 0.493253 
18 0.493087 
19 0.492743 
20 0.492011 
21 0.491622 
22 0.491204 
23 0.490765 
24 0.489820 
25 0.488786 
26 0.488229 
27 0.487643 
28 0.486385 
29 0.483486 
30 0.481822 
31 0.479998 
32 0.475819 
33 0.464935 
34 0.458003 
35 0.449948 
36 0.430358 
37 0.406940 
38 0.382725 
39 0.362291 
40 0.348481 
41 0.340687 
42 0.336761 
43 0.334899 
44 0.333644 
45 0.333393 
46 0.333359 
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X. 

0.200000E-1 
0.220781 -1 
0.268812 -1 
0.396093 -1 
0.572476 -1 
0.675110 -1 
0.763349 -1 
0.772197 -1 
0.760000 -1 
0.736014 -1 
0.726753 -1 
0.725821 -1 
0.732534 -1 
0.741717 -1 
0.760517 -1 
0.801196 -1 
0.809608 -1 
0.819463 -1 
0.839846 -1 
0.883638 -1 
0.903423 -1 
0.926344 -1 
0.948935 -1 
0.996127 -1 
0.104392 
0.107017 
0.109606 
0.114935 
0.126201 
0.132267 
0.138486 
0.151636 
0.180417 
0.196115 
0.212211 
0.244818 
0.275201 
0.299608 
0.315877 
0.324962 
0.329467 
0.331575 
0.332538 
0.333174 
0.333300 
0.333317 

Table 2. 

Xa 

-0.202124E-
0.247169 -
0.369943 -
0.834129 -
0.191715 -

0.295953 -
0.474607 -
0.542811 -
0.633327 -
0.690249 -

0.710456 -
0.720728 -
0.732372 -
0.741709 -
0.760545 -

0.797619 -
0.809125 -
0.819393 -
0.839919 -
0.880673 -
0.904495 -
0.926084 -
0.948975 -

0.995740 -
0.104601 
0.107033 
0.109608 
0.114933 
0.126310 
0.132246 
0.138487 
0.151631 
0.180659 
0.196110 
0.212211 
0.244818 
0.275201 
0.299608 
0.315877 
0.324962 
0.329467 
0.331575 
0.332538 
0.333174 
0.333300 
0.333317 

2 
2 
2 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

f(X) 

0.1040408 E-1 
0.1270643 -1 
0.1895102 -1 
0.4213332 -1 
0.9351622 -1 
0.1390605 
0.2056945 
0.2261151 
0.2467272 
0.2538979 
0.2548524 
0.2550346 
0.2551847 
0.2553234 
0.2556099 
0.2562344 
0.2564000 
0.2565643 
0.2569038 
0.2576392 
0.2580350 
0.2584391 
0.2588606 
0.2597616 
0.2607510 
0.2612760 
0.2618231 
0.2629899 
0.2656398 
0.2671362 
0.2687556 
0.2723888 
0.2813523 
0.2866866 
0.2925199 
0.3050799 
0.3070714 
0.3260084 
0.3308112 
0.3326389 
0.3331653 
0.3332925 
0.3333205 
0.3333277 
0.3333280 
0.3333281 

I IIG(X)II~ I tit 

0.1065E-1O 0.1000 
0.6151 -11 0.2000 
0.1913 - 9 0.4000 
0.2719 - 7 0.8000 
0.2500 - 6 0.4000 
0.3031 - 6 0.2000 
0.7613 - 6 0.2000 
0.7698 - 6 0.1000 
0.8310 - 6 0.5000E-1 
0.8059 - 6 0.2500 -1 
0.8124 - 6 0.1250 -1 
0.8107 - 6 0.2500 -1 
0.8000 - 6 0.2500 -1 
0.8000 - 6 0.5000 -1 
0.7999 - 6 0.1000 
0.6895 - 6 0.1000 
0.6883 - 6 0.2500 -1 
0.6880 - 6 0.5000 -1 
0.6886 - 6 0.1000 
0.5936 - 6 0.1000 
0.5387 - 6 0.5000 -1 
0.5339 - 6 0.5000 -1 
0.5342 - 6 0.1000 
0.5315 - 6 0.1000 
0.4571 - 6 0.1000 
0.4562 - 6 0.5000 -1 
0.4562 - 6 0.1000 
0.4558 - 6 0.2000 
0.4426 - 6 0.2000 
0.4394 - 6 0.1000 
0.4405 - 6 0.2000 
0.4407 - 6 0.4000 
0.3806 - 6 0.4000 
0.3740 - 6 0.2000 
0.3730 - 6 0.4000 
0.3565 - 6 0.4000 
0.3118 - 6 0.4000 
0.2893 - 6 0.4000 
0.3197 - 6 0.4000 
0.3272 - 6 0.4000 
0.3129 - 6 0.4000 
0.3065 - 6 0.4000 
0.3029 - 6 0.8000 
0.2912 - 6 0.8000 
0.2975 - 6 0.8000 
0.2955 - 6 0.8000 
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gl=5-xl-x;~0 

g2=5-(xl-1)2-x;~0 

g3=5-xl-(x2-1)'~0 

g.=Xl~O 

g,=X2~0 . 

The optimum is at (.J19/2, 1/2)::;::(2.179447, 0.5). Starting from the 

initial feasible point (0.5, 2.0), we obtained the sequence given in 

Table 3. 

Table 3. 

Iteration I f(X) 
number Xl X2 

1 0.500000 10.200000 E 1 i -0.1250000 
2 0.879401 ,0.197661 1 ~ -0.9099079 
3 0.116447 E 1 1 0.187023 11-0.7175546 
4 0.139033 1 0.172993 1 i -0.5881814 
5 0.156826 1 0.158094 1, -0.4958768 
6 0.180982 1 0.130754 1 -0.3813944 
7 0.194848 1 0.109424 1 -0.3212893 
8 0.202925 1 0.937836 -0.2885658 
9 0.210904 1 0.742651 -0.2585691 

10 0.214307 1 0.638102 -0.2468716 
11 0.215951 1 0.580086 -0.2415890 
12 0.217290 1

1

' 0.527769 -0.2375338 
13 0.217718 1 0.509812 -0.2362953 
14 0.217917 1 0.501233 -0.2357307 
15 0.217942 1 0.500172 -0.2356623 
16 0.217945 110.500037 -0.2356541 
17 0.217945 110.500012 -0.2356525 

I IIG(X)II~ I Jt 

E 2 0.0000E-40 0.1000 
1 0.0000 -40 0.1000 
1 0.0000 -40 0.1000 
1 0.0000 -40 0.1000 
1 0.0000 -40 0.2000 
1 0.0000 -40 0.2000 
1 0.0000 -40 0.2000 
1 0.0000 -40 0.4000 
1 0.0000 -40 0.4000 
1 0.0000 -40 0.4000 
1 0.0000 -40 0.8000 
1 0.3147 - 4 0.8000 
1 0.3529 - 4 0.1600 E 1 
1 0.3815 - 4 0.1600 1 
1 0.3719 - 4 0.1600 1 
1 0.3338 - 4 0.3200 1 
1 0.3338 - 4 0.3200 1 

6. Concluding Remark 

The algorithm works well for both equality and inequality con

strained maximization problem. Optimality will be obtained from a 

very poor approximation to the desired point. Hunting does not 

occur in the neighbourhood of optimal point. 
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