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ABSTRACT 

Typical queueing problems of general arrival and general service systems are solved by an ap

proximation method. That is, approximate formulae are given for the mean customer number in the 

G/G/l (00) system, the mean customer number in the, the G/G/l (m) system and the mean queue length 

in the G/G/s(oo) system. 

The routine of the proposed method is as follows. The sequences of arrival and departure of 

customers are approximately replaced by normal stochastic processes. That is, the sequences are 

characterized by mean and variance only. Next, the diffusion equation is constructed as to the pro

bability distribution of the customer number in the system. Using the solution ()f the equation, the 

aimed statistical value for the queue is calculated. Finally, the calculated value may be revised to 

agree with the exact solution on the area where it is known. 

1 . Introducti on 

In the analysis of queueing problems the tendency is to get exact solutions 

for simple models only. But it is questionable from the viewpoint of practical 

application. On the other hand, several approximation methods have been pro

posed ( for example, [1], [3]). Recently, in the case of long waiting lines, 

as for example rush hour analysis, an approximation method applying continuous 

models has been developed [5). In this paper, a more general method for queue

ing problems which have not-necessarily long waiting lines is proposed. 
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30 Approximation Method for Queueing Prob/lIms 

2. Mean Number of Customers in the GIGIl (co) system 

For the G/G/l(co) system, let the mean of arrival numbers per unit time or the 

arrival rate be A and its variance be ni' the mean of departure numbers per unit 

time under the condition that the system is not empty or the service rate be ~ 

and its variance be no' That is, considering A(t) as the cumulative arrival in 

time t, which is considered as large, we assume that 

E{A(t)} '" A 
t 

and Var{A(t)}"'n. 
t 1.-

Similarly, for the departure process, under the same condition as that of ar

rival process, we assume that 

E{B(t)} 
-t--- '" Il and Var{B(t)} '" n 

t 0 

where B(t) is the cumulative departure in time t. 

Fig. 1 The G/G/1(co) System 

We consider here the arrival and departure number as continuous quanti

ties, and assume that the customer number in the system varies as stationary 

normal stochastic process ( see [5]). So, for the probability density function 

f(x) of the customer number x in the system, the following diffusion equation 

exists 

(2.1) 

here 

Taking 

1 
0= -(A -Il)f(x) +2' {n f(x)} , 

a=-2(A-~) 
- n 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



T. Sunaga, E. Kondo and S. K. Biswas 31 

we get from equation (2.1) 

0= af(x) + l (x) 

and its solution is 

(2.3) 

A R, 
For the Erlangian system ER,/Ek/l(oo), l:1 i =y and 1:10=7(. 

So, we write GR,/Gk/l(oo) for the general arrival and general service system when 

A Using p " we can write ]J , 

(2.4) 

and 1:1 =.!!... 
o k 

The first approximation of the mean customer number L in the system becomes 

(2.5) f'" -= 1 L = J_ xae dx = -
lOa 

which is effective for the case of p "1, Le., a long waiting line, because the 

continuous state model is used instead of the integer state model and the rel

ative error of L1 is supposed to be of the order of ! 
L 

On the other hand, the exact value L has the characterisitics that 

(2.6) L "P for p « 1. 

Hence, let us add supplementary terms of the order 1 to (2.5) and propose the 

second approximate formula, which is effective for 0 ~ p< 1, such as 

£.+! 
R, k 

L = 2 (1 ) + C + C p 2 - pal 
(2.7) 

so that formula (2.7) has the property of (2.6). Expanding formula (2.5) in 

terms of p, we get for p « 1 
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32 Approximation Method /i)y Queueing Problellls 

Comparing this expansion with formula (2.7), we get 

1 
Co =- 2k 

1 1 1 
Cl = - Z( 9: + k) + 1 . 

Therefore formula (2.7) becomes 

(2.8) 

When 9, = 1, thls result coincides with the exact formula, i.e., the Pollaczek

Khintchine's formula [4] 

(2.9) L= 2(1- p) +p. 

In the following Tables, the approximate values for two other systems, 

which are calculated from (2.8), are also compared with the corresponding values 

obtained in Page's book [6]. In the book the mean waiting time in units of mean 

service time is tabulated. So, we calculated the mean number in the system from 

it. 

Table 1. Mean number in the system for E2/E2/l(oo) 

P L2 L (Page) error 

0.1 
I 0.11 0.10 0.01 

0.2 0.23 0.21 0.02 

0.3 0.36 0.34 0.02 

0.4 0.53 0.49 0.04 

0.5 0.75 0.70 0.05 

0.6 1.05 0.98 0.07 

0.7 1.52 1.43 0.09 

0.8 2.40 2.29 0.11 

0.9 4.95 4.82 0.13 
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Table 2. Mean number in the system for EIO/M/l(~) 

P L2 L (Page) error 

0.1 0.11 0.10 0.01 

0.2 0.23 0.20 0.03 

0.3 0.37 0.32 0.05 

0.4 0.55 0.47 0.08 

0.5 0.78 0.66 0.12 

0.6 1.10 0.95 0.15 

0.7 1.60 1.41 0.19 

0.8 2.56 2.34 0.22 

0.9 5.35 5.09 0.26 

3. Mean Number of Customers in the G/G/l(m) System 

In this case the customer number L in the system is limited to m or the 

length of queue cannot be longer than m-l. 

~_.L 
o 

Fig. 2 Continuous distribution for G/G/l(m) 

We take here the boundary condition 

(3.1) 

Although the customer number is limited upto m, but for the continuous approx

imation we take the boundary va.lue to be in which is a real number near to the 

integer m, so that we get a better approximate solution. 

In this case, the diffusion equation is the same as (2.1), so we get the 

first approximate formula 

33 
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(3.2) 

Approximation Method for Queueing Problems 

Jm xae-axdx 
o 

L 1 = --,=-----
f m -= ae dx 
o 
- -am 

-me +1. 
-am a 1- e 

where m = m. The error of L1 is supposed to be of. the order 1. 

On the other hand, the exact value L has the characteristics that 

(3.3) L"'p for p « 1 J 

(3.4) for p » 1 • 

But for the two extreme values of p, i.e., p« 1 and p » 1, we have the 

approximate values for the two terms in the right hand side of the equation 

(3.2), which are given as bellow: 

(3.5) 
f P 1 1 for P « 1 ~ oe ~k 1+ 2 (9;+I) 

for P » 1, 
2£ 

- -am V for P « 1 -me ___ -
oe 

-am - for P » 1. 1- e m 
(3.6) 

_-2km 2Riii 
In the equation (3.6) we have considered me « 1 and e » 1 • 

In our system, p is to be considered to vary from zero to ~, hence, for 

the improvement of (3.2) the supplementary term cannot be Co + CIP as considered 

in (2.7), because Co + CIP »1 for P » 1. Instead we use the supplementary term 

of the order 1 as Co + CI-
1 

fl_, the second term of which has the property 
+P 

r for O~P<oo 

1 ~ P oe P for P « 1 . 

oe 1 for P » 1. 

So, we propose the second approximate formula as 

(3.7) 
--am -me 1. P 

L2 ,= - +-+ Co + CI--' 
I -am a 1 + P -e 

and in order to satisfy the properties of (3.3) and (3.4) we get 
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(3.8) 

(3.9) 
. 1 

Ca = - 2k ' 

(3.10) 

To examine the degree of approximation, we compare the value from the 

equation (3.7) with the exact value for the case M/M/1(m) [4]. In this case, 

for .I'. = 1 and k = 1, we get 

m+m=l, 
1 

Co =-2 

The comparison is shown in Fig. 3. 

.06 

.05 

.04 

.03 

.02 

.01 
'-"l 
<J 
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-.02 

-.03 

-.04 

-.05 

-.06 

Fig. 3 

m=l 

/',L = L2 - L 

m=l 

Error of the approximate formula for the 

mean customer number ;~n M/M/1(m) system 
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4. Mean Queue Length in the G/G/s(oo) System 

Let us consider the queueing system with s parallel servers and no res

triction for the waiting line. When s ~ 2, the characteristics of the exact 

value, as that of (2.6), do not give enough information for the construction 

of the approximate formula. So, we propose a different method. 

x<s 

Fig. 4 G/G/s(oo) system 

The mean value of departure is X\l and its variance 

They S\l (See Fig. 4.) The mean are S\l and k when x~s. 

considered the same as earlier. For the case of x < s, 

rate of the customer in the system and its variance are 

A -X\l and 
A XjJ -+
Ji. k 

is 
X\l k when x < s 

value of arrival is 

the mean increasing 

per unit time. So, for the equilibrium state we get the following diffusion 

equation [2]. 

(4.1) 

and its solution 

(4.2) 

k 
ak 2ak(1:+ 1) - 1 -2kx 

f(x) = c(x +9:) e 

= cg(x) , 

where A 
et:::: -. 

\l 

For the case of x ~ s, the mean increasing rate of x and its variance are 

and 

So, we get the diffusion equation 

(4.3) 
1 A SP , 

0= -(A - sp)f(x) +"2 {( 1: + T )f(x)} 
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and its solution 

(4.4) f( ) ( ) 
-a (;r-s) 

x = cg se, 

a 
-2(A - s~) -2.(p -1) -
~ + s~ E_ + !. 
R, k R k 

where 

and A ~ p - -= 
s~ s 

cg(x) 

( ) -a(x-s) cg s e 

~ 
0 x + s 

Fig. 5 Connection of the two solutions 

In the above analysis the two solution.s (4.2) and (4.4) are continuously 

connected at 8. (See Fig. 5.) The constant c can be derived from the condition 

1 
so c = --:------::-:-:--IS g(l;)d~ +g(s) 

o a 

Hence, the probability density function ~(y) of the waiting line y is 

(4.5) ~(y) 
ae-ay 

and the approximate formula for the mean of the queue length Lql is 

(4.6) 
1 
a 

a fS -() g(~)df;. + 1 
g s 0 

We compare the approximate value from equation (4.6) with its exact value 

for the case of M/M/s(oo) [4]. For this case R, = k = I, we get 
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(4.7) g(x) (x + ex) 4ex-l e- 2x 

and 

(4.8) -2(p -1) a = -----
1 + p 

Their comparison is shown in Table 3. 

Table 3. Mean queue length for M/M/s(oo) 

s = 2 s = 5 

P Lql exact error, Lql exact error 

0.1 0.01 0.00 0.01 0.00 0.00 0.00 

0.2 0.04 0.02 0.02 0.00 0.00 0.00 

0.3 0.10 0.06 0.04 0.01 0.01 0.00 

0.4 0.21 0.15 0.06 0.05 0.04 0.01 

0.5 0.41 0.33 0.08 0.15 0.13 0.02 

0,6 0.78 0.68 0.10 0.38 0.35 0.03 

0.7 1.47 1.34 0.13 0.91 0.83 0.03 

0.8 3.00 2.84 0.16 2.25 2.22 0.03 

0.9 7.86 7.67 0.19 6.90 6.86 0.04 

The approximate values of queue length obtained by using equation (4.6) 

for M/D/s(oo) , D/M/s(oo) and E2/E2/S(oo) are co~pared with the corresponding 

values which are tabulated in Page's book [6]. The formula of g(x) and a 

for each case are mentioned at the top of each of the following Tables. 
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Table 4. Mean queue length for }1/D/s(co) 

Lql 

0.00 

0.00 

0.00 

0.01 

0.05 

0.17 

0.44 

1.12 

3.46 

g(x) 
x * 2(1 - -)x e 2a 

s = 2 

Lq(Page) 

0.00 

0.01 

0.03 

0.08 

0.18 

0.35 

0.69 

1.44 

3.62 

a = -2(p-1.) 
p 

error Lql 

0.00 0.00 

-0;01 0.00 

-0.03 0.00 

-0.07 0.00 

-0.l3 0.01 

"':0.16 0.05 

-0.25 0.21 

-0.32 0.73 

-0.16 2.89 

s = 5 

Lq(Page) 

0.00 

0.00 

0.00 

0.02 

0.08 

0.20 

0.47 

1.16 

3.26 

error 

0.00 

0.00 

0.06 

-0.02 

-0.07 

-0.15 

-0.26 

-0.43 

-0.37 

* It is calculated from equation (4.1) when R, = 1 and k 

Table 5. Mean queue length for D/M/s(co) 

g(x) 
2a-l ·-2x = x e 

a = -2(p-l). 

s = 2 s = 5 

P Lql Lq(Page) error Lql Lq(Page) error 

0.1 0.00 0.00 0.00 0.00 0.00 0.00 

0.2 0.01 0.00 0.01 0.00 0.00 0.00 

0.3 0.03 0.00 0.03 0.00 0.00 0.00 

0.4 0.06 0.02 0.04 0.01 0.00 0.01 

0.5 0.1.4 0.06 0.08 0.04 0.01 0.03 

0.6 0.29 0.18 0.11 0.12 0.06 0.06 

0.7 0.59 0.46 0.l3 0.32 0.23 0.09 

0.8 1.31 1.14 0.17 0.92 0.78 0.14 

0.9 3.68 3.48 0.20 3.14 2.96 0.18 

39 
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P 

0.1 
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Table 6. Mean queue length for E2/E2/S(oo) 

a = 

8 = 2 

Lql Lq(Page) 

0.00 0.00 

0.00 0.00 

0.01 0.01 

0.04 0.05 

0.10 0.12 

0.23 0.27 

0.52 0.58 

1.22 1.33 

3.58 3.60 

-4(p-l) 
p + 1 

error 

0.00 

0.00 

0.00 

-0.01 

-0.02 

-0.04 

-0.06 

-0.11 

-0.02 

Lql 

0.00 

0.00 

0.00 

0.00 

0.02 

0.08 

0.26 

0.83 

3.02 

+ 8 = 5 

Lq(Page) 

0.00 

0.00 

0.00 

0.01 

0.04 

0.12 

0.35 

0.92 

2.93 

error 

0.00 

0.00 

0.00 

-0.01 

-0.02 

-0.04 

-0.09 

-0.09 

0.09 

For G/G/l(oo) , the approximate formula (4.6) can also be used. On the 

other hand, another approximate formula Lq2 can be calculated from (2.8), 

which is as follows. 

(4.9) Lq2 = L2 - P 

p2(f + i) 
2(1 - p) 

The comparisons among Lql' Lq2 and the exact value are shown for M/M/l(oo) 

and E2/E2/l(oo) in the following Table. 
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Table 7. Mean queue length for M/M/l(=) and E2/E2/ l (=) 

M/M/l(co) E2/E2/l(=) 

p Lql Lq2 exact Lql Lq2 Lq(Page) 

0.1 0.05 0.01 0.01 0.01 0.00 

0.2 0.12 0.05 0.02 0.03 0.01 

0.3 0.23 0.13 0.05 0.06 0.04 

0.4 0.41 0.27 0.10 0.13 0.09 

0.5 0.68 the same 
as exact 0.50 0.21 0.25 0.20 

0.6 1.12 0.90 0.39 0.45 0.38 

0.7 1.90 1.63 0.74 0.82 0.73 

0.8 3.52 3.20 1.50 1.60 1.49 

0.9 8.47 8.10 3.93 4.05 3.92 
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