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Abstract A GI/G/1 queueing system with finite capacity il studied. The first overflow time, which means the time 

when the number of customers first exceeds the capacity, is analyzed by diffusion approximation. Approximate ex

pressions for the distribution and moments of the first overflow time are derived explicitly. These results are modified 

so as to be more accurate for an M/G/I system or a system with small capacity. Further these results are applied to the 

analysis of the maximum number of customers up to time t in a GI/G/I system with infinite capacity. Finally, the 

accuracy of the diffusion approximations is examined numerieally by using the analytical results for a GI/M/I system. 

1. Introduction 

Consider a GI/G/l queueing system with finite capacity for which it 

is assumed that the maximum number of customers allowed in the system is equal 

to N - 1; that is, the total number of waiting places is N - 2. Further 

assume that interarriva1 and service times of customers are independent and 

identically distributed (i.i.d.) random variables with distribution functions 

(d.f.s) A and H, respectively. Denote the (mean, variance) of the d.f.s 

A and H by (t, O~) and (*, 0;), respectively. 

Such a system has been studied as a model for many practical service 

facilities. In the design of a computer system, for example, one of the 

important problems is how much capacity is required for a buffer memory. 

This is because, if its capacity is too little, then overflows of customers 

(jobs) occur frequently in heavy traffic and the performance of the system 

deteriorates rapidly. On the other hand, if its capacity is too great, then 
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42 T Kimura. K. Ohno and H. Mine 

most buffer memories remain unused. Thus detailed information on the jobs 

behaviour should be obtained. 

For an M/C/l and a CI/M/l systems with finite capacity, stationary 

queue length distributions have been studied by Keilson [10]. The M/C/l 

system has also been studied by Cohen [2,3]. An Ek/C/l system with finite 

capacity has been analyzed by using the phase technique by Truslove [18,19] 

and its asymptotic behaviour has been studied by Hokstad [9]. An M/M/l 

system with finite capacity has been discussed adequately by Finch [6]. 

In this paper, the overflows of customers in the CI/C/l queueing system 

with finite capacity are dealt with under the heavy traffic condition. Over

flows occurring as customers arrive to find waiting places fully occupied, are 

characteristic events of queueing system with finite capacity. Let Q(t) 

denote the number of customers in the system at time t. The sample path of 

the process Q(t) are defined as continuous from the left. Then, the first 

overflow time, defined by 

(1.1) T(i,N) = inf{t ~ OIQ(t) = N, Q(O) = i} N ~ 2, 0 :;, i :;, N-l, 

represents the time at ',yhich the number of customers first exceeds the capacity. 

Note that the first overflow time is invariant with work-conserving service 

disciplines [11,16]. Let FiN(t) and fiNes) (Re s ~ 0) denote the d.f. of 

T(i,N) and its Laplace'-Stieltjes transform (L.S.T.), respectively. That is, 

(1.2) Res~O. 

Saaty [14] has referred to the first overflow time in the analysis of a birth 

and death process. His result, which corresponds to the first overflow time 

for the M/M/l system, can be rewritten as 

A (a!+l i+l) i i - a - J.l(a+ - a_) 
(1.3) fiNes) 

A( N+l _ aN+l) N a~) 
, 

a+ - \1(a+ -

where 

(1. 4) (A + E + s) ± I(A + l! + S)2 - 4A\1 
a± - 2A 

Consequently the mean first overflow time is given by 

A {( l:!. )N+l _ 
\1)2 A 

(1.5) E[T(i,N) ] 
f ~ = ~ + (A 

1 (N - i)(N + i + 1) 
if A \1. 
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In this paper, the first overflow time defined by (1.1) is analyzed by 

using diffusion model approximation. That is, the d.L and moments of the 

first overflow time are derived from the ;'irst passage time of a diffusion 

process approximating Q(t). These results lead to some asymptotic properties 

of the first overflow time, which are relevant to fluid approximation. 

Further these results are applied to the analysis of the maximum number of 

customers in another system with infinite capacity, and yield Laplace trans

forms (L.T.s) of the d.f. and the mean maximum number of customers. Finally, 

the accuracy of the diffusion approximations is examined numerically by using 

the analytical results for a GI/M/l sys:em. 

2. Preliminaries for Diffusion Approximation 

The basic arguement used in diffusion approximation is as follows: 

Let {x(t) ; t ~ o} denote a homogeneous diffusion process and p(x,tlxo) 
its probability density function (p.d.f.), i.e., 

(2.1) 

Then, 

(2.2) 

and 

(2.3) 

p(x,tlxO)dx = p{x ~ x(t) < x + dxlx(O) xO}. 

p(x,tlxo) satisfies the following Kolmogorov equations: 

ap = 1 a a
2
p _ b ap 

at 2 ax 2 ax 

a2p ap 
la--+b 
2 a 2 xo 

ap 

at axo 
They are called the forward (Fokker-Planc;'<) equation, and the backward equation, 

respectively. The diffusion parameters a and b denote the infinitesmal 

variance and the mean of the process, respectively. Diffusion approximation 

means to approximate queue characteristic:; of general queueing systems through 

the Kolmogorov equations. It is shown in [12] that diffusion approximation 

is efficient under the heavy traffic condition. The diffusion parameters a 

and b are determined by the elementary -renewal theorem from asymptotic 

properties of the characteristic to be apJroximated [8]. For example, they 

are given by, for the queue length, 

(2.4) 
b A - f.I • 

Upon equations (2.2) and (2.3), the initial condition 

(2.5) 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



44 T. Kimura, K. Ohno and H. Mine 

is imposed. where 0(0) denotes the Dirac's delta function. Furthermore. 

appropriate boundary conditions are necessary in order to keep the process in 

the desired region. A reflecting barrier is used as a boundary condition at 

x = 0 for the queue length. The 

barrier is given by, for (2.2) , 

1 3p 
(2.6) - a -- bp I 2 3x 

and for (2.3). given by 

3p 

x=O 

(2.7) o. 
3xO xO=O 

0, 

boundary condition for the reflecting 

The reflecting barrier is effective under the heavy traffic condition [12]. 

3. Distribution and Moments of the First Overflow Time 

Starting from the backward equation (2.3), we shall derive both the p.d.f. 

and d.f. of the first overflow time. Following Newell [12], we assume the 

heavy traffic condition. Since the heavy traffic condition means that the 

traffic intensity p = A/V is close to unity, this condition is appropriate 

to the overflows because these are rare events when p is relatively small. 

Let x(t) be the diffusion process which approximates the queue length Q(t). 

Define Td(XO,N) by 

(3.1) 

where for notational convenience, the initial value i is setted as xo. 

From the arguement in Section 2, it follows that p(x,tlxO) defined by (2.1) 

satisfies the Kolmogorov's backward equation (2.3) with the initial condition 

(2.5), where the diffusion parameters are given by (2.4). Moreover, since the 

process x(t) is restricted within the interval [O,N] and terminates when 

it reaches at x = N, the reflecting barrier is placed at the origin and an 

absorbing barrier is placed at x = N. 

Let F(tlxo,N) and f(slxo,N) denote the d.f. of Td(xO,N) and its 

L.S.T. Then 

(3.2) P{Td(XO,N) > t} 

1 - F(tlxO,N). 

From (2.3), (2.5) and (3.2), it is easily shown that f(slxo,N) satisfies the 

following ordinary differential equation [4, p.230]: for 0 < Xo < N, 
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(3.3) 
1 d

2
f df 

- a - + b - sf. 
2 dx 2 dx o 0 

The boundary conditions at Xo o and J:O N are: 

df 
(3.4) o 

and 

(3.5) f(s IN,N) = 1. 

From (3.3) through (3.5), a caluculation similar to [4, p.233] leads to 

b bsi.nh exO + aecosh exO 
f(slxo,N) = exp{-(N - x )} 

a 0 bsi.nh eN + aecosh eN 
(3.6) 

where 

(3.7) e == / b 2 + 2as / a . 

* Clearly, the L.T. F (s IxO,N) of the probability that the overflows occur 

within t is given by 

(3.8) 

Next, we shall derive the moments of Td(XO,N). For n = 0,1, ... , let 

mn(xO,N) denote the n-th moment of Td(xO,N) , where for n = 0 we assume 

mO(xO,N) 1. Usually, mn(xO,N) can be obtained by 

(3.9) mn(xO,N) = (_l)n ~n f(slxO,N) I . 
ds s=O 

45 

However, this is very difficult because J'(slxO,N) given by (3.6) has a 

complicated form. Therefore, we shall adopt another method [4, p.232]. That 

is, since f(s I Xo ,N) is the moment generating function of T d(xO ,N), we have 

(3.10) I ~ (-s)~ 
f(s xO,N) = L m (xO,N) -,- . 

n=O n n. 

Substituting (3.10) in (3.3) and equating coefficients of powers of s, we 

obtain for n = 1,2, ... , 

d 2m am 
la--n-+b----.!:!:.= 
2 d x~ dx

O 

(3.11) - n m
n

_
l 

. 

Similarly we can deduce the boundary conditions for (3.11) from (3.4) and 

(3.5) . That is, for n = 1,2, ... , 

am 
(3.12) n 0 

dxO xO=O 
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and 

(3.13) m (N,N) = O. 
n 

T. Kimura. K. Ohno and H. Mine 

For n = 1,Z, solving 0.11) with (3.lZ) and (3.13), we obtain the mean and 

the variance of T d (x
O 

,N) as follows: 

(3.14 ) 

a 
xO) +- {exp(-ZbN/a) - exp(-ZbxO/a)} , 

Zb 2 
if b -# 0 

if b 0, 

and for the second moment of Td(XO,N) , 

(3.15) mZ (xO,N) 

1 
- (N - x ) 2 

b 2 0 

a2 

+ -- [(N - xo) + 4Nexp(-ZbN/a) 
b 3 

- (N + xo){exp(-ZbN/a) + exp(-Zbxo/a)}] 

a 2 

+ -- {Z + exp(-ZbN/a)}{exp(-ZbN/a) - exp(-ZbxO/a)}, 
Zb" 

if b -# 0 
1 

(N 2 - X~)(5N2 - x~), 
3a 2 

ifb o. 

The derivation of the above results is shown in Appendix. From (3.14) and 

(3.15), the variance of Td(xO,N) is given by 

(3.16) V[Td(XO,N)] ~ mZ(xO,N) - {m
l 

(xO,N)}2 

a 2 

I 
4bz4 {eX~(-ZbN/a) + exp(-ZbxO/a) + 4}{exp(-ZbN/a) - exp(-ZbxO/a)} 

+ - [(N - x ) + Z{Nexp(-ZbN/a) - xoexp(-ZbxO/a)}] , 
b 3 0 

if b -# 0 

(N4_x~), ifb O. 
3a 2 

Rema rk 3.1. Sweet and Hardin [17] have derived the p. d. f. ~vhich corre

sponds to that of Td(xO,N) by solving the Kolmogorov's forward equation (Z.Z) 

with similar boundary conditions. However, because their solution has an 

infinite series form, it: seems impossible to derive the moments of Td(xO,N) 

in simple forms. 
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4. r~odifications of the Boundary Condition 

In the preceding section ~le have considered the reflecting barrier as the 

boundary condition at the origin. However. if p < 1, then discontinuity of 

the path Q(t) at the origin quite effects the solution, and hence (3.14) 

seems to be slightly underestimated from the true value. That is, if the 

process Q(t) reaches to the boundary x ,= 0, the process remains at x = 0 

for a residual interarrival time. Hhen a new customer arrives at the system, 

the process jumps to x = 1 and thereafte:~ the process starts from scratch. 

Under the assumption that the arrival process is the recurrent process, it may 

be difficult to obtain the distribution of the sojourn time at x = o. 
However, if the arrival process is a Poisson process, then it is known that 

the sojourn time is exponentially distributed with parameter A. Feller [5] 

has called this process an elementary retUJ~n process. 

Taking account of the sojourn time at the origin, we consider two modifi

cations of the boundary condition. The fiJ~st one is a heuristic modification 

of changing the location of the reflecting barrier. The second one is a 

modification of using the elementary return process. It follows from the 

definition of the elementary return procesB that the latter is appropriate for 

the M/G/l system. In the following the process Q(t) having the reflecting 

barrier at the origin is called the reflecting barrier process. Horeover, 

when A denotes a characteristic for the )~eflecting barrier process, then !! 

and A denote that for the modified reflecting barrier process and the elemen-

tary return process, respectively. 

4.1. r'lodified reflecting barrier process 

Since it may be difficult in general 1:0 obtain the distribution of the 

sojourn time at the origin, it is assumed that the sojourn times have the same 

distribution as the stationary residual li::e [13] of the interarrival time. 

Under this assumption the mean sojourn time is given by 0.,20 2 + 1)/2),. Let 
a 

us consider a modification of changing the location of the reflecting barrier 

at x = 0 in accordance with this time. Tt should be noted that this modifi

cation is equivalent to changing the locatLon of the absorbing barrier at 

x = N, since the diffusion process is spartially homogeneous. Place the 

reflecting barrier at x = - 1::., or equivalently, place the absorbing barrier 

at x = N + 1::., where 

),20 2 + 1 
(4.1) a 

4 
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~ 

Then, t~e relations f(atxo,N) = f(stxO+6,N+L'», E[TaCxO,N)] = E[Td (xO+6,N+6)] 

and V[Td(xO,N)] = V[Td(xO+6,N+6)] imply that 

(4.2) 

(4.3) 

and 

~ b bsinh e(xO + 6) + aecosh e(xO + 6) 
f(stXO,N) = exp{a(N - xO)} 

E[Td(XO,N)] 

1 

1 
beN - xo) 

l(Nz _ xz) 
a 0 

bsinh e(N + 6) + aecosh e(N + 6) 

a 
+ - exp(-2M/a) {exp (-2bN/a) - exp(-2bx

O
/a)}, 

2b z 
if b # 0 

if b = 0, 

(4.4) V[Td(xO,N)] 

a Z 

- exp(-2b6/a) [exp{-2b(N + ~)/a} + exp{-2b(x
O 

+ ~)/a} + 4] 
4b 4 

·{ex,o(-2bN/a) - exp(-2bxo/a)} + %3((N - xO) 

+ 2[(N + 6)exp{-2b(N + ~)/a} (xO + ~)exp{-2b(xO + 6)/a}]), 

2 
{(N + ~)4 - (x

O 
+ 6)4}, 

3a z 

if b # 0 

if b O. 

Further, it follows from (1.5) that for p = 1, the value of E[Td(xO,N)] 

for the M/M/l system agrees with the exact one. It will be shown in Section 

6 that the modified solutions are fairly accurate. 

4.2. Elementary return process 
Using the elementary return process, we shall precisely describe the 

boundary condition at x = 0 for the M/C/l system. That is, for equation 

(3.3), we replace the boundary condition (3.4) by 

(4.5) 
- A -
f(stO,N) = ~ f(stl,N), 

(see [4, p.232]). Solving (3.3) with the boundary conditions (4.5) and (3.5), 

we obtain 

- b (A+s)sinh exO - Aexp(-b/a)sinh e(xO-l) 
(4.6) f(sixo,N) = exp{-(N - xO)} ------"-----------='---

a (A+s)sinh eN - Aexp(-b/a)sinh e(N-l) 

By the method described in Section 3, the mean of Td(xO,N) can be derived as 

follows: for n = 1,2, ... , the substitution of (3.10) into (4.5) leads to 

(4.7) 
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This equation represents the boundary condition of (3.11) for the elementary 

return at x = O. In particular, for n = 1 we have 

(4.8) 

49 

It seems that this expression suggests an average behaviour of the elementary 

return process. Solving (3.11) for n = 1 with the boundary conditions (4.8) 

and (3.13), we obtain 

(4.9) E[Td(xO,N)] - ml (xO,N) 

1 1 

1 
F(N - X o) + pbtl - exp(-2b/a)T {exp(-2bN/a) - exp(-2bxo/a)}, 

if b " 0 
1.(N 2 - x 2 ) + ( 1. - 1. ) (N - x o), if b o. 
Cl 0 A a 

The derivation of this equation is shown in Appendix. 

Remark 4.1. It is easily shown that under the heavy traffic condition 
1 (3.14), (4.3) and (4.9) are equivalent except for the term o( I). This is 

because the soj ourn time at x = 0 decreases to zero as the value of 

increases, and because the process hardly depends on the boundary conditions 

at x = 0 under the heavy traffic. 

Remark 4.2. Fluid approximation [ll] is a rough approximation which 

disregards both the randomness of the arrival and the service processes and 

the discreteness of the path Q(t). In fluid approximation, we regard cumula

tive numbers of arrivals and departures as fluids which pour into a reservoir 

and pour out from it, respectively. Therefore, if b ~ 0, then the amount of 

fluid in the reservoir never exceeds its capacity, whereas if b > 0, then the 

capacity will be exceed within a finite time since the amount of fluid 

increases by b per unit time. Let Tf(XO,N) be the fluid approximation of 

T(xO,N). Then from the above arguement, we obtain 

(4.10) 

1 

{ 

T)(N - x ), 

+00 

if b > 0 

if b < O. 

Note that for b > 0, Tf(XO,N) corresponds to the first term of (3.14), 

(4.3) and (4.9). 

Remark 4.3. From (3.14), (4.3) and (4.9), for b > 0, we have 

(4.11) Hm E [T d(xO ,N)] = Um E [T ixo ,N) ] 
afO afO 

Under the heavy traffic condition, we have 
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E[Td(XO,N)] T/XO,N) + o( 1 
I)' 

E[Ta<xO,N) ] T/XO,N) + 
1 

o( I)' 

and E[Td(xO,N)] Tlxo,N) 
1 + o( I). 

Furthermore, 

V[Td(xO,N)] 
1 

o( I)' 

and V [T a<x 0' N) 1 
1 

o( I). 

These relations imply that the solution by diffusion approximation converges 

to that by fluid approx:i.mation as A"" + 00. 

5. Application of the First Overflow Time 

As an application of the first overflow time, we shall investigate a 

transient behaviour of the maximum number of customers in a system with infi

nite capacity. Suppose that the arrival and the service processes of this 

system are identical with the model discussed so far. The maximum number of 

customers up to time t is defined as 

M(tlx
o

) ~ sup {Q(T)IQ(O) = xO}. 
O~;;r,;;,t 

(5.1) 

Let Md(t Ixo) denote the diffusion approximation of M(t Ixo). Then we can 

derive the d.f. of Md(tlx
o

) from the following relation [13], 

(5.2) {Ma<tlxo) ,;;, y} = {Td(XO'y) 2: t}. 

Hence, 

(5.3) 

1 - P(t ixo'Y). 

* For Re s 2: 0, let L (y,slx
o

) denote the L.T. of L(y,tlx
o
). From (5.3), 

we obtain 

(5.4) 

Moreover, the mean maximum number of customers is given by 

(5.5) 
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where 

== { 1, 
if t > 0 

U(t) 
0, if t < O. 

Combining (3.8) and (5.5) yields 

(5.6) 

Remark 5.1. In (5.4), the reflecting barrier process is used. However, 

if the arrival process is a Poisson proc.ess, then f had better been replaced 

by f. Further for small N, f may be replaced by f. 

Remark 5.2. Because of the complicated form of f(sjxo'Y)' to integrate 

the right hand side of (5.6) is very difficult, but if b = 0 for the reflect

ing barrier process, then the integration can be executed. That is, from 

(3.6) and (5.6), for b = 0 we obtain 

(5.7) J
CO -st j 1 1 { ex } 

e E[Md(t x O) ldt = S [J~O + Cl 7T - 2arctan(e 0) cosh exOl. 
i) 

11oreover, if xo = 0 in (5.7), then the analytical inversion of the transform 

leads to 

(5.8) 

Therefore it can be observed that if thE! number of customers is equal to zero 

at t = 0 and the traffic intensity p = 1, the mean maximum number of 

customers up to time t is proportiona:_ to the square root of t. 

6. Comparisons with the Analytical Results 

6.1. Analytical results for a GI/M/l system 

It is quite difficult to analyze the first overflow time for the GI/G/l 

queueing system. However, for the case that the service time distribution is 

negative exponential, that is, for the GI/M/l system, the first overflow 

time can be investigated by using the r,~generative property. Denote the i-th 

arrival epoch to the system by 

arrival times ai == ti+l - ti 

t. 
'l-

(i 

(i " 1,2, .•• ). Assume that the inter-

1,2, .•• ) are i.i.d. random variables with 

d.f. A. It should be noted that the distribution of aO == tl does not 

necessarily agree with A. Since the initial time t = 0 may not be an 

arrival epoch, it is assumed to keep generality that the distribution of aO 
is AO' For this system, the process ':J(t) is regenerative with respect. to 
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the delayed renewal process {Nt t ~ o} with 

N
t 

= max{nlt < t}, 
n for t > ° 

(6.1) 

Since the service times are negative exponentially distributed, it follows 

that for i = 0,1, .•• ,N-2, n ~ 1, 

(6.2) 

1 

r (f,)i e-IJX wIx, 
I) 

()Jt) i+l-j -)Jt 
(i+l-j)! e , 

0, 

for j ° 
for j 1, .•• ,i+l 

for j = i+2,... , 

(see, e.g., [2, p .204]) and that for i O,l, •.• ,N-l, 

(6.3) p .. (t) = p{Q(t) = jlt < t
l

, Q(O) i} 
7-J 

{ 00 " 
for i ° = J 

q. 1 . (t) , for i 'f 0, 
1.- ,J 

where 0 denotes the Kronecker's delta. 

Since the overflows occur at the arrival epoch and Q(t) is left-

continuous, if Q(tn ) = N - 1, then T(",N) = t. Furthermore, the value of 
n 

Q(t) never increases between two successive arrivals or during (O,t
l
). 

Hence, the d.L of the first overflow time can be derived from that of a 

entrance time to N - 1 on the epochs just before arrivals. For the sake of 

convenience, let Q = Q(t ). n n 
Define the d.f. of the entrance time to N - 1 

from the first arrival epoch as 

<P~~~_l(t) =P{Q2 =N-l, t2 < tlQl =j}, 

(6.4) 

<p~n) (t) - P{Qn+l 
J,N-l N - 1, tn+l < t, Qh 'f N - 1, h = 2, ••• ,nl 

Q
l 

= j} for n ~ 2, 

and 
00 

\' (n) 
<Pj,N_l (t) = L <Pj,N_l(t). 

n=l 
(6.5) 

It is verified from the renewal theoretic consideration that there is a 

relation between FiN(t) and <Pj ,N-l (t) such that for i = O,l •••• ,N-l, 

(6.6) =t 
o 

N-2 It 
P;,N_l(u)dAO(U) + .Lo p .. (u)<P. N l(t - u)dAo(u). 

v J= 0 7-J J,-
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Taking the L.S.T. of both sides of (6.6) yields 

N-2 
(6.7) f·N(s) = 7T. N_1(s) + L 7T •• (B)et>. N_1(s). 

1.- 1.-. j=O 1.-J J. 

where 

(6.8) - foo -st 
7T •• (S) = e p .. (t)dAo(t). 

1.-J 1.-J 
o 

and 

(6.9) - foo -st 
et>j.N_1(s) = e d~j N_1(t). 

o • 
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For 
(n) 

~j .N-1 (t). j = 0.1 •..• • N-2. the following integral relations hold. 

(6.10) (1) ft 
~j.N_1(t) = qj.N_1(u)dA(u). 

o 
and for n ~ 2. 

(6.11) 
( ) N-2 ft (n-l) 

~.n (t) = L qJ'k(u)~k.N'-l(t - u)dA(u). 
J .N-1 k=O 0 

Combining (6.5). (6.10) and (6.11) leads to 

(6.12) It N-2 ft 
~J·.N-1(t) = QJ·.N_1(u)dA(u) + L Q'k(U)~k N_1(t - u)dA(u). 

o k=O 0 J • 

Taking the L.S.T. of (6.12) yields 

N-2 
(6.13) et>. V-1 (s) = CI.. N-1(s) + L CI.··k(s)cj>k N_1(s). 

J.l J. k=O J • 
where 

(6.14) Cl.jk(s) = ~ e-stqjk(t)dA(t). 
o 

Consequently. the above results can be suroonarized as follows: 

Propos iti on 1. 

of linear equations 

Let {et> .(s) ; j = 0.1 •..• • N-2} be a solution of a system 
J 

N-2 
et>.(s) = CI.. N l(s) + L CI. •• (s)et>.(s) 

1.- 1.-. - j=O 1.-J J 
i = 0.1 •.•• • N-2 

with CI. • • (s) g-iven by (6.14). Then. the L.S.T. of the d.f. of the first 
1.-J 

overflow time for the GI/M/l system is given by 

N-2 
f·

N
(s)=7T·

N1
(s)+ L 7T •• (H)cj>.(S). 

1.- 1.-. - j=O 1.-J J 

where 7T • • (s) are given by (6.8). 
1.-J 

Denote. for i = 0.1 •••. • N-1. j 0.1 •.•. • N-2. 

(6.15) - _ d I CI. .• = - .3_ CI. • • (s) 0 
1.-J CUI 1.-J s= 
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54 T. Kimura. K. Ohno and H. Mine 

and 

(6.16) TI.. ::: - dd TI •• (s) I 0 • 
1.-J s 1.-.7 s= 

Then, from Proposition 1, the next proposition holds. 

Proposition 2. Let {~j' 2~j ; j = 0,1, •.. ,N-2} be a solution of two 

systems of linear equatioi1,s 

1 N~2 _ 
<p. = I+ L a .. (O)<i>. 

1.- j=O 1.-J J 
(6.17) 

and 
N-2 N-2 

{ (G
a
2 + f2) + 2 Let. .~.} + I a .. ( O)z ~ . , 

A j=O 1.-J J j=O 1.-J J 
(6.18) 

for i = 0,1, ... ,N-2. 

Then, the first and second moments of the first overflow time for the GI/M/l 

system are given by 

(6.19) E[T(i,N)] 

and 

N-2 

VI + I 
j=O 

TI .. (O)~., 
1.-J J 

N-2 N-2 
(6.20) E[{T(i,N)P] = V

2 
+ 2 I n .. ~. + I TI • • (O)z~., 

j=O 1.-J J j=O 1.-J J 
_ 00 i 

respectively, where vi = fo x dAo(x), i = 1,2. 

Proof: Differenciating (6.7) and (6.13) with respect to S and using 

the relations 
N-l 
I a .. (s) 

j=O 1.-J 

N-l 
and I TI • • (a) = 

j=O 1.-J 

r e -atdA(t) 
o 

J

oo 
-st 

e dAO(t), 
o 

we obtain the desired results immediately. 0 

Note that the above results are also applied to the analysis of the maxi

mum number of customers in the system by the same method as in Section 5. 

Final forms corresponding to (5.4) and (5.6) are respectively 

(6.21) JOO e-atp{M(tli) ~ j}dt 
o 

1. {l - f .. (s)}, 
a 1.-J 

and 

(6.22) JOO e-atE[M(tli)]dt 
o 

00 

1:.. {i + I f .. (a)}. 
a i=j+l 1.-J 

Remark 6.1. Let a(a) and I be the (N-l)x(N-l) matrices of elements 

CL .(s) and 0 .. , respectively. Then, it is well known that for Re a ~ 0, 
1.-J 1.-J 

the matrix I - a(s) is nonsingular. Hence, each system of linear equations 
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(6.13), (6.17) and (6.18) has a unique solution. 

Remark 6.2. If the arrival distribution A is the Erlang distribution 

with phase k, i.e., 

A(t) = It (Ak)kxk-l -Akx 
(k _ 1)/ e dx, 

o 

then the explicit form of et •• (8) can be caluculated as 
'l-J 

A t N-l 
I (l. .(8), for j = 0 

8 + Ak 
j=l 'l-J 

i-j+k [ t-j
+1 [ Ak 

Ak )k, (6.23) et •. (8) ) 
+ 0 + Ak 'l-J k-l 8 s + ]J + 

for j 1, ... ,i+l 

0, for j i+2, ... 

Moreover, if AO = A, then we have 

°jO [ 8 
Ak t, for i 0 

1 
+ Ak 

(6.24) 'IT •• (8) 
'l-J 

et. 1 . (8) , for i '" O. '1-- ,J 

6.2. Numerical results 

55 

In order to examine the accuracy of the diffusion approximation, we shall 

numerically compare the approximate results obtained in Section 3 through 5 

with the above analytical results. For computational convenience, consider 

the standard B7IM/1 system in which the d.f.s A and AO are the common 

Erlang distribution with phase k. The mean first overflow time given by 

(3.14), (4.3) and (4.9), and its relative, errors for the M/M/l system are 

shown in Tables 1 and 2, where the relative error means 

(approximate value) - (exact value) 
(exact value) x 100 (%). 

Tables 3 and 4 show the variance of the first overflow time given by (3.16) 

and (4.4), and its relative errors for the M/M/l system. Tables 5 and 6 

show the mean and the variance of the first overflow time and their relative 

errors for the E2/M/l system and for the ES/M/l system, respectively. 

From these tables, it is concluded about the accuracy of the diffusion approx

imation with respect to the moments that: 

i) W~en the initial value i is close to N, all the moments E[TaCi,N)] 

E[Td(i,N)] , E[Td(i,N)], V[Td(i,N) I and V[Td(i,N)] become accurate. 

ii) For small k, E[Td(i,N)] is more accurate than E[Td(i,N)]. 
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56 T. Kimura, K. Ohno and H. Mine 

iii) For large k, E[T/i,N)] is nore accurate than E[T/i,N)] for the 

case p > 1.0 

iv) The relative errors of V[Td~i,N)] and V[Td(i,N)] are greater than 

those of E[Td(i,N)} and E[TdCi,N)]. It should be noted, however, that 

the relative errors of the corresponding standard deviation are about the 

same as those of the means. 

Tables 1 through 6 are dealt with only the case p = 0.95 and p = 1.05. 

In order to examine the accuracy of the diffusion approximation for the other 

value of p, the mean and the variance of the first overflow time are shown 

for the E2/M/l system with i = 0 in Figure 1. It follows from Figure 1 

that the approximate solutions behave similarly to the exact ones even in the 

light traffic. 

, \ 
\, 
'~, 

, \ 
\, 

<lJl07b-~~~~ 
S \\ 
.~ \\ 

'"' \' 
5 '\\ 
rl " 

variance 
~ 106b----------------\~,~-.~---------

<IJ '~, 

~ \' 
,\ 

E \\ mean 
~ 105b-----------------------\~;~,~-----------------------~------------------~ 

\' <IJ -, 

£ "\ 
.... 
o 

\\ 
~" 

~ la 410---------_________ _ 
<.) 
!:: 
C\l on 
1-1 
C\l 
::-
'-' la 3b--____ . _________ ~_ 
!:: 
C\l exact solution 
~ reflecting barrier process 

~)dified reflecting barrier process 
102~---------~~~~---~~~~~~~~--~~~~~~-~~~d 

1.0 

traffic intensity p 

Figure 1. The mean and the variance of the first overflow time 

for the ElM/l system ( N = 21, i = 0, ; = 1.0 ). 

1.2 
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Furthermore, many other numerical results lead to the following statement: 

v) All the moments become accurate for the case p > 0.9 . 

vi) The relative errors of the moments increase as N decreases. Even in 

such cases, E[Ta(i,N)] and E[T
a

(i,l1)] are quite more accurate than 

E[Ta(i ,N)]. 

Next, we shall investigate the d.L of the first overflou time. However, 

the expressions (1.2), (3.6), (4.2) and (4 .. 6) for the L.S.T. of the d.L are 

complicated and their analytical inversions appear to be impossible. Hence, 

we shall caluculate the d.f.s of the first overflow time by using a routine of 

numerical L.T. inversion. Two different mE!thods are adopted to invert the 

L.S.T.s, that is, Gaver's method [7] and the method of Bellman, Kalaba and 

Loc1~ett [1]. The reason for using different methods is due to a mutual check 

on the agreement of the results, since the performance of a method is highly 

dependent on the nature of the original fUIlction [1]. It follows from the 

numerical tests that Gaver's method is mort! accurate than the method of 

1.0 

....... .., 
vii 

:;;- 0.5 
~ .,., 
~ 

E-t 
'-.-' 
il; 

o 

--~ .--: 

--./ 

i = 15 / 
# / 

§ / i 0 
h / 

f / 

" / 
/ 

/ t exact oolut1on 
/ modified reflecting barrier process 

/ elementary return process 
/, 

;; 
------- reflecting barrier process 

500 1000 1500 

time t 

Figure 2. The d.f. of the first overflow time for the M/M/l system 

N = 21, 1 = 1.0, P = 0.95 ). 
~ 
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Bellman et al.. Therefore, the former is selscted to use in the following, 

and the latter is used :"or checldng the results. Since the L.S.T. fif/s) 

for k '" 1 is derived from a solution of the system of linear equations, the 

numerical inversion seems to be fairly difficult. Hence, we restrict our 

caluculations to the case of k 1, i.e., the M/M/l system. Figure 2 

illustrates the d.L of the first overflow time for the case of N = 21, i 

o or 15, and p = 0.95 

By using the same :routine of the L.T. inversion, we shall caluculate the 

d.f. of the maximum number of customers in the system. Inverting numerically 

(5.4) and (6.21), we obtain Figure 3 which shows the d.L of the maximum 

number of customers in the M/M/l system at t = 20 or 40. The d.f. at any 

other time can be caluculated in much the same way. 

r'-> 
;:>-, 

vII 

1.0 

:;:;- 0.5 
-;.> 
'-' 
~ ........ 
A; 

o 

t = 

I' 

,If 
• .i
'I , ' , , 

,'/ 
I' 

/T jL 
// /;' 

f I I J 

t!- /+ 
1/ / ' 
I, /1 

4-- /' / IT 
I' I, 

/ / / / /, r-
H- / / 

1/ ,~ 

t 40 

exact solution 

reflecting barrier process 

[

modified reflecting barrier 
process 

elementary return process 

~L-___ . ____ ~ ________ ~ ___________ -L __________ ~ 

10 20 30 

number of customers y 

Figure 3. The d.f. of the maximum number of customers 

in the M/M/l system ( i = 0, p = 0.95 ). 
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p 

0.95 

Table 1. The mean first overflow time and its relative errors for the M/M/l system 
1 

N = 21, ~ 1.0). 

i E[T(i,N)] E[T (i,N)] re1ati~e 
d error(%) 

E[T (i N)] relative 
d' error(%) 

E[T (i N)] relative 
d' error(%) 

0 354.530 334.896 (-5.538) 354.503 (-0.008) 354.438 (-0.025) 

5 337.588 320.906 (-4.941) 337.552 (-0.011) 337.496 (-0.027) 

10 286.457 273.598 (-4.489) 286.418 (-0.013) 286.370 (-0.030) 

15 191.142 183.235 ( -4.137) 191.111 (-0.016) 191.081 (-0.032) 

20 38.726 37.232 (-3.858) 38.719 (-0.019) 38.713 (-0.035) 

1.05 I 0 163.576 157.196 (-3.901) 163.528 (-0.030) 163.561 (-0.009) 

5 150.166 145.939 (-2.818) 150.129 (-0.025) 150.151 (-0.010) 

10 118.0ll ll5.467 (-2.156) 117.986 (-0.022) ll8.000 (-0.012) 

15 71.170 69.950 (-1. 713) 71.156 (-0.019) 71.162 (-0.01l) 

20 12.821 12.641 (-1. 400) 12.818 (-0.017) 12.820 (-0.007) 

tl 
S; 
'? 
~" 
<::> 
;:, 
;l. 
:g 
.... 
~ 
3" 
'" ~" <::> ;:, 

'C> .... 
c;") 
~ 
c;") 

---.... 
10 
~ 
~ 
~ 

~ 
.... 

V, 
'0 
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p 

0.95 

1.05 

Table 2. The mean first overflow time and its relative errors for the ft1/M/l system 
1 

N = 5, ~ = 1.0 ). 

~~~-----

i E[T(i ,N)] E[T (i N)] relative 
d' error(%) 

E[T (i N)] relative 
d' error(%) 

E[T (i N)] relative 
d' error(%) 

0 16.942 13.990 (-17.423) 16.950 0.052) 16.939 ( 0.016) 

1 15.890 13.468 (-15.236) 15.896 0.042) 15.886 ( 0.017) 

2 13.729 11.867 (-13.561) 13.733 ( 0.034) 13.726 ( 0.018) 

3 10.401 9.128 (-12.239) 10.404 ( 0.029) 10.400 ( 0.019) 

4 5.847 5.194 (-11.168) 5.848 ( 0.024) 5.846 ( 0.019) 

0 13.410 11.261 (-16.026) 13.399 (-0.082) 13.408 ( 0.015) 

1 12.458 10.781 (-13.459) 12.449 (-0.072) 12.456 ( 0.014) 

2 10.598 9.371 (-11.574) 10.591 (-0.064) 10.597 ( 0.013) 

3 7.875 7.077 (-10.131) 7.870 (-0.058) 7.874 ( 0.013) 

4 4.329 3.940 ( -8.991) 4.327 (-0.053) 4.328 ( 0.014) 

0-
<::> 

~ 

>; 
§, 
:;:: 

~ 
?; 

~ 
;:, 

" § 
I:l.. 
::x:: 

~ 
'" 
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Table 3. The variance of the first overflow time and its relative errors 

for the M/M/l system ( N = 21, 1:. = 1. 0 ). 
~ 

-

V[T (i N)] relative 
A relative 

p i V[T(i,N)] V[Td(i,N)] error(%) d' error(%) 
-

0.95 0 95996.9 85301.1 (-11.142) 95920.8 (-0.079) 

5 95792.4 85166.2 (-11.093) 95719.2 (-0.077) 

10 92662.7 82625.6 (-10.832) 92597.1 (-0.071) 

15 76274.2 68409.6 (-10.311) 76225.1 (-0.064) 

20 20242.8 18294.2 ( -9.626) 20230.6 (-0.060) 

1.05 0 15432.8 14258.3 ( -7.610) 15397.6 (-0.228) 

5 15312.9 14176.5 ( -7.421) 15280.1 (-0.214) 

10 14525.0 13172.7 ( -6.765) 14102.1 (-0.187) 

15 10280.7 9674.9 ( -5.893) 10264.4 (-0.159) 

20 2226.5 2114.3 ( -5.039) 2223.5 (-0.135) 

-

Table 4. The variance of the first overflow time and its relative errors 

for the M/M/l 

p i V[T(i,N)] 

0.95 0 204.446 

1 203.338 

2 196.336 

3 172.983 

4 116.004 

1.05 0 119.891 

1 118.984 

2 113.798 

3 98.151 

4 63.613 

system ( N = :;, 1:. = 1. 0 ). 
~ 

V [Td(i ,N)] 
relative 
error(%) 

134.941 (-33.996) 

134.759 (-33.727) 

131. 895 (-33.822) 

118.862 (-31.287) 

81. 950 (-29.365) 

81. 797 (-31. 774) 

81. 644 (-31.382) 

79.448 (-30.185) 

70.356 (-28.319) 

46.994 (-26.125) 

V[Td(i,N)] 
relative 
error(%) 

201. 782 (-1. 303) 

200.849 (-1.224) 

194.199 (-1. 088) 

171.376 (-0.929) 

115.107 (-0.774) 

117.503 (-1.992) 

116.755 (-1.873) 

111. 888 (-1.679) 

96.718 (-1.460) 

62.817 (-1.252) 

61 
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Table 5. The mean a::1d the variance of the first overflow time and their 

relative eLrors for the E
2
/N/l system ( N = 21, ~ = 1.0 ). 

i r E[T(i,N)] E[Td(i,N)] 
relative 

E[Td(i,N)] 
relative 

p error(%) error(%) 
--------

0.95 0 530.331 510.009 (-3.832) 533.957 0.684) 

5 509.539 490.971 (-3.644) 511.853 0.454) 

10 439.'j55 423.899 (-3.562) 440.479 0.210) 

15 300.035 289.409 (-3.542) 299.951 (-0.028) 

20 62.532 62.298 (-3.573) 62.366 (-0.266) 

1.05 0 193.305 191. 958 (-0.696) 197.497 2.170) 

5 177.631 177 .218 (-0.232) 180.686 1. 720) 

10 138.698 138.645 (-0.039) 140.621 1. 386) 

15 82.848 82.900 ( 0.063) 83.801 1.150) 

~20 14. 767 14.784 ( 0.116) 14.911 0.974) 

-------------- -_._-_._------

p i V[T(i ,N)] V[Td(i,N)] 
relative 

V[Tii,N)] 
relative 

error(%) error(%) 

0.95 0 220291.4 205129.2 (-6.842) 225603.2 2.411) 

5 220008.5 204966.7 (-6.837) 225258.8 2.386) 

10 21445:3.3 199832.3 (-6.820) 219222.8 2.222) 

15 180776.3 168452.2 (-6.817) 184080.7 1. 828) 

20 50210.5 46759.4 (-6.873) 50822.2 1.218) 

1.05 0 19998.4 20176.3 0.890) 21298.7 6.502) 

5 1985.3.5 20037.8 0.928) 21117.2 6.365) 

10 1825:3.0 18446.1 1. 030) 19330.0 5.871) 

15 13125.2 13272.3 ( 1.121) 13810.0 5.217) 

20 2786.2 2818.7 1.168) 2913.6 4.574) 
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Table 6. The mean and the variance of the first overflow time and their 
1 relative errors for the E5/M/1 system ( N = 21, )1 = 1.0 ). 

p i E[T(i,N)] E[Td(i,N)] 
relative 

E[Td(i ,N)] 
relative 

error(%) error(%) 

0.95 0 759.051 731. 885 (-3.579) 761.293 ( 0.295) 

5 734.219 707.597 (-3.626) 733.832 (-0.053) 

10 642.784 618.404 (-3.793) 639.809 (-0.463) 

15 448.527 430.411 (-4.039) 444.464 (-0.906) 

20 96.220 92.024 (-4.361) 94.884 (-1. 389) 

1.05 0 217.732 220.665 ( 1. 347) 225.547 3.589) 

5 199.924 202.579 ( 1.328) 205.454 2.776) 

10 154.949 156.766 ( 1.173) 158.314 2.172) 

15 91.671 92.611 ( 1.025) 93.282 1. 757) 

20 16.179 16.324 ( 0.893) 16.414 1. 450) 

p i V[T(i ,N)] V[Tii,N)] 
relative 

V[Td(i,N)] 
relative 

error(%) error(%) 

0.95 0 464572.9 436804.8 (-5.977) 473805.2 1. 987) 

5 464188.3 436389.6 (-5.989) 473269.7 1. 956) 

10 455003.3 427268.8 (-6.095) 462831.0 1. 720) 

15 391467.7 366298.5 (-6.429) 395688.9 1.078) 

20 113583.5 105549.8 (-7.073) 113555.0 (-0.025) 

1.05 0 237062.9 252597.4 6.553) 263078.8 (10.974) 

5 235246.8 250536.5 6.454) 260525.5 (10.699) 

10 215317.5 228345.3 6.050) 236268.7 ( 9.730) 

15 152590.5 160948.0 5.477) 165554.8 8.496) 

20 31716.0 33263.4 4.879) 34036.8 7.317) 
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7. Concluding Remarks 

By using diffusion approximation, we have investigated some basic proper

ties of the first overflo~l time in a general queueing system. The d.£. and 

the first two moments of the first overflow time have been derived in the 

L.S.T. and explicit forms, respectively. For the case of Poisson arrival 

and/or small N, these results have been corrected by modifying the boundary 

condition at the origin. It is noted that under the heavy traffic condition, 

the solutions by diffusion approximation converge to those by fluid approxima

tion. These results have been applied to the analysis of the maximum number 

of customers in the GI/G/1(oo) queueing system. The L.S.T. of its d.£. and 

the 1. T. of its mean have been derived. It is shown from numerical results 

that they are fairly accurate in the heavy traffic. 

It is of interest to extend the model to many server queueing system. It 

seems that the extensio:~ is not so difficult theoretically, since for many 

server system, it is only necessary to vary the diffusion parameters a and 

b appropriately [15]. It becomes, however, difficult to solve explicitly the 

corresponding differential equations because of spatial nonhomogeneity. 
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Appendix 

Derivation of (3.14) 

Let ml(xO) denote a solution of the homogeneous differential equation 

1 d
2
ml ciml 

(A. 1) "2 a -- + b - = o. 
d x~ dxO 

IVhen b -F 0, by the usual quadrature we obtain 

(A.2) 

where Al and Bl are arbitary constants. Upon choosing ml(xO) = - xO/b 

as a particular solution of (3.11) for n = 1, a general solution of (3.11) 

is given by 

(A.3) 

Applying the boundary condition (3.12) to (A.3), we have 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Diffusion Approximation for GI/G/l Queues: 1 65 

(A.4) 

Substituting (A.4) in (A.3) and the boundary condition (3.13) lead to 

(A.S) 
1 a 

Al " b {2b exp(-2bN/a) + NL 

From (A.3), (A.'+) and (A.S), we obtain the desired result for b" O. 

When b = 0 in (A. 1) , it follows easily that 

(A.6) m
l 

(;C
O

) 1 2 - a Xo + ClxO + Dl , 

where Cl 

(3.12) and 

and Dl 

(3.13) 

are arbitary constants. 

to (A.6) yields Cl = 0 

b = O. 0 

Applying the boundary conditions 

and Dl = N2 1a, and hence we 

obtain (3.14) for 

Derivation of (3.15) 

Let m
2 

(x
O

) denote a homogeneous so:~ution of (3.11) for n = 2. When 

b ,,0, it is clear that m2(xO) has the same form as (A.2), that is, 

(A.?) m2(;c O) = A2 + B2exp(-2bxo/a) , 

where A2 and B2 are arbitary constants. Assume the form of a particular 

solution of (3.11) for n = 2 as 

(A.8) 

where p, q and rare arbitary constants. Substituting (A.8) and (3.14) in 

(A.9) 
dm2 -- = 

and comparing the coefficients of each term of Xo in both sides, we have 

(A.lO) 

p 

q 

1/b 2 

- a{l + exp(-2bN/a)}lb 3 
- 2N/b 2 

Hence, a general solution of (A.9) is giv,an by 

(A. 11) m2(xO) = A + B exp(-2bx la) .- 1.2 X (2N - x ) 
2 2 0 bOO 

+ % {I + exp(-2bNla) + exp(-2bxola)}). 

Applying the boundary condition (3.12) to (A.ll), we have 

(A.12) 

Substitution of (A.12) in (A.ll) and the boundary condition (3 .13) l~ad to 

(A.13) A2 = -ba3 (3N + 2ab {2 + exp(-2bNla)})exp(-2bNla) + ~ + aN 
b 2 b 3 

From (A.ll), (A.12) and (A.13), we obtain the desired result for b" O. 

T..Jhen b = 0 in (A. 9), it follows easily that 
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(A.14) () 1 4 222 m
2 

Xo = -- x - -2N x + C
2

x
O 

+ D
2

, 
3a2 ° a ° 

where C2 and D2 are arbitary constants. 

(3.12) and (3.13) to (A.14) yields C
2 

= 0 

obtain (3.lS) for b = O. 0 

Derivation of (4.9) 

Applying the boundary conditions 

and D2 = SN 4/3a 2
, and hence we 

Hhen b f. 0, for n = 1 the general solution of (3.11) has the follow

ing form given by (A.3): 

(A. IS) 

where A3 and B3 are arbitary constants. Applying the boundary condition 

(4.8) to (A.lS), we have 

(A.16) 1 1 1 
B = -=--__ c-:'--=-~_:_ ( '" - -b ). 

3 1 - exr(-2b/a) A 

Substitution of (A.16) into (A. IS) and the boundary condition (3.13) lead to 

(A. I?) 
N 111 

A3 = b - 1 - exp(-2b/a) (I - b )exp(-2bN/a). 

From (A.lS), (A.16) and (A.17), we obtain the desired result for b I 0. 

vlhen b = 0, it follows from (A.6) that ml (xO
) has the form: 

(A.18) 

where C3 and D3 are arbitary constants. Applying the boundary conditions 

(4.8) and (3.13) to (A.lS) yields C
3 

I/a 1/:\ and D3 = N{(N - l)/a + 
l/:\}. Hence we obtain (4.9) for b = ° from the relations b = :\ - IJ and 

P = :\/)1. 0 
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