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Abstract In many situations, it may be more economical to use a used unit than to do a new one. This paper 

considers an age replacement policy and a periodic replacement policy with minimal repair at failure for a used unit 

of age x. We discuss optimum replacement policies which minimize the expected cost rates for a specified age x. 

Further, we obtain an upper bound of an optimum time for an age replacement model and an optimum age of a used 

unit for a periodic replacement model when the replacement time is previously specified. 

1. Introduction 

Failure of a unit during actual operation is sometimes costly or danger

ous. It is important to maintain the operating unit preventively before 

failure (e.g., inspection, overhaul, repair or replacement if needed). Many 

replacement and maintenanc,= policies have been studied by many authors, e.g., 

[1, 5]. 

In the earlier contributions, almost all models discussed the optimum 

policies for a new unit, Le., a new unit begins to operate at time 0, and 

any units which operate successively are as good as new after repair or re

placement. However, it may be better to operate a used unit than to do a new 

one in the case where the cost of a used unit is much less than a new one. 

Of course, this would depend on the performance of a used unit. Bhat [2] 

considered the replacement policy by a new unit at regular intervals of time 

and by a used unit at failure. 

This paper considers two replacement models for a used unit of age x, 

which is replaced by one of identical units of the same age x in the following 

policies [1]: 

1. Age replacement; a unit is replaced at failure or at time to after instal-
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lation, Vlhichever occurs first. 

2. Periodic replacement with minimal repair; a unit is replaced at times kT 

and undergoes a minimal repair at failure. 

In this paper, we adopt the "expected cost rate" as the appropriate ob

jective function, introducing the cost cO(x) of a used unit of age x. W,= ob-

* * tain optimum replacement times to and T which minimize the expected cost 

* rates for a specified age x. Further, we obtain an upper bound of to for 

* model 1, an optimum age x of a used unit for model 2 when T is specified, and 

moreover, we consider the modified model of periodic replacement suggest,=d by 

Muth [4J. Several examples are presented. 

2. Age replacement policy 

Consider a used unit of age x (0 < x < 00) which is replaced by a unit of 

the same age upon failure. Assume that: the failure time distribution of a new 

unit of the same type is an arbitrary I'(t) with finite mean A. Then, the 

failure time distribution F(t!x) of a llsed unit of age x is, from [lJ 

F(t+x) - F(x) 
(1) F(t!x) _ for F(x) < 1, t > 0, 

F(x) 

where F _ 1 - F, and the mean residual life A(x) of the unit is 

(2) A(x) _ foo F(t)dt!F(x) 
x 

for F(x) < 1. 

Let cO(x) be the acquisition cost of a used unit of age x and cl be all 

costs resulting from the failure. Then, the expected cost rate until failure 

is easily given by 

(3) C(x) 

[co(x) + clJF(x) 

foo F(t)dt 
x 

for 0 < x < 

Next, consider an age replacement policy for a used unit of age x, where 

x is previously specified. The unit is replaced at failure or is exchanged 

when it operates for a planned replacement time to (0 < to ::: 00) without fail

ure. Then,JY a similar argument of obtaining (3), the expected cost rate is 
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(4) 
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co(x) + ClF(toi x ) 

to 
f 0 F(t+x)dt/F(x) 

It is eviden t that lim C (to; x) = 00 and lim C (to; x) = C (x) in (3). Further, 
to+O to+OO 

if x = 0 then C(to;O) is coincident with that of [1, p. 87), by replacing 

cO(x) and cl in (4) into c 2 and cl - c
2

' respectively. 

* We seek an optimum planned replacement time to which minimizes C(to;x) 

in (4) for a fixed x > O. 

Suppose that the failure time distribution has a density f. Let r(t) = 
f(t)/F(t) be the failure rate and there exists the limit of r(oo) = lim r(t). 

t+oo 

Then, differentiating C(to;x) with respect to to and putting it equal to zero 

yield 

(5) 

Thus, if the failure rate dt) is monotonely increasing and 

(6) 
[1 + cO(x)/cllF(x) 

r(oo) > 

fOO F(t)clt 
x 

* i.e., r(oo) > C(x)/c
l

' then there exists a finite and unique to which satisfies 

(5), and the expected cost rate is 

(7) 

Further, from the assumption that r(t) is monotonely increasing, we easily 

have the inequality 

(8) 

Thus, if there exists a to satisfying r(tO+x) = C(x)/cl ' i.e., 

(9) F(x) 

3 
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* * then to < to' which is the upper limit of to' In this case, it is easily 

shown that to 

C(x)/c l · 

is finite and unique since r("') > C(x)/c
l 

and r(x) < l/A(x) < 

If r(t) is monotonely increasing and r("') ::: C(x)/c
l

, or r(t) 

* increasing, :hen C~(to;x) ::: 0 and hence, the optimum policy is to 

Example 1. 

is non-

+ '" 
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Suppose that F(t) = (1 + at)e-
at

. Then, the failure rate r(t) is mono-

tonely increasing with r(O) o and r (0') = a. Thus, from the above results, 

if Co (x) ::: c
l

/ (1 + ax) then we should flake no planned replacement. If Co (x) 

* < cl/(l + ax), we should adopt a planned replacement time to which satisfies 

uniquely the following equation: 

and 

-at 
atO - (1 - e 0) 

1 + a(to + x) 

Co (x) (1 -- ax) 

* (1 + ax)[cO(x) + cl] 
to + x < 

a[c l - (1 + ax)cO(x;] 

3. Periodic replacement with minimal repair 

In the first model, we have assumed that a unit is replaced when it fails 

before a planned replacement time to' However, for more complex systems, it 

is costly to replace or overhaul systems for any intervening failures. ';.le 

should repair failures as quickly as possible. From the point of view, model 

2 has the fo:_lowing assumptions [1]: 

(i) A unit is replaced or overhauled at times kT (k = 1, 2, •.. ; T > 0). 

(ii) A unit undergoes only minimal repair at failures between planned replace-

ment, and the failure rate remains undisturbed by the minimal repair. 

For instance .. a complex system fails for failure of a single component hI the 

system. The failed component is replaced and the system begins to operate 

again. In this case, the system after the replacement has the same failure 

rate as before the replacement, due to the aging of the other components. 

Holland and McLean [3] gave a practical procedure for the policy to pieces of 

equipments, as examples of large motors and small electrical parts. 

The expected cost rate for a used unit of age x is, by the method similar 
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to [1, p. 96], easily given by 

(10) e(T,x) 

where Cz is the cost of minimal repair. 

Suppose that x is constant and previously specified. Then, differenti

ating e(T;x) with respect to T and setting it equal to zero, we have 

(ll) fT+x (t - x)dr(t) 
x 

Thus, if r(t) is monotonely increasing and f~ tdr(t+x) > cO(x)/c
Z

' then there 

* exists a T uniquely which minimizes e (T; x) in (10), and the expected co.st 

rate is 

(lZ) * e(T ;x) 

Next, consider the problem that it is the most economical to use a unit 

of what is the age. Suppose that x is a variable and inversely, T is con

stant, and cO(x) is differentiable. Then, differentiating e(T;x) with respect 

to x and setting it equal to zero imply 

(13) r(T+x) - r(x) = -c6(x)/cz' 

which is a necessary condition that a finite x minimizes e(T;x) for a fixed T. 

Example 2. 
-ex - _atm 

Suppose that cO(x) = cOe and F(t) = e (m > 1), which is a Weibull 
rn-I 

mat distribution with a shape parameter rn, and the failure rate is r(t) 

Then, from (11), we have 

(14) rn-I m m 
mT(T + x) - (T + x) + x 

which is monotonely increasing in T, taking the values from 0 to infinity. 

* Thus, an optimum T exists uniquely, which satisfies (14). 

Further, from (13), 

(15) [ (T ) m-l m-I] ex + x - x e 

h h " 1""" ki h 1 f Tm- l "f"" w ic lS monotone y lncreaSlng In x, ta ng t e va ues rom to In lnlty. 
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Thus, 

(i) if T
m

-
l 

< (c
O

B)/(mac
2

) then an optimum x* exists uniquely, which satis

fies (15), 

(ii) if T
m

- l ~ (c
O

S)/(mac
2

) then x* = 0, i.e., we should use a new unit. 

Next, consider the particular case of m = 2. Then, from (14) and (15), 

* * the respective optimum times T and x are given by, explicitly, 

* T 

* x 

-Bx]1/2 e , 

1 
log 

S 2ac
2

T 

Further, sUPFose that both x and T are variables. Then, from (14) and C:~5), 

Thus, 

(i) 

(H) 

2 -Bx ac
2

T cOe 

2ac
2

T = caSe 
-Bx 

,~ 

T = 2/S and 
2 * if 4ac

2 
> cOB then x 0, 

1 
2 

2 * cOB 
if 4ac

2 
< cOB then x log 

e 4ac
2 

We give the numerical examples where cO/c2 = 5, m = 2, and 

* 
1/0. 10,000. 

Table 1 showE: the optimum replacement time T of a used unit of age x and the 

* optimum age x for a planned replacement time T, when l/B = 50. Further, 

* * Table 2 sho\-rs the optimum replacement time T and the optimum age x , both 

of which are variables, for a discount factor B. It is noted that, in par

ticular case of l/B = 50, the results coincide with those of Table 1. 

Finally, consider the following modification of periodic replacement with 

minimal repai.r suggested by Muth [4]: 

(i) A unit i.s replaced when it fails for the first time after time T (T > 0). 

(ii) A unit undergoes only minimal repair at failure before time T. 

Then, the expected cost of a used unit of age x is easily given by 

(16) Cr2;x) 
co(x) + Cl + c2f~+x r(t)dt 

T + A(T+x) 
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* Table 1. Body of the table gives the optimum replacement time T for the age 

* x of a used unit and the optimum age x of a used unit for a planned 

replacement time T, where c
O

/c
2 

= 5, m = 2, l/a = 10,000, and 1/8 = 

50. 

age of optimum replacement replacement optimum age 

* * unit x time T time T x 

0 224 20 161 

10 202 40 116 

20 183 60 106 

40 150 80 92 

60 123 100 80 

80 100 120 71 

100 82 140 64 

120 67 160 57 

140 55 200 46 

* Table 2. Body of the table gives the optimum replacement time T and the 

* optimum age x oE a used unit for a discount factor 1/6. 

discount factor optimum replacement optimum age 

* * 1/6 time T x 

20 40 69 

40 80 82 

50 100 80 

60 120 75 

80 160 54 

100 200 22 

120 240 0 
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where cl is the cost suffered for the failure and >"(x) is defined in (2). It 

is evident tiat C(O;x) = C(x) in (3). 

Suppose that x is previously specified. Then, differentiating C(T;x) 

with respect to T and setting it equal to zero, we have 

T 
(17) 

>.. (T+x) 
fT+x r(t)dt 

x 

Assume that ::O(x) + cl > c 2 and r(t) is monotone1y increasing. Then, if a 

solution to (17) exists, it is unique. For, denoting the left side of (17) by 

heT) and differentiating it with respe'~t to T, we have 

1 T 
(18) h'(T) [ - r(T+x)] [1 + ] > 0, 

>..(T+x) >"(T+x) 

since 1/>.. (T+x:) > r(T+x) by the assumptions. If cO(x) + Cl :: c
2 

then C' (T;x) 

< 0, i.e. , we should replace a unit only at failure. 

4. Conclusions 

We have considered two replacement models of a used unit and obtained 

the optimum policy which minimizes the expected cost rate of each model. In 

the example, we have obtained both optimum replacement time and optimum age 

of a used unit, when both are variables. These results would be useful in 

practical cases such that we have to serve a used unit or it is more econom

ical to adopt a used unit than a new orre. 

In the examples, we have only considered two simple functions of cO(x), 

however, we could apply to more general functions of cO(x), e.g., cO(x) = 

coexp(-exS) (S > 1) and 

o otherwise. 

Moreover, if we introduce a net resale value eO(x) of a used unit of age x, 

which is exchanged at a planned replacement, the equations (4) and (10) are 

rewritten as, respectively, 

(19) 

(20) C(T;x) 

cO(x)F(x) - eO(tO+x)F(tO+x) + cl[F(tO+x) - F(x)] 

to 
fO F(t+x)dt 

cO(x) - eO(T+x) + c/~+x r(t)dt 

T 
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Further, we can consider other maintenance policies of a used unit, e.g., 

a preventive maintenance policy [5] and a block replacement policy [1, p. 95]. 

The discussions in this paper could be applied to such policies. 
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