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Abstract Consider the following replacement problem with trade-in. Suppose a system must operate for T time 

periods. There is an essential component of the system whose failure results in the failure of the system. There are 

n alternative types of components. The failure distribution for type i component is assumed to be exponential with 

rate Ai. If type i component is replaced by type j component, replacement cost C(i, j) is incurred. The dependency of 

the replacement cost on the failed component as well as a new component to replace the old one implies that the failed 

component has some trade-in value or salvage value. The problem is to determine an optimal policy for the purchase 

of a new type of component supposing type i component has just failed with t time periods remaining. Some properties 

of the optimal policy are discussed under the assumption that C(i, j) has some cost structure such as a sub modular 

function. In particular if C(i, j) is additive, an explicit form of an optimal policy is derived. The model is then extended 

to multi-component coherent systems where it is shown that for most of the cases the results obtained for single

component system can be directly applicable. 

1. Introduction 

Machine replacement problems have been fully investigated, and much effort 

has been focus sed on finding simple maintenance rules so that we can easily 

handle the maintenance systems (see for example [1],[3]). In these replacement 

models, it is usual to assume that old machines or components are discarded 

when they are replaced with new ones. However we often encounter the case 

where an old item can be traded-in on the purchase of a new item (and the 

replacement cost is the price of a new item minus the traded-in value of the 

replaced item). Suppose there are several alternative types of components. 

Then the selection of an optimal type of a new component may not be simple. 

Consider the following problem. Suppose a system must operate for T time 

periods. There is a special component or a part of the system whose failure 

results in the failure of the system (for example, an automobile as a system, 
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A Replacement Problem with Trade-In 225 

and a wheel tire or a battery as its component, or a record player of a stereo 

component system). Therefore, whenever a component fails to operate, it must 

be replaced with a new component at once. Now suppose there are n alternative 

types of components. The failure distribution for type i (1 S; i s; n) is assumed 

to be exponential with rate Ai. If a type i component is replaced with a type 

j component, the replacement cost CU,j) is incurred when the replacement action 

is taken. This assumption is a slight generalization of Derman et. a1. 's model 

[2], where the replacement cost depends only on j. We want to determine the 

best policy for the purchase of a ne~ type of component supposing type i compo

nent has just failed with t (0 s; t s; T) time periods remaining. 

Let V(t,i) (i E A = {l, , nJ, 0 S; t S; T) be the additional expected 

cost incurred under the best policy when the system must operate for an addi

tional amount of time t if type i component fails with t time to go. Then 

(V(O,i) 0), 
t -A oX 

min {C(i,j) + r V(t-x,j)A.e J dx} , i E A, 0 < t S; T. 
jEA JD J 

(1.1) V(t,i) 

In the following sections we determine the form of an optimal policy when 

the replacement cost C(i,j) has some structure such as an additive function or 

a submodular function. 

Thus far the system consists of ,:me essential component. The last section 

treats the case where the system involves more than one component and has some 

coherent structure, and it is seen that in most cases the results obtained for 

the single component system directly applies to these more complicated systems. 

2. Example 

When a component is replaced with another component, several situations 

on the trade-in costs are to be considered depending on the characteristics of 

the components or the sales policies of their manufacturing and/or marketing 

companies. We explain some of the typical cases which seem to be practically 

important and easy to be handled. 

Example 1. (additive cost function) 

(2.1) C(i,j) = - f(i) + g(j) , i, j E A c R, 

where g(j) is the cost of purchasing CL type j component, and f(i) is the trade

in value of a type i component. In this additive cost case it is assumed that 

the trade-in value of a failed component is independent of the type of component 

to be purchased. 
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226 Y. Hatoyama 

The above example is intuitively appealing because of its simplicity, and 

the case will be fully investigated later. In practice, however, the independ

ence of the trade-in value of a failed component from the type of component to 

be purchased can be too restrictive. We often encounter the case where a 

salesman of a company buys his own products with higher trade-in values when 

he sells new products than those manufactured by other companies. It seems 

then, there exists a difference in the closeness or exchangeability between 

components. That is, failed components which are close to the component to be 

purchased can be traded-in with higher values, and those which are not close to 

it are traded-in with lower values. The following function is introduced to 

take the concept of closeness into consideration. 

Consider a real valued function [ on S x T where S c Hand T c H. Then 

[ is called submodular[5] (strictly submodular) on S x T if 

"'aT [(s,t)= [(a,T) - [(a,t) - [(S,T) + [(s,t) :<; 0 « 0) 

for any s, 0 ." S, t, T E T such that (s - a)(t - T) > O. 

[ is called supermodular (strictly supermodular) on S x T if -f is submodular 

(strictly submodular) on S x T. An additive function as in Example 1 is both 

submodular and supermodular. Notice that submodularity of [ is equivalent to 

:<; 0 for s E S, t E T, 

if [ is twice continuously differentiable on S x T and S, T are open intervals. 

Example 2. (submodular cost function) 

(2.2) C(i,j) = - [(i,j) + g(j) , i, j E A c H, 

where g(j) is as before and the trade-in value [(i,j) of type i component 

depends on the type j component which buys it, and is assumed to be super

modular. The supermodularity of [ implies the submodularity of C. 

As an illustration, consider 3 types of components 1, 2, and 3, where type 

1 and type 3 are not close and unable to be traded-in each other. The necessary 

and sufficient condition for [ to be supermodular is 

(2.3) 

(2.4) 

[(i,i) + [(2,2) ~ [(i,2) + [(2,i) i 1, 3, 

min {[(2,1) + [(3,2), [(1,2) + [(2,3) } ~ [(2,2). 

(2.3) is usually satisfied since it is natural to think that a component can 

be traded-in with the highest value when it is purchased by the company who 

produces or sells it. In other words, it is natural to assume that for any 

j E A, f(i,i) ~ [(i,j). (2.4) holds when any trade-in value of any component 

is not less than one half of the highest trade-in value among all, which seems 
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not too restrictive. 

If the closeness between components of type i and j is a function only of 

i-j, we let 

4>. ·=f(i,j), 
z--J 

and the necessary and sufficient condition for f to be supermodu1ar is that 4> 

is concave in the appropriate domain. The concavity of 4> implies that as the 

distance between components to be traded approaches to zero, its trade-in value 

saturates, while its value decreases in acceleration as the distance between 

them gets apart. 

The above examples implicitly aSBume that the trade-ins between components 

are acceptable (with positive trade-in values), with the exception of possibly 

a pair of components. In the actual eases, the sales strategies or whatever 

of a manufacturing company may often limit the types of used components which 

the salesmen can trade-in with their components. Some companies accept a type 

of component with a positive trade-in value, while others reject and throwaway 

the same type of component when a new type of component is purchased. Next two 

examples deal with such a situation. 

Example 3. (trade-in acceptable set) 

{ 

- f(i) + g(j) for j e A(i), 
(2.5) C(i,j) = 

g(j) otherwise, 

where f and g are as in Example 1, and A(i) c A represents a set of types of 

components which accept type i component with a positive trade-in value f(i). 

A(i) = {i} implies the case where a type of component can be traded-in only if 

the same type of component is purchased, while A(i) = A implies that it can be 

traded-in no matter what the purchased component may be. 

As a particular case of the abOVE! example, consider the fo11owings: 

Example 4. (exclusive groups) 

A market is divided into several exclusive groups Ak (k = 1, ..• , K). 

If two types of components are in the same group, they are cooperative, but if 

they are not in the same group, they are competitive. That is, two types of 

components ean be traded-in each other if and only if they belong to the same 

group. Mathematically, for i EA, j e A 
m n 

{

- f(i) + g(j) 

g(j) 

if m = n, 
(2.6) C(i,j) 

otherwise, 

K 
where V Ak 

k=l 
A and A n A 

m n 4> for m ;t n. 
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228 Y. Hatoyama 

In the following sections each example will be taken into consideration, 

and some simplification on the algorithm for computing an optimal policy to 

each case will be discussed. 

3. Optimal Policies and Computational Aspects 

In this section some properties on the optimal decisions and the corres

ponding optimal costs of the functional equation (1.1) of the renewal decision 

model are discussed. 

Proposition 1. If C(i,j) ~ 0 for all i, j E A, then V(t,i) is continuous 

and nondecreasing in t > 0 for all i E A. 

Proof: Nondecreasing property of V in t is obvious by definition and the 

nonnegativity of C(i,j). Suppose type i component fails when t time units to 

go and type j component is optimal to replace it. Then for any E > 0, 

V(t,i) ~ V(t+€,i) 
t -A oX 

< C(i,j) + J +£·V(t+€-X,j)A. e J dx. 
o J 

Now 

[
tIE. 

C(i,j) + V(t+€-X,j)A. e 
o J 

-A oX 

J dx - V(t,i) 

f. 
t -A. (x '+E) J.t -A oX 

V(t+€-X'-€,j)A. e J dx' - V(t-X,j)A. e J dx 
-£ J 0 J 

-A.€ f.t 
(e J - 1) V(t-X,j)A. 

o J 

-A oX lE. -A .x 
e J dx + V(t-X+€,j)A. e J dx. 

o J 

The first term converges to zero when t + +0. For the second term, 

J
E -A oX LE -A oX 

o ~ V(t-x+€,j) A . e J dx ~ V(t+£,j) A. e J dx 
o J 0 J 

-A .£ 

= V(t+€,j) (1 - e J ). 

Hence the second term also goes to zero if € + +0, yielding that 

1im V(t+€,i) = V(t,i) 
€++O 

Similarly we can show that 

Hm V(t+€,i) = V(t,i) 
€+-O 

i E A. 

i E A, 

which gives the continuity of V in t > O. 0 

Suppose type i component: has just failed with t time units remaining, and 

that using type j component is uniquely optimal. Then V(t,i) is differentiable 
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at t and 

d d It -A .x 
-- V(t,i) = - {C(i,j) + I'(t-x,j) A ,e J dx} 
dt dt 0 J 

(3.1) 

= Aj(V(t,j) - V(t,i) + C(i,j)). 

If V(t,j) - V(t,i) does not depend on t for any i, j E A, the derivative is 

independent of t, and the curve of V(t;,i) becomes piecewise linear in t > 0 

229 

for each i I, A. In general, however, the piecewise linearity of V cannot be 

assured as is clear from (1.1). Suppose more than one types are optimal, say 

j1' ... , jM are optimal to replace a failed type i component with t time units 

remaining. If j (1 ~ m ~ M) is used at t, the right derivative of V(t,i) m 
equals the r. h. s. of (3.1) with j replacing j. Hence choosing type j* m m 
component such that 

j* = arg min A
J
' (V(t,j ) - V(t,i) + C(i,j )) 

m '<'<. m m m J1-Jm-JM 

is uniquely optimal for any T E (t,t+E) for some positive E. 

Now return to the situation where, type i* (j*, respectively) component 

optima11y replaces type i (j, respectively) component upon failure with t time 

units remaining. Then, 

V(t,i) I
t -Ai*X 

C(i,i*) + V(t-x,i:*) A '* e dx o "L-

it -A ,*x 
~ C(i,j*) + V(t-X,.j'*)A '* e J dx, 

o J 

and 

V(t,j) I
t -A ,*x 

C(j,j*)+ V(t-x"j'*)A,*e J dx 
o J 

it -Ai*X 
~ C(j ,i*) + V(t-x,I*) A '* e dx, o "L-

which gives the following lemma. 

Lemma 1. Assume that using type i* (j*, respectively) is optimal 1,vhen 

type i (j, respectively) component fans with t time units remaining. Then 

the following inequality holds on the cost function: 

(3.2) C(i,i*) + C(j,j*) ~ C(i,j*) + C(j,i*). 

Lemma 1 simplifies the algorithm to find an optimal policy since w,= only 

have to check those types of components j*'s satisfying the inequality (3.2) 

as a candidate for the optimal type of component replacing type j component 
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instead of examining all types of components in A if we have the additional 

information that type i* component is optimal to replace a failed type i 

component. Lemma 1 leads to the following statement for a strictly submodu1ar 

cost function C as is seen in Example 2. 

Theorem 1. Assume that i* and j* satisfy the statement in Lemma 1. 

Furthermore, suppose that C(i,j) is strictly submodu1ar on A x A. Then i < j 

implies i* $ j*. 

Proof: Suppose i < j and i* > j*. Then by the strict submodu1arity of C, 

C(i,i*) + C(j,j*) > C(i,j*) + C(j,i*) , 

which contradicts the inequality (3.2). o 
The knowledge of C being submodu1ar further simplifies the algorithm to 

determine the optimal selection of a type of component to be used. If C is 

strictly submodu1ar, after we calculate the optimal type of component to replace 

a failed type i component, say i* to replace i, the search for the optimal type 

to replace a failed type j (j ~ i) component then can be restricted to those 

k's satisfying k ~ i* if i < j and k $ i* if i > j. 

Fix a time period T > O. Let i + j imply that type j component is optimal 

to replace a failed type i component with T periods remaining. Then for each 

T > 0, a directed graph showing the optimal selection of the type of component 

can be drawn, which will vary as T varies (see Fig. 1). If i + j (i ~ j), 

then i is called transient, and if i + i, i is called absorbing. A loop is a 

sequence of transient states (iO' i 1 , 

--+ ••• -+ 

, i ) (m ~ 2) such that m 

Corollary 1. If the cost function C is strictly submodu1ar on A x A, 

there exists no loop in the graph representing the optimal selection of the 

type of components for each T > O. 

~ 
3 5J C1~3 5 

~/ i\ 
424 

T=1 T= 2 T=10 T=20 

Figure 1. An Example of Time Varying Directed Graphs. 
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Proof: Suppose there exists a loop (iO' i l , ... ,im). Then by using 

the submodularity of C, 

or > ••• > i 
m 

231 

by Theorem 1. In either case, iO ~ i , which contradicts the presumption that 
m 

(i
O

' i l , •.. , i m) is a loop. o 
From Corollary 1, the strict sublDodularity of C on A x A guarantees at 

least one absorbing state in the graph for each T. As A. is the failure rate 
J 

of type j component and C(j,j) is the replacement cost of type j component with 

the same type of component, A.C(j,j) .is the expected cost per period of staying 
J 

in state j while j is an absorbing state. Hence, if type j* component satisfy-

ing 

A .C(j ,j) 
J 

is unique, j* will be the only absorbing state for a sufficiently large T 

under the condition that C(i,j) < ex> for i, j E A. This is equivalent to saying 

that type j* component will be eventually used under the optimal policy for a 

sufficiently long period problem. This argument is, in general, not true when 

the strict submodularity of C is removed. Consider an example with only two 

types of components, 1 and 2. If C(1,2) = C(2,1) = 0 and C(l,l) = C(2,2) = 1, 

then it is clear that 1 + 2 and 2 + 1 for any T, and hence there is no absorbing 

state in this case. 

Now let us take Examples 3 and 4 into consideration. When a component 

fails and must be replaced, not all the types of components necessarily accept 

that failed type of component with a positive trade-in value. A(i) represents 

the set of types of components which accept type i component. Suppose type 

i* (j*, respectively) component optimally replaces type i (j, respectively) 

component. Then using Lemma 1 and examining all the combinations, we easily 

obtain the following relation between i* and j*. 

Theorem 2. Suppose the cost structure is as is shown in (2.5). Then, 

{ MO)' u A(j) if f(i) ~ f(j) , 
i* E A(i) n A(j) implies j* E 

A(J) if f(i) < f(j), 

i* E A(i) n A(j)c implies j* E A, 

i* E A(i)c n A(j) implies j* E A (i) I~ n A(j), 

• ~ A00)' " A(I) if f(i) ::; f(j) , 
i* E A(i)c n A (j) c implies j* 

A(-Oc if f(i) > f(j)· 
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Therefore if the cost structure is as is given in Example 3, the above theorem 

contributes to the simplification of the algorithm to determine the optimal 

selection of a type of component to be used. That is, if an additional 

information that i + i* is obtained, the search for the optimal type of compo

nent to be used when any other type of component, say j (j ~ i), fails can be 

restricted to those types which j* belongs. For example, suppose i* E A(i)nA(j), 

namely suppose i* is a type of component which accepts both types i and j 

components. Then j* belongs to the types of components which accept type j 

component with a positive trade-in value if the trade-in value for type j 

component is higher than that for type i component. Otherwise j* can be, in 

addition, a type of component which does not accept type i component. The most 

effective information on the search for j* is that i* is a type of component 

which accepts type j component but does not accept type i component. In that 

case j* has the same property as i* has, i. e., j* E A (i) c n A (j) . 

Example 4 is a special ease of Example 3, and hence Theorem 2 can be 

transformed into the following statement by setting A(i) = Am if i E Am. 

Corollary 2. Suppose the cost structure is as is shown in (2.6). Then 

if i E A and J. E A 
m m' 

{ :m 
if f(i) 

i* E A implies j* E m 
if f(i) 

{ :m' 
if fU) 

i* E A c implies j* E m 
if f(i) 

and if i E Am and JEAn (m " n), 

i* E A implies j* E A, m 

i* E An implies j* E An' 

:2: fU) , 

< fU), 

:0; f(j) , 

> fU) 

i A if f(i) :0; f(j), 
i* E A c n A c implies j* E 

m n I~ Amc 
if f(i) > f(j). 

In the case where both types of components i and j are in the same cooperative 

group, j* can be found in that group if i* is also in that group and the trade

in value of a type j component is higher than that of a type i component. If 

i* is not in that group and furthermore if the trade-in value of a type j 

component is lower than that of a type i component, then j* cannot be in that 

same group. Consider the situation where types i and j components are competi

tive and not cooperative. It is reasonable that the knowledge that i* and i 

are cooperative will not give any information on the selection of a type of 

component when a type j component fails to operate. However, if i* and j 
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belong to the same group, then a type of component selected when a type j 

component fails to operate can be found in that group. In other words, if 

competitors select us, we should select ourselves. 

Finally we will briefly discuss about the actual computation of the 

equation (1.1). The calculation of the optimal costs in (1.1) can be performed 

by the discrete approximations of the continuous time variable. Letting 

~t = T/K where K is the number of steps, we obtain recursively for all ~~ E A, 

the approximations: 

(3.3) min {C(i,j) + 
jEA 

k 
~·t I v( t k- l ,j) A • 

l=O J 

k 

where tk = k~t and the initial values of V are 

V(O,i) == lim V(t,i) 
t++O 

min C(i,j). 
jEA 

-A.t
l e J } 

0, 1, ... , K-l, 

The accuracy of the approximations depends heavily on the length of ~t. 

Round-off and truncation error limit the choice of small values of ~t. In 

(3.3) minimization is taken over all J's in A, but Lemma 1 shows that the 

minimization over the set 

i 1, 

{

A, 

S= n{jEAIC(i,j) 
l<i 

- C(l,j) ~ C(i,l*) - C(l,l*), l + l* at t k }, i > 1, 

is sufficient. If C is strictly submodular, Theorem 1 can be utilized to 

further simplify the above set to 

r i 1, 
S -

n{j E A I j ~ l*, l + l* at t
k

}, i > 1. 
l<i 

Similar argument can be made for the cost structure (2.5) in Example 3 or 

(2.6) in Example 4. The former makes use of Theorem 2, while the latter makes 

use of Corollary 2. 

The derivatives of V in (3.1) can also be used to reduce the number of 

steps on the calculation of the optimal cost. Suppose i + j with t remaining. 

Then if the cost of replacing i with ~: (k ~ j) at t is greater than the sum of 

the cost of replacing i with j at t an:l the increment of V(t,i) in ~t, k is 

not optimal even at t+~t. In other words, j is also optimal at t+~t if 

J
t -A x 

min{C(i,k) + 0 V(t-X,k)A
k 

e k dx}- V(t,i) > MAj(V(t,j) - V(t,i) + C(i,j». 
k~j 
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These techni'ques of reducing the number of computational steps have been 

shown effective in most cases by the digital computer simulation. 

4. Additive Case 

In the following, the cos t function is assumed to be addi ti ve, i. e . , 

C(i,j) Cl (i) + C
2
(j), i, j E A. 

This seems to be a natural assumption to our replacement problem with trade-in 

since, as in Example 1, if the trade-in value of any type of a failed component 

does not depend on the type of component to be purchased and to replace the 

failed component, the cost for the replacement can be represented as the price 

C2(j) (= g(j) in Example 1) of a type j component to be purchased minus the 

trade-in value -Cl (i) (= f(i) in Example 1) of a failed type i component. 

4.1. Case where survived components are discarded 
By formulating the replacement model as (1.1), we implicitly assume that 

survived components are just thrown away without any value. This would be 

reasonable if we consider that a trade-in of a used component is acceptable 

only when a new component is purchased. For the additive cost function C, 

(1.1) becomes, for i E A and t > 0, 

(4.1) U(t,i) 
-Lt Jt ->..x 

min{C
2
(j)+C

l
(j)(1-e J)+ U(t-x,j)Le J dx } 

jEA 0 J 

where 

U(t,i) ~ V(t,i) - Cl(i), i E A, t ~ 0. 

Notice that the right hand side of the equation (4.1) is independent of i, hence 

(4.2) U(t,i) ~ U(t) for any i E A, t > 0, 

or equivalently, 

Theorem 3. If the cost function C is additive, the optimal replacement 

policy is independent of the type of component to be replaced. 

Therefore the functional equation can be simplified to 

(4.3) U(t) 

where 

(4.4) C*(j,t) 

i
f ->..x 

min {C*(j,t) + U(t-x)>.. e J dx} , 
jEA D J 

t :> 0, 

-Lt 
C

2
(j) + Cl(j)(l - e J), j E A, t > 0. 
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For this additive case Proposition 1 implies that under the assumption: 

Assumption: ~ - min Cl (j), 
jEA 

U(t) is a nondecreasing, continuous function of t for t > O. The above assump

tion states that the highest trade-in value among all types of used and failed 

components is less valuable than any type of new components. Usually, this 

assumption is satisfied. Under the same assumption, the following theorem is 

stated. 

Theorem 4. If Assumption holds, U(t) is a piecewise linear concave 

function of t for t > 0 with at most n pieces. 

Proof: If type j component is uniquely optimal at t > 0, the derivative 

of U(t) at t exists and is from (3.1), 

(4.5) 
d 

U(t) 
d 

dt V(t,i) = AjC(j,j). 
dt 

As dU(t)/dt is constant within the intervals where one type of component is 

optimal, U(t) is linear within the interval. (4.5) also shows that among those 

types of components that are optimal at t, that type j minimizing A.C(j,j) is 
J 

uniquely optimal over some interval (t;,t+€) , € > 0, and that type j maximizing 

A.C(j,j) is uniquely optimal over some interval (t-€' ,t), €' > O. At each 
J 

change of optimal type as t increases, a type with a smaller A.C(j,j) becomes 
J 

optimal, and hence there can be at most n-l changes in the interval (O,.too). 

The concavity of U(t) is assured since dU(t) /dt is nonincreasing. IJ 

A type of component which attain~: the smallest C
2 

is selected when the 

time is sufficiently small since C*(j,t) approaches to C2(j) as t + O. Let i l 
be that type of component. Then it is easily seen by the concavity of the 

cost function U(t) that any type j component where A .C(j,j) is larger than 
J 

AilC(il,il) will never be used in an optimal policy and hence can be deleted 

from our consideration. The next proposition also contributes to reduce the 

number of types of components to be considered. 

Proposition 2. Suppose Cl (i) ~ O. Then if Aj ~ Ai' C
2

(j) ~ C2 (i), and 

LCl(j) ~ LCl(i) hold (not all are =), then type j component is not used in 
J ~, 

an optimal policy. If Cl (i) > 0, the last inequality can be replaced by 

Cl(j) ~ Cl(~:)' 

Proof: Let 71. be a policy which uses type i component at t and then 
7, 

follows optimally, and let U7l • be the corresponding cost U. Now 
7, 
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-A.t -A.t 
(CZ(j)-CZ(i)) + (Cl (j)(l-e J) - Cl(i) (l-e ~)) 

+ U(t-X)A. e J dx - U(t-X)A. e ~ dx . J 
t - A .x i t - A .x 

D J 0 ~ 

The first expression on the right is nonnegative by the assumption, and so is 

the last expression since U is nonincreasing in x and A. ~ A .. Let h(t) be 
J ~ 

the second expression. Then, 

-Lt 
J 

-A.t 
~ 

h(t) is trivially nonnegative for t > 0 if Cl (j) ~ 0 and Cl(i) ~ O. If both 

Cl (i) and Cl (j) are nonpositive, h'(t) ~ 0 for all t such that 

t ~ t* 

As t* ~ 0 and h(O) 

1 
{log(-A/

l 
(j)) - log(-\C

l 
(i)) } • 

A .-A. 
J ~ 

0, we have that h(t) ~ 0 for all t ~ O. If Cl (i) > 0, 

the fact that h(O) 0 and i~ h(t) = Cl(j) Cl(i) ~ 0 give the desired 

property since the sign change of h'(t) is from positive to negative. Careful 

examination shows that U~. > U~. if at least one of the inequalities is strict.D 
J ~ 

After the deletion of unnecessary types of components, we can assume 

without loss of generality that the types of components are arranged so that 

(4.6) > A C(n,n). n 

Then the optimal policy uses type 1 component when the time remaining is suffi

ciently small, then switches to type Z component at some time tl (0 ~ tl ~ 00) 

and uses type Z component until time increases to t z (t
l 

~ t z ~ 00), when type 

3 component replaces type Z component, and so on. The interval (ti_l,t i ) for 

use of type i component may be empty. Actually such switching points can be 

obtained and the tedious calculations show that the solution is as below: 

(4.7) V(t,i) 

1 
(4.8) 

k-l 
Cl(i) + CZ(l) + I (A .C(j,j) - AJ·+lC(j+l,j+l))t

J
. + AkC(k,k)t 

j=l J 

i, k E A, 

where to == 0 and tn == +00, and 
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H(k) 

On the derivation of the above expressions, >"kC(k,k)'s are assumed to be 

decreasing, and furthermore tk's are assumed increasing. If any type of 

component is used at some interval in the optimal policy, tk becomes strictly 

increasing, and conversely if tk's obtained from (4.8) are strictly increasing, 

none of the types of components are extraneous. However, it should not be in 

general assumed before calculating tk's that tk's obtained from (4.8) are 

increasing. Actually this condition ean be relaxed. Suppose at k-th recursion, 

the increas:ing property of tk's is v:iolated, Le., t
k

,.:; t
k

_l . Then we can 

safely conclude that type k component may never be used :in the opt:imal policy 

and hence can be excluded from our consideration. Type k+l component now 

replaces type k component, and t
k

_
l 

i!; reevaluated by (4.8). The repitition 

of this procedure will lead to an optimal policy with at most 2n-3 computations 

of tk's. (Notice that the violations of the increasing property of tk's will 

occur at most n-2 times since at each violation a type of component is excluded 

from consideration and there are n types of components.) 

4.2. Case where survived components are salvaged 
We briefly discuss about the case where survived components are salvaged 

with a salvage value which is naturally assumed to be equal to its trade-in 

value. The following functional equation replaces (1.1) now (V(O,i) == Cl (i»: 

(4.9) V(t,i) 
t ->.. .x JoO ->.. .r 

min {C(i,j) + J V(j;-x,j)>... e J dx + Cl(j) >... e J dx} 
jEA 0 J t J 

for i E A, ° < t ,.:; T. 

The same argument as before reduces the problem to 

(4.10) U(t) I
t ->.. .x 

min{C(j,j)+ U(t-.r)>".e J dx }, 
jEA 0 J 

which exactly coincides with Derman et. a1. 's model [2) when C. replaces 
J 

C(j,j). Hence the derivation of the solution there and the result of Smith [4) 

are directly applicable, and the solution is as below: 

(4.11) V(t,i) 
k-l 

Cl(i) + C(l,l) + ~ (>".C(j,j) 
j=l J 

>... lC(j+l,j+l»t. + AkC(k,k)t 
J+ J 

i, k E A, 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



238 y, Hatoyama 

where tk is as is shown in (4.8) and 

k-l Ak+l t . 
H(k) = C(l,l)(Al - Ak+l ) + .L (A '+lC(j+l,j+l) - A.C(j,j» e J 

J=l J J 

The forms of V and H are slightly different from those where survived components 

are discarded. Also notice that type i component in (4.11) does not necessarily 

correspond to type i component in (4.7) since the way of excluding those types 

of components which should never be used in an optimal policy here is through 

Proposition 2 and the succeeding remark in Derman et. al. [2], which are 

different from our Proposition 2. 

5. Extension to Series-Parallel Structures 

Thus far it was assumed that only one component was essential to the 

operation of the system. In the real world, on the contrary, a system usually 

consists of many components, and some of them are essential to the system 

operation. In the present section we treat the cases where there is more than 

one essential component. It is shown that many of the structures which are of 

practical importance can be reduced to one component system, which implies 

that the results obtained in the previous sections are directly applicable to 

these more complicated systems. 

5.1. Series structure 
Frequently the failure of any component of a system implies the failure 

of the whole system; that is, the system has a series structure regardless of 

its actual mechanical or electrical structure as far as the system reliability 

is concerned (for example in a car the tires, battery, and engine are all 

connected in series from the point of view of its reliability). 

In general, suppose a system consists of R components in series, and 

component r has n (n ? 1) different types. 
r r Assume that the failure distri-

but ion of type m (1 ~ m ~ n ) of 
r 

C (m,m') is incurred when type m r 

component r is exponential with rate A. Cost 
m 

of component r is replaced by type m' of the 

same component. Under the assumption that each component fails independently, 

a policy minimizing the expected replacement cost for the whole system in a 

finite horizon case is given as below: 

Suppose type mr of component r fails with t time remaining, when component 

j uses type m. (j = I, .•. ,R). Formulate a subproblem r as a replacement 
J 

problem where only one component r exists in the system, and let V (t,m ) be 
r r 

the additional expected cost incurred under the best policy in the period 
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(O,t] if type mr of component r fails with t time units remaining. Then to 

replace type m with m ' is optimal for the subproblem r where m ' realizes r r r 
the right side of the following functional equation 

V (t,m) = min {C (m ,m ') + rv (t-x,m ')Am , 
1" r l~' ~n 1" r;o 0 r r r 

-Am ,x 
e r dx}. 

r r 

239 

Now the requirement that the series system must survive for T time periods 

implies that each subsystem r must operate for T periods. Furthermore each 

component is assumed to fail independently, and the notion of preventive 

maintenance has no meaning in this model because of its cost structure. Hence 

a policy which optimizes every subprob1em r is optimal for the whole system, 

and the expected minimal cost in the period (O,t) for the whole system is given 

by 

i
t -Am.x 

V (t,m ) + L V.(t-x,m.»)'m. e J dx, 
1

0 r j;rr 0 J J J 

and this value can be obtained from the solutions of the subproblems j's. 

5.2. Parallel structure 
If a system consists of parallel components, the failure of a component 

does not necessarily imply the failurE of the system, and hence each c01Dponent 

is not "essential" to the system in this sense. However, our previous results 

can be easily applied to this parallel structure as is shown in the following 

discussion. First notice that it will never be optimal to replace a failed 

type of component unless the system fails. 

Suppose the system fails with t time remaining, when component j uses type 

mj (j = 1, .,. , R), and let V(t, m
l

, ... , m
R

) be its optimal additional 

expected cost. Then the functional equation becomes 

v( t ,m
l

, ... ,m
R

) = min min {C (m ,m ') 
l$rsR l~ '$n r r r 

l' r 

+ J: V(t-x,ml , •.. ,ml"" .•• 

and it is optimal for the whole system to use a new type m ' of component r 
r 

which attains the minimum of the right side of the equation (in place of the 

failed type mr of component r). 

Because of the simple structure on the cost function, an optimal policy 

has the form that doing nothing until the system failure, when a compone,nt is 

selected and is replaced with a new on,:. The above class of policies will 

rarely be optimal if the time horizon is infinite and a suitable additional 
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cost structure is assumed su(:h as the replacement of more than one components 

at the same time is less expensive than the sum of the corresponding individual 

replacements. Even for the finite horizon case, this sort of cost structure 

will sometimes make the type of optimal policies on the maintenance of the 

parallel system more practically attractive. The modification of the model in 

functional equation form will be easy but the formulation itself will become 

complicated since the action space to be concerned then will be much enlarged. 

In particular, if the trade-in is not accepted, or if any failed type of 

component is discarded as a scrap, the minimal expected cost V does not depend 

on m 's and hence it can be ';vritten simply as V(t). On the other extreme and 
l' 

special case, if the trade-in among different components is accepted and 

furthermore if we place the eondition that the type of component which fails 

last and therefore brings the system to fail should be traded-in for a new 

component which may differ fr-om the traded-in component, then the optimal 

expected cost is a function only of the remaining time t and the lastly failed 

type of component m _ Moreover, if the replacement cost C(m ,m' ,) is additive, 
l' l' l' 

the optimal policy is given as a function of only t as has been shown in the 

previous discussion. 

5.3. Series-parallel structure and others 

Consider as the combination of the above two cases a series-parallel 

structure where parallel subsystems are connected in series (see Fig. 2). 

As subsystems are connected in series and components are independent, an optimal 

policy for each subsystem calculated by ignoring other subsystems optimizes 

Figure 2. Series-Parallel Structure 
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the whole system. Now the problem is to obtain an optimal policy for each 

subsystem, and this can be easily accomplished by the argument in section 5.2 

since each subsystem is a parallel system. 

For most of other coherent systems, it will be possible to formulate the 

models in functional equation forms and to compute their numerical solutions, 

but it would seem difficult to find some interesting qualitative remarks on 

them. Further research will be expected. 
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