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We analyze two models of controlled M/G/ 1 queues with shortest processing time service disciplifle and 

removable server. The control policies considered here are th·~ server vacation policy of Levy and Yechiali and the N· 

control policy of Heyman. The Laplace-Stieltjes transfonns of the waiting time distributions, the mean cost ra1:es and 

the optimal control policies are derived for these two models. Properties of level crossings of regenerative processes and 

delayed busy cycles are used in our analysis. 

1. Introduction 

Phipps [91 derived the mean waiting time in a single server queue with 

exponential arrival and shortest processlng time service discipline (M/G/l" SPT 

queue), treating it as the limiting case of the non-preemptive priority qUE!Ue 

analysed by Cobham [3] (and later by Takacs [15]). Recently Shanthikumar and 

Buzacott [10] '.lsing the concept of delayed busy cycle derived the 1aplace

Stieltjes transform (1ST) of the conditional waiting time distribution func:tion 

(d£) of a customer requiring a processing time p (p-customer) in an M/G/l, SPT 

queue. Here we derive the 1ST of the conditional waiting time df, the mean 

cost rates and the optimal policies for H/G/l, SPT queues with T-control policy 

of 1evy and Yechiali [8] and N-control policy of Heyman [6]. In our analysis 

we use the concept of delayed busy cycle and the properties of level crossings 

of alternating regenerative processes (c.f. [10-13]). 

In sectio[l 2 we give some preliminary results from delayed busy cycle" 

residual life and level crossing analyses. In section 3 a brief description of 

the model considered in this paper is given. Two examples, namely M/G/l, SPT 

queue with T-c::mtrol and N-control policies are analyzed in section 4. 
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342 J. G. Shanthikumar 

2. Pre 1 imi nari es 

In the analysis to follow we will be using the notion of delayed busy 

cycle, residual life and level crossing analysis. Therefore in this :section we 

will present the basic results of these analyses. A delayed busy cycle is 

normally described by the initial delay and the type of customer arrivals that 

extends the busy period beyond this initial delay. Let GO be the initial delay 

duration and Gb be the length of the delayed busy period. Then the l.angth of 

the delayed busy cycle is the total duration GO + Gb ~ Gd . It can be shown 

'" (c.f. Conway, Maxwell and Miller [5] page 151) that the LST Gd(s) of the df of 

the length of the delaye,d busy cycle caused by an initial delay with df GO(') 

and by a Poisson arrival stream of customers with processing time df 130 (') and 

arrival rate AO' is given by 

(1) 

It should be noted that, throughout this paper, unless otherwise stat.:d, the df 

'" of a random variable (rv) X will be denoted by X(·), its LST by X(·) and ex-

pected value by E[X]. Next we give the residual life of a rv Y. If Yr is the 

residual life 

'" '" Y (s) = (1 - Y(s»/sE[Y] (2) 
r 

We will next present the basic concepts of level crossing analysis. Level 

crossing analysis is a relatively new technique developed to solve queueing and 

related problems. In this analysis the relationship between the numb.:r of up

and downcrossings over a level x of the virtual delay process during a regenera

tion cycle is used as the starting model equation (c.f. Shanthikumar [12, 13] 

for a detailed treatment). We next describe a special case of regenerative 

process alld present the results for such analysis. 

Let X , n=1,2, ... be a renewal sequence with nonarithmetic df and finite 
n 

mean. Also define the alternating renewal sequences An and In such that Xn 

A + I Now define the regenerative process {Vt ' t > O} with respect: to 
n n 

Xn , n=1,2, ... , such that if Zo = 0 and Zn = Xl + X2 + .,. + Xn (c.f. Cohen [4], 

Smith [14~), then v~n) !;:. Vt +Z , n=0,1,2, ... , have identical probabilistic pro
n 

perties. In the special case of regenerative process considered, the following 

additional assumptions will be made: 

(i) vin ) ~ VZ+ have identical probabilistic properties 
n 

with pr{vin ) < x} = Q(x) independent of n, 
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(ii) 
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V(n) ~ V - have identical probabi1istic properties with 
T Z/An+1 

pr{V~n) < x} = H(x) independent of n, 

n=0,1,2, ... , where D is at most a denumerab1e set and includes the 

epochs Zn' n=0,1,2, ... 

(iv) V
t 

is continuous and strictly decreasing at a rate of one at every 

t E: (Z , Z + A +1) ~D, n=O, 1,2, ... , and has a non-negative upward 
n n n 

jump such that Vt + > Vt - at eve.ry t E: D c [0, 00). 

I t will be assumed that the number of up,,"'ard jumps N during (Z , Z + A +]) , n n n n_ 
(excluding those jumps at epochs Zn' n=O,l, ... ) form a discrete valued renE~wa1 

sequence with finite mean. Let t
n

, n=1,2, ... , be the epochs of these upward 

jumps and let 1o1 n = Vt - for n=1,2, .... It will also be assumed that 1o1n ' n='1,2, 
n 

•.. , form a discrete time regenerative process on the renewal sequence N
n

, 

n=1,2,... L.~t A be the length of the a.ctive phase (AP) (Z , Z + A +1) and n n n 
N be the number of upward jumps during (0, A). Now define Dx ~ tt{t: Vt xl t E 

[0, A)~D}, th.~ number of downcrossings a.nd Ux ~ IIh: Vt + > x, Vt - < xl t E: Dn 

[O,A)}, the number of upcrossing over level x during an AP [0, A). Then it can 

be shown that (c.f. Shanthikumar [13]) 

and 

E[U ] 
x 

f(x) = (E[U ] - (1 - H(x»)/E[A] 
x 

N x 
(1- Q(x» + E[ L ! (1 - Gi(x - u»dWi(u)], 

i=l ° 

(3) 

where f(x) = d:~(x)/dx, F(x) Hm Pr{v < xl t E AP} is assumed differentiable 
t-l<>O t 

in x> 0, and G
i

(·) is the df of the magnitude of the ith (i=1,2, ... ,N) jump 

during (0, A). If W
i 

= ° with probability 1 (wp.1)Vi and G(') is the df of 

the magnitude I)f an arbitrary jump, then 

E[U ] 
x (1 - Q(x» + E[N] (1 - G(x» (4) 

3. The Model 

The model class considered in this paper is of a single server queue at 
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344 J. C. Shanthikumar 

which arrivals form a homogeneous Poisson stream with rate A and queue for 

service using a shortest processing time (SPT) service discipline. The server 

is shut down and started up according to some control policy. In this paper we 

consider two server control policies, namely multiple server vacations (T

control c.f. Levy and Yechiali [8]) and N-control (c.f. Heyman [6]) policies. 

In each case it is assumed that the service time df B(') is continuous and that 

the induced stationary virtual waiting time process of a p-customer exists and 

has a unique df which is differentiable. 

The customers requiring processing time greater than p will be refered to as 

£-customers and customerE, requiring processing time less than p as h-cllstomers. 

The service time df of ar:. £-cllstomer (w.r.t. a given p) is B£(x) = 

[1 - B(p)], x > p with tre first two moments being x£(p) and x~(p). 

for the h-customers the E,ervice time df is Bh(x) = B(x)/B(p), x < p 

[B(x)-B(p)]/ 

Similarly 

with the 
- 2 first two moments being xh(p) and xh(p). Since the arrivals are Poisson the 

- /':, 
arrivals of £- and h-customers are also Poisson processes with rates A(p) = A 

/':, _ _ _ 00 

(l-B(p» and A(p) = AB(p) respectively. Then define pep) = A(p)X£(p) " A Jp 

xdB(x) and pep) = ,\(p)xh(p) = A J~ xdB(x). Then pep) + pep) = AX ~ p, where 

x is the mean service time of an arbitrary customer. We will assume that p < 1. 

Similarly let WO(p) = A(p)xt(p)/2 and WO(p) = A(p)x~(p)/2. Then WO(p) + Wo(p) 

= Wo ~ A;'2/2, where x 2 fE, the second moment of the service time of an arbitrary 

customer. 

4. Examples 

Ex. 1. M/G/l, SPT, T-co&trol 

In chis example, the server scans the queue T time units after the end of 

a busy phase, to determir:ce whether there are any customers present in the 

system. It is assumed tr,at the scan time T is a r.v. with df T(·). If any 

customers are found in tr,e system at the scan epoch, a busy phase begins and 

the server is kept in the active state until the system is empty. If no 

customers are found a busy period of length zero occurs. In either case, the 

next scan is made T time units after the end of the busy period. The server 

is said to be Oh vacation during the scan interval. 

If a virtual p-cllstomer enters the system just after the end of the busy 

phase (that is, at the beginning of the server vacation) the p-customer has to 

wait in queue for a time period equal to the length of the delayed busy cycle 

GT caused by an initial delay of T time units and by an arrival stream of h-
"-' "-' "-' "-' customers. Then from (1) we have GT(s) T(S+A(p)-A(p)Gh(S», where Gh(s) 
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cv 'v 
Bh(S+A(p) - A(p)Gh(s». This virtual delay will drop at a rate of one until 

the delayed busy cycle G
T 

is over. At this point of time, if the virtual p

customer were to arrive he would incur no delay because the system is empty of 

h-customers. HOl.ever if there are any jobs at this time, all of them will be 

£-customers and the virtual delay will jump by an amount equal to the length of 

a delayed busy cycle caused by an initial c.elay equal to the minimum processing 

time of the £-customers available at that time and by the arrival stream of 

h-customers. If there are no customers avacilable then the busy period will 

end. Otherwise the virtual delay process will continue in the same fashion as 

discussed above, a jump occurring at every time it reaches zero by an amount 

equal to the delayed busy cycle caused by the initial delay equal to the mini

mum processing time of the available £-customers and by the arrival stream of 

h-customers, until the system becomes empty. 

For every £·-customer that goes into service the virtual delay will jump 

from 0 and the magnitude of an arbitrary jump is equal to the length of a delay

ed busy cycle G£ caused by an initial delay equal to the service time of an J~-
cv cv 

customer and arrival stream of h-customers. Then from (1), G£(s) = B£(s +A(p) -
cv 

A(p)Gh(s». Let C be the length of the busy cycle of the virtual delay pro-

cess, then the expected number of £-cus tomE!rS served during the busy cycle C is 

X(p)E[C]. Comparing this busy cycle to the special case of regenerative pro-

cess defined earlier we have H(x) 

= X(p)E[C], W
i 

= 0 w.p.l and G(x) 
cv 

1, Vx > 0, E[A] = E[C], Q(x) = GT(x), E[N] 

G£(x). Then from (3) and (4) and taking 

Lap1ace transfo~ns we get F(s) = {I - ~T(s) + ~(p)E[C] (1 - ~£(S»}/SE[C], 
cv 

where F(s) is the LST of the virtual waiting time (also the waiting time because 

of Poisson arrival) W (p) of a p-customer. Using £im F(s) = 1, after substitut-
cv cv q s+O c 

ing for GT(s) and G£(s), we get E[C] = E[T]/(l - p). Substituting this for l~(s) 

we get 

cv cv cv 
F(s) = {(I - p)/sE[T]) {1 - T(s + A(p) - A(p)Gh(s)} + 

cv 
where Gh(s) = 

E[W (p)] 
q 

cv cv 
Bh (s + A (p) - A(p)Gh (s» . Then 

Hm - d~~S) {WO + [(1-!)E[T
2

]/2E[Tll}/(1-P(p»2 
s+O 

(5) 

is obtained fro~. (5) and using the identities given in section 3. Since the 

expected waiting time of an arbitrary customer is E[W (SPT, T)] = f~ E[W (p)] 
00 q 2 q 

dB(p) we get after nothing that E[Wq(SPT)] = f
O

{W
O
dB(p)/(l-P(p» } is the mean 

waiting time of an arbitrary customer in a~ M/G/l, SPT queue and E[W (FCFS)] = 
q 
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WO/(l-P) is the mean waiting time in an M/G/l queue with first come first 

served (FCFS) discipline, 

It can be easily verified that the quantity within the double brackets is the 

mean waiting time E[W (FCFS, T)] in an M/G/l queue with FCFS service discipline 
q 

and T-control policy (c.f. Levy and Yechiali [8]). This leads to an interest-

ing conservation identity 

E[W (SPT, T)]/E[W (SPT)] = E[W (FCFS, T)]/E[W (FCFS)]. 
q q q q 

More will be said about this later in the conclusions. Now let R be the shut 

down and start up cost and h be the cost of waiting per unit time for a 

customer. Then the cost rate c(SPT, T) is equal to R/E[C] + AhE[W (SPT, T)]. 
q 

c (SPT, T) 

For deterministic scan time T it is easily shown that the optimal scan time 

T*(SPT, T) is given by 

T*(SPT, T) 

where 

T*(FCFS, T) 
E[Wq(FCFS)] 

E[W (SPT)] 
q 

T*(FCFS, T) = / 2R(~h- p) 

is the optimal deterministic scan time for the FCFS case. 

Ex. 2. M/G/l, SPT, N-control 

We will now consider an M/G/l queue with SPT service discipline and N

control policy. Under an N-control policy, the server is deactivated when there 

is no customer in the system and activated when there are N customers in the 

system. The arrival of the first N-l customers after server deactivation forms 

the blocking phase (BLP) where the server is inactive and an arrival will not 

activate the server. The inter arrival time between the (N-l)th and Nth 

customer forms the waiting phase (WP) where a customer arrival will activate 

the server and the time between server activation and the next deactivation 

forms the busy phase (BP) where the server is active (c.f. Shanthikumar [12, 
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l3J). Now we will analyse these three phases separately. Let F(· li) be the 

df of the virtual waiting time W (p) of a p-customer in phase i E {BLP, WP, BP}. 
q 

(i) Blocking phase (BLP) 

If a virtual p-customer were to arrive just after the end of BP (that i.5, 

at the beginning of BLP) he will have to wait for the arrival of N-l other 

customers for the server to be active again. However the virtual p-customer 

could obtain service only when the system is empty of any h-customers. That is 

the virtual p-customer will incur a virtual delay composed of: (i) the time 

A(N-l) taken for N-l arrivals and (ii) the length of the delayed busy cycle 

G
N

_
l 

caused by an initial delay I
N

_l equal to the total processing time of the 

h-customers among the N-l customers discussed above, and by an arrival stream 

of h-customers. As time goes by the virtual delay will drop at a rate of one 

until these N-l customers arrive. Just before the (N-l)th arrival the virtual 

delay will be equal to G
N

_
l

. Therefore th.e stationary df of the virtual delay 

is the convolution of the df G
N

_
l 

(.) of the delayed busy period and the df 

A(N-l)(.) of thE residual life of (N-l) inter arrival time A(N-l). 

r Given that k out of N-l customers are h-customers we have I (x) = B(k) (x) 
N-l h 

equal to k fold convolution of B
h

(·) with itself. Noting that Pk = Pr {k h-

} N-l k N-l-k N-l (k) 
customers out of N-l = (kXB(P» (1- B(p» and IN_l(x) kh(Bh (x)Pk), 

~ ~ ~l 
it can be easily shown that IN-l(s) = (1 - B(p)[l - Bh(s)]) Then from (1) 

~ ~ N-l ~(N-l) we have ~_l(s) = (1 - B(p)[l - Gh(s)]) . Also from (2) we have Ar (s) = 

A(l - ~-l(s»/[s(N-l)J, where k(s) = A/[A+SJ is the LST of an exponential inter 

arrival time. Then 

~ I ~N-l ~ N-l F(s BLP) = {A(l-A (s»(l-B(p) [l-Gh(s)J) }/[s(N-l)] (6) 

(H) Waiting phase (wp) 

Just after the (N-l)th arrival the waiting phase (wp) begins. If the 

virtual p-custoDler were to arrive during WP the server will be activated immedi

ately. Therefore the virtual waiting time remains constant at G
N

-
l 

during WP. 

The WP will end at the arrival of the Nth customer. Therefore 

(7) 

(Hi) Busy phase (BP) 

Arrival of the N-th customer after server deactivation commences the busy 

phase. If the virtual p-customer comes along with the N-th arrival, then the 
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virtual delay will be equal to the delayed busy cycle G
N 

with initial. delay 

equal to the total processing time of all h-customers among these N-customers 
'V 

and arrival stream of h-customers. Similar to the derivation of GN_l.(s) we 
'V 'V N 

have GN(s) = (1 - B(p) [1 - Gh (s)]) . However if the virtual p-customer were 

to arrive just after the N-th arrival, the virtual waiting time will be the 

same as above except when all of the N customers are £-customers. In this case 

the virtual delay will be equal to the delayed busy cycle with an initial delay 

equal to the minimum processing time of these N R,-customers and arrival stream 

of h-customers (in GN this delay would be counted as zero w.p.l). After this 

the virtual delay will drop with time at a rate of one until it reaches zero. 

If a virtual p-customer were to arrive when the virtual delay reaches zero he 

will immediately go into service because there is no h-customer in the system. 

However, if the virtual p-customer does not enter the queue, an £-customer with 

the shortest processing time will be taken up for service. Therefore: the 

virtual delay will jump by an amount equal to the delayed busy cycle caused by 

a delay equal to the minimum processing time among those jobs available at that 

time and arrival of h-customers. However if there is no customer ava.ilab1e the 

busy phase of the virtual delay process will end. Otherwise the virtual delay 

process will continue in the same fashion as discussed above, a jump occurring 

at every point it reaches zero by an amount equal to the delayed busy cycle 

caused by the initial delay equal to the minimum processing time of the availa

ble £-customers and by the arrival stream of h-customers, until the system 

becomes empty. Similar to example 1, the df of the magnitude of an arbitrary 

jump is G£(.). If C is the length of BP, the expected number of such jumps 

(including a possible jump at the beginning of BP) is X(p)E[C] + N(l - B(p». 

Then comparing BP to the special case of regenerative process discussed in 

section 2, we have H(x) = 1, V x > 0, 

E[A] E[C], W
i 

0 w.p.l. Even though Q(x) 1 GN(x) , 

E[N] 1 ~(p)E[C] + N(l - B(p» and G(x) 1 G£(x) , since 

G = 0 when all N customers are £-customers and the jump at the BP correspond
N 

ing to this case is counted in N(l - B(p» + ~(p)E[C], we have E[U ] = x 
(l-GN(x» + [X(p)E[C] + N(l-B(p»] (l-G£(x». Then from (2) and taking Laplace 

transforms we get 

~(SIBP) = {(l-(;N(s) + [X(p)E[C] + N(l-B(p»] (l-(;£(s»}/sE[C]. 

'V 'V 'V 
Now substituting for GN(s) and G£(s) and using £im F(sIBP) = 1, we get E[C] = 

'V s-+O_ 
Nx/(l - p). Feeding tl-..:~g for F(sIBP) and noting that \(p) = \(1 - B(p» we 

get 
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'#(8 I BP) (1 -_p) {(l-(l-B(p) [l_C\(s)])N)} + ~ 
sNx sx 

{(l-B(p:) [1-(;9, (s)]} (8) 

'V 
It can be shown that the LST F(s) of the virtual waiting time (also the 

waiting time because of Poisson arrivals [11]) of a p-customer is equal to Li 

'#(sli)pdU, i E {BLP, WP, BP}, where Pr{i} is the steady probability that the 

system is in state i (c. f. Shanthikumar [11]). Since these probabilities :I'r{i} 

are independent of the scheduling disciplines from [12], pdBLP} = (N-l) (l--p)/N, 

pdwp} = (l-p)/N and Pr{BP} = p. Then from (6), (7) and (8) we get, 

'VN 'V 
(1-G1 (s» + AN(l-B(p»(l-G

t
(s»}/(sN) , 

where 

'V 
(1 - B(p)[l - Gh(s)]) (9) 

and 
'V 'V 'V 
Gh(s) = Bh(S + A(p) - A(p)Gh(s» 

'V 

Then from E[W (p)] = £im - d~(~ and using the identities given in section 3, 
er s+O Os 

2 
we get after some algebra E[Wq(P)] = {WC + (N-1)(1-p)/ZA}/(1-p(p» Then 

similar to example I, with obvious notations we get 

E[W (SPT, N)] 
q 

W 
{-10 + N2~ l}(E[w (SPT)]/E[W (FCFS)]) 

- p A q q 

It can be easily verified that the quantity within the double brackets is the 

mean waiting time E[W (FCFS, N)] in an M/G/1, FCFS queue with N-control policy 
q 

(c.f. Heyman [6]). This leads to the conservation identity 

(E[W (SPT, N)]/E[W (SPT)]) = (E[W (FCFS, N)]/E[W (FCFS)]) 
q q q q 

Similar to example 1 the cost rate c(SPT, N) is given by 

c(SPT, N) 
RA (l-p) Wo N-l E [Wq (SPT)] 

N + Ah {l-P +-Z{} (E[W- (FCFS)]) 
q 

and the optimal policy for N is the nearest integer to N*(SPT, N) which 

minimizes c(SI'T, N) where 
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N*(SPT, N) 
/E[W (FCFS)] 

N" (FCFS, N) E [W q (SPT) ] , 
q 

and 

N*(FCFS, N) / 2RA(~ - p) 

The optimal policy for the FCFS case is the nearest integer to N*(FCFS, N) that 

minimizes c(FCFS, N) = RA(l - p)/N + Ah{WO/(l - p) + (N - 1)/2A}. Notl~ that 

AT*(SPT, T) = N*(SPT, N) 

and 

AT*(FCFS, T) N*(FCFS, N) . 

5. Conclusions 

In this paper we have derived the LST of the waiting time df, the mean 

cost rates and the optimal control policies using the notion of delayed busy 

cycle, residual life and level crossing analysis, for the M/G/l, SPT queue with 

T-control and N-control policies. Heyman [6] derived the mean waiting time for 

M/G/l non-preemptive priority queue with T-control and single vacation policies. 

Bell [1,2] analyzed the optimal control policies for such priority queues and 

Tijms [16] derived the mean waiting time in an M/G/l priority queue with two 

classes and N-control policy. The method used in this paper can be easily 

extended for these models. These and other extensions will be reported shortly. 

In the examples considered here we noted a form of conservation identity 

and it is (E[W (SD, CP)]/E[W (SD)]) = C(CP), where, SD is the service discipline 
q q 

FCFS or SPT, CP is the control policy and C(CP) is a constant for each control 

policy CP, which is T- or N-control. This conservation identity holds for more 

general service disciplines (eg. non-preemptive priority, scheduling within 

generations, truncated shortest processing time, etc., c.L Shanthikumar [12]) 

and control policies (eg. single vacation policy of Levy and Yechiali [8]). 

Use of this identify to analyze other control policies will be discussed else

where. 
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