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In this paper we deal with a one machine scheduling problem to minimize the mean weighted flow·time 

subject to the constraint that the job tardiness is not greater than a specified value. An algorithm to obtain. a pair· 

wise local optimum schedule for this problem has been pres,ented by Smith [4]. We give a necessary condition under 

which a pairwise local optimum schedule should not coincide with the global optimum one, and give an inlproved 

schedule for this cas,e. On the basis of the analysis, an efflcient algorithm is developed to obtain global optimum 

schedules for more cases than Smith's algorithm. Computational experiment is performed to show the quality of the 

solution, the computational time, and core memory size required for the algorithm in comparison with the previous 

three algorithms: Smith's, Bums', and DP. 

1. Introduction 

This paper deals with a one machine scheduling problem to minimize thE! 

mean weighted flow-time subject to the constraint that the job tardiness is not 

greater than a specified value T* where all the jobs are available on time zero. 

The majority of papers about scheduling seem to have devoted for an optimal 

schedule under a single performance measure selected from various kinds. In 

many practical situations, however, managements reasonably conceive a desire to 

improve another performance measure after obtaining an aspiration level of the 

main measure. These problems are so called dual criteria scheduling problems. 

The probll~m treated in this paper was first considered by Smith [4] in the 

case that T* equals O. He presented an algorithm to obtain a solution in "'hich 

all adjacent pairs of jobs were scheduled optimally. This schedule shall be 

said a pairwisl~ local optimum schedule. Heck & Roberts [3] extend Smith's re

sults to the case that T* equals the maximum job tardiness sequenced by EDD 
rule which can minimize the maximum job tardiness. 

They considered that their algorithms could produce the global optimUUI 
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38 S, Miyazaki 

schedule for any problem. Emmons [2] and Burns [1], later, gave counter exam

ples independently for which Smith's algorithm could not produce the global 

optimum schedule. Unfortunately, neither Emmons has performed the further in

vestigation on the data structure of the counter examples, nor has Burns. 

This paper presents the necessary condition under which the pairwise local 

optimum schedule can not coincide with the global optimum. On the basis of 

the analysis, an efficient algorithm is developed to obtain an improved sched

ule induced from the pairwise local optimum schedule. The efficiency of the 

proposed algorithm is tested by the numerical experiment in connection with the 

following three points: the quality of the solution, the computational times, 

and the core memory size needed. 

2. Problem Formulation 

The notation throughout this study is mainly defined as follows: 

Fw mean weighted flow-time 

n the number of jobs to be processed 

J. 
'Z-

w. 
'Z-

F. 
'Z-

the ith job in an arbitrary sequence 

the weight (importa::lce) of J. 
'Z-

flow-time of J. 
'Z-

F.(S) : flow-time 
'Z-

of J. 
'Z-

under schedule S 

p. 
'Z-

d. 
'Z-

processing time of J~ 

due-date of J. 
'Z-

Tit the limit of job taI'diness ( Tit> min T (S)) 
= S max 

T (S): maximum job tardiness under schedule S 
max 

Using this notation, we can formulate the scheduling problem considered as: 

Problem 1. 

Substitution of d.' 
'Z-

to 
Problem 2. 

(2.1) 

min. 

sub. to 

where 

i 

1 n L w.F. 
n i=l 'Z- 'Z-

L p, - d. ~ T\ i =lJ2J ••• J nJ 
j=l J 'Z-

Tit > min T (S) maximum tardiness by EDD rule. 
= S max 

d. + Tit for d. makes it possible to reduce the Problem 1 
'Z- 'Z-

min. 
1 n 

L w.F. 
n i=l 'Z- 'Z-

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



One Machine Scheduling with Dual Criteria 39 

i 
(2.2) sub. to Ip.-d.,~O i=l J 2J ••• J n J 

j=l J 1-

where d.' is rewritten by d. again. Consequently it is sufficient to consider 
1- 1-

only the Problem 2 (which is equivalent to Smith's problem) for the represent-

ative of the more general Problem 1. 

3. Pairwise Local Optimum Schedule 

Two schedules Sand S' are called to be pairwise adjacent if one can be 

formed from the other by a single interchange of pairwise adjacent jobs referr

ing to Fig. 1. A schedule is feasible LE and only if it satisfies (2.2). 

S 

S': 

Fig. 1 Pairwise Adjacent Schedule. 

Defi niti on 1. A schedule is a pair'.ise local optimum for (2.1) subject to 

(2.2) if its Fw is less than or equal to the mean weighted flow-time of all 

feasible pairwise adjacent schedules of::he schedule. 

Definition 2. A schedule is a global optimum for (2.1) subject to (2.2) 

if its F is less than or equal to the mean weighted flow-time of all feasible w 
schedules. 

The pairwise local optimum schedule can be efficiently produced by 

the following algorithm presented by Smith: 

Algorithm 1 (Smith). 
[Step 1] Place job Jk last of n jobs where 

P P n 
~ = max i 
w

k 
iEG w

i 
J G = {j I ~,~l~ - dj ~ 0 } • (3.1) 

[Step 2] Eliminate J k from n jobs a.nd reduce n by 1. Return to Step 1 until 

all jobs have been scheduled by this me t'nod. 
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40 S. Miyazaki 

Smith [4] considered that this algorithm could produce a global optimum 

schedule for any problem. Emmons [2] and Burns [1], later, showed that Algo

rithm 1 was not a global optimum solution technique. We shall present the 

following theorem to give a sufficient condition under which the pairwise local 

optimum coincides with the! global optimum. 

Theorem 1. A pairwise local optimum schedule Sn composed of n jobs is to 

be a global optimum, if 

(3.2) for all i = l,2,···,n-l. 

Proof: If inequaliHes (3.2) are satisfied, (i,i+1) E G holds at each 

completion time F i+1 (i = ;', 2, •• " n-1 ) 

from eq. (3.1) 

in schedule S . n Therefore, we have, 

(3.3) for all i=l,2,···,n-1. 

The literature [LI] shows that the schedule which satisfies ineq. (3.3) yields 

the least of the mean weighted flow-times among all feasible schedules. Hence 

Sn inevitably becomes a global optimum if it satisfies ineq. (3.2). 

(Q.E.D.) 

From Thorem 1, we can see that if a local optimum is different from a glob

al optimum, at least one job J i should not satisfy ineq. (3.2). In this case 

the due-date d. must exist: in the region: 
'Z-

(3.4) F. < d. < F "'+1 • 'Z- = 1. v 

Therefore,we can lead the following theorem which gives the necessary condition 

under which a pairwise local optimum schedule should not coincide with a global 

optimum, and gives an improved schedule for this case. 

Theorem 2. If 

(3.5) Fi ;;, di < Fi+1 

holds for at least one job J., i=l,2,"',n-1, in a pairwise local optimum sched
'Z-

ule, we may construct an improved schedule Snt such that: 

(3.6) 

and 

(3.7) 

j~ (S t) < F (S ), 
UJ n UJ n 

~r (St)=O. 
max n 

Where schedule S t can be formed by the following two steps: removing the last 
n 

job of S to the first position and sequencing the remaining jobs with Algo
n 

rithm 1. 
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Proof: Suppose that ineq. (3.2) holds for all the jobs except for only 

one job J with which ineq. (3.5) is satisfied. Under this condition schedules 
£ 

S , S I, and Stare illustrated in Fig. 2, 
n n >2 

from Sn by the two steps: removing the last 

postponing the remaining jobs by Pn' 

where schedule S I can be formlad n 
job I n to the first position and 

The difference between the total weighted flow-time of Sand S t is given 
n n 

by: 

n n 
(3.8) L w.F.(S ) - L w.F .(S t) = {w (P1 +P2+"'+P£-1+P£) 

i=l 1- 1- n i=l 1- 1- n n 

- (w1 +w2 +···+w l+ w ) P }+ {w (p +l+"'+ P 1) £- £ n n £ n-

Where Xw is defined by: 

n-1 n-l 
X = L w.F.(S 1t) - L w.F.(S /) ~O 
w i=l 1- 1- n- i=l 1- 1- n-

From the assumption that ineq. (3.2) is ;atisfied by all the jobs except J , 
£ 

we have 

Pi / wi ~ Pi+l / wi +1 , for i = 1,2,···,£-1,£+1,···,n-1. 

So that the second brace of eq. (3.8) should be less than or equal to zero. 

Nevertheless the first brace may take a <)ositive or negative value. 

S n 

S I. n . 

S ,l.. 
I' n 

o 

~ 

J 1 I J 2 

I n I J 1 I 
\ 

I n I J/I 
\. 

d d d d d 
J t; £-1 -n-l n 

1 ...... 1 J I J£+l I ...... TJ I I n 1 £ n-l 
/ ..., 

Sn_l 

J 2 I ...... I J I J£+l I ...... I I n_ 7 1 £ 
7 

S I 

11 

n-l 

J2
tl· .... ·1 J£t I J,+/ I . ..... I In_ll 

7 
"V 

Sn_1t Scheduled by Algorithm 1 
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42 S. Miyazaki 

Hence there may exist the case: 

(3.9) 

In this case we have 

n n 
(3.10) L 

i=l 
w. F J8 J -

1.- 1.- n L 
i=l 

w.F.(8 tJ > 0 J 
'~ 1.- n 

which is equivalent to ineq. (3.6). 

In the case there exlsts more than one job which satisfies ineq. (3.5), the 

discussion above can be legitimated by considering J
E 

as the last of the jobs 

which satisfy ineq. (3.5). 

If 

(3.11) 

we have 

T (8 tJ o. 
max n 

Where Li(EDDJ is the lateness of J i scheduled by EDD rule, and here Li(EDDJ 

takes non-positive value for any J. because the lateness of any J. in sched-
1.- 1.-

u1e 8 1 is also non-positive. So that there can exist the case (3.11). 
n-
The above argument shows that there may exist 8 t which satisfies ineq. n 

(3.6) and eq. (3.7), if (3.5) holds for at least one job belonging to s. n 
( Q. E. D.) 

4. Development of the Algorithm 

On the basis of the Theorem 2, we can propose an algorithm (Algorithm 2) 

for improving the pairwise local optimum schedule when it does not coincide 

with the global optimum schedule. The algorithm (described in detail later) 

is constructed soas to search a partial schedule 8
k 

which contains at least 

one job satisfying ineq.(3.5), and to produce the improved schedule Ski'. For 

the preparation we shall define the terminology used in the algorithm (refer

ring to Fig. 3). 
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d€ d

r 
dr, 

lJA I 
I 

I 
I 

J J E+l J r,-1 J ......... 
E r, 

} -Z 

Fig. 3 Jobs J A, J€, Jr, and Partial Schedule Z. 

4.1. Terminology 
J e pivot job such that J€ E {Ji I Fi :;,di < Fi +1 } 

Z a part of a pairwise local optimum schedule which contains at least one 

pivot job and at least two due-dates which are greater than the comple

tion time of Z 

Zt 

the first job of Z 

the last job of Z 

a partial schedule formed by the two steps: removing the last job J(; to 

the first place of Z and postponing the other jobs by time p 
r, 

a partial schedule formed by the two steps: removing the last job J
z
; to 

the first place of Z and rearrangIng the other jobs by Algorithm 1 

the difference of mean weighted flow-time between Z' and Z , 

61 = J (Z') - J (Z) w w 
6 the difference of mean weighted flow-time between Zt and Z , 

6 - J (Zt) - J (Z) w w 

J s : the starting job for searching J e 
Expansion of Z : the operation of adding J A_1 such that 

to the partial schedule Z and renewing the first job J A by J A_
1 

Adjacent pairwise interchange method : the method of improving the performance 

measure by interchanging an adjacent pair of jobs in the schedule 

4.2. Algorithm 2 
[Step 0] Produce a pairwise local optimum schedule by Algorithm 1. Set 

J
s 

= J
1

, and proceed. 

[Step 1] Find the first pivot job J£ between J s and I n_
1

· Set Jr, = J e+
1

, 

then go to Step 2. If no pivot job J ,~xists, terminate the algorithm. The 
£ 
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present schedule is the solution. 

[Step 2] Detect the smallest partial schedule Z, and expand Z as possible. 

Go to Step 3. In case no Z exists, go to Step 7. 

[Step 3] Calculate ill for the partial schedule Z. If 1:.1 ~ 0, go to Step 

6. Otherwise go to Step I •. 

[Step 4] Produce thE! partial schedule Zt, and calculate 1:.. If I:. < 0, 

adopt Zt then go to Step 5. If I:. ~ 0 or if it is impossible to produce Zt, 

adopt the partial schedule Z. Then go to Step 6. 

[Step 5] Remove the first job in Zt to the later position as possible by 

adjacent pairwise interchange method. Let J = the first job of the finally obs 
tained schedule (Zt') in this step, and return to Step 1. 

[Step 6] Renew the first job J).. by the direct predecessor of J)... Then 

detect new Z and return to Step 3. If no new J).. exists, go to Step 7. 

[Step 7] Renew the last job J r, by the direct successor of J r,' then return 

to Step 2. If there exists no new J , set J = J 1 and return to Step 1. 
r, s r:;+ 

4.3. Numerical example 
We illustrate the application of the proposed algorithm on a 5-job problem 

of which data are provided in Table 1. 

[Step 0] Algorithm 1 (Smith) 

yields the schedule J5-Jl-J4-J2-J3 in 

which Fw = 707.8 as illustrated in Fig. 4. 

[Step 1] Jr:; = J1, J~. = J4, then go 

to Step 2. 

[Step 2] 

[Step 3] 

1202 - 1408 

Step 4. 

Z = J5-J[,j°4' Go to Step 3. 

Z' = J4-J5-J1, and 1:.1 

-206 < O. Hence go to 

Table 1 Example Problem. 

Jo J
1 

J2 J
3 

J" J5 1.. 4 

Pi 44 47 63 26 13 

d. 77 186 265 250 271 
1.. 

w. 9 6 7 10 5 
1.. 

po/w. 
1.. 1.. 

4.9 7.8 9.0 2.6 2.6 

[Step 4] I:. = 1305 -1408 -103 < 0, since Zt = J[J1-J5. Therefore, adopt 

Zt and go to Step 5. 

[Step 5] Zt' = J4-J1-J5. Then set Js = J4 and return to Step 1. 

77 186 250 265 271 

0 
d1 d2 d4 d3 d5 

~t 

IJ,I I I I 11 

J1 J 4 1 J2 J 3 I F 707.8 
w 

13 57 83 130 193 

Fig. 4 Pairwise Local Optimum Schedule. 
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77 186 250 265 271 

~I 
d

1 d

f 
d4 d

J 
d

5 

I I 11 ~t 

J
1 ~51 J

2 JJ I F 687.2 w 
26 70 83 130 193 

Fig. 5 Improved Schedule ( Global Optimum ). 

[Step 1] J = J and J = J . 
£ 1 r; 5 

Proceed to Step 2. 

[Step 2] } 
~ ~ 0 for any partial schedule Z. Then J 

8 
J

2
, and return to 

[Step 7] 

[Step 1] 

[Step 2] 

[Step 7] 

Step 1. 

J£ = J2, Jr; = J3, then go to Step 2. 

} 

~ ~ 0 for 

Step 1. 

any partial schedule Z. Then J 
8 

J
3

, and return to 

[Step 1] There exists no pivot job J£, so that terminate the algorithm. 

We obtain J4-~'1-J5-J2-J3 in which Fw = 687.2 as shown in Fig. 5. This schedule 

is the global optimum schedule. 

5. Computational Experiance 

In order to verify the efficiency of the proposed Algorithm ( Algorithm 2 ), 

we prepare various kinds of example problems produced by the following proce-

dure. The job numbers of example problems are set to be 8, 10, 12, and 15. 

The due-dates are assigned from the uniform distribution of which mean and 

range are provided by, respectively: 

(5.1) 

and 

(5.2) 

Where 

II d = n ( 1 - Q) IIp' 

b-a=Rnll. 
p 

Q the coefficient of the tightness of due-dates ( Q ~ 1 ), 

R the coefficient of the range of due-dates ( R ~ 0 ), 

lld the mean of due-dates, 

n the number of jobs to be processed, 

IIp the mean of processing times, 
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b the maximum value of due-dates, 

a the minimum value of due-dates. 

Due-dates become mor'~ tightly as Q closes to 1, and the variation of due

dates becomes larger as R increases. For the investigation of the effect of 

both the tightness and the variation of due-dates, we make four types of due

dates shown in Table 2. The weights are assigned from two kinds of uniform 

distributions of which ranges are from 1 to 10, and 1 to 40. The processing 

times for each problem ar,~ assigned from the common uniform distribution bet

ween 1 and 99. Ten different problems are randomly created for each combina

tion of the three factors: the type of due-dates, the number of jobs, and the 

range of weights. The total number of combinations amounts 32. 

These example problems (totally 320 problems) were solved through the 

three algorithms: Algorithm 1 (Smith), Burns' Algorithm, and Algorithm 2 (pro

posed), respectively. The numbers of problems of which solutions do not coin-

Table 2 The Types of Due-Dates. 

~ Tightness of Due-Dates Range of Due-Dates 

Type 1 Slack ( Q = O. 3 ) Large ( R = 0.8 ) 

Type 2 Slack (Q=0.3) Small ( R = 0.2 ) 

Type 3 Tight ( Q = 0.6 ) Large ( R = 0.8 ) 
-

Type 4 Tight ( Q = 0.6 ) Small ( R = 0.2 ) 

Table 3 The Number of Unoptimal Solutions 
through Algorithm 1 (Smith). 

Range Number Number Types of Due-Dates 
of of of Total 

Weights Jobs Problems 1 2 3 4 

.3 40 2 0 1 0 3 

10 40 0 1 1 1 3 
1 - 10 12 40 0 1 4 1 6 

15 40 4 0 3 0 7 

Total 160 6 2 9 2 19 

8 40 2 1 2 0 5 

1::> 40 2 1 2 1 6 
1 - 40 12 40 0 0 1 0 1 

15 40 2 0 2 3 7 

Total 160 6 2 7 4 19 
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cide with the optimal ones are shown in ~Lable 3, 4, and 5, in turn. The opti

mal schedules were obtained through DP. 

Algorithm 1 can not produce the optimal schedule for 11.9 % of the prob

lems under the both ranges of weights. Burns' Algorithm can improve these per

centages to 5 % and 7.5 %, respectively. The Algorithm 2 fails to obtain opti

ma for only 1 and 2 example problems undE!r each range of weights, respectively. 

R 

We 

1 

1 

Table 4 The Number of Unoptimal Solutions 
through Burns' Algorithm. 

ange Number Number Types of Due-Dates 
of of of 

ights Jobs Problems 1 2 3 4 

8 40 1 0 0 0 

10 40 0 0 1 0 
-10 12 40 0 0 2 0 

15 40 :I 0 1 0 

Total 160 " 0 4 0 

8 40 1 1 0 0 

10 40 ;! 1 2 0 
- 40 12 40 0 0 0 0 

15 40 1 0 2 2 
-

Total 160 I, 2 4 2 

Table 5 The Number of Unoptima1 Solutions 
through Algorithm 2 (Proposed). 

~ange Number Number Types of Due-Dates 
of of of 

!ights Jobs Problems 1 2 3 4 

8 40 1 0 0 0 

10 40 0 0 0 0 
1 -10 

12 40 0 0 0 0 

15 40 0 0 0 0 

Total 160 1 0 0 0 

8 40 1 0 0 0 

10 40 0 1. 0 0 
1 - 40 12 40 0 0 0 0 

15 40 0 0 0 0 
-

Total 160 1 1 0 0 

Total 

1 

1 

2 

4 

8 

2 

5 

0 

5 

12 

Total 

1 

0 

0 

0 

1 

1 

1 

0 

0 

2 
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(l) 
Ul 0.4 
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::::> 
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/ ti 
)( 

/ X .. <e 0 -0-
;;;;;:;> = 

8 10 12 15 
The number of jobs 

[] Algorithm 1 (Smith) 
~ Burns' Algorithm 
o Algorithm 2 (Proposed) 
')(.: DP 

Mean Solution (CPU) Time for Each Algorithm. 

The number of unoptimal solutions through Algorithm 1 under R '" 0.2 (Type 

2 and 4) is less than under R = 0.8 (Type 1 and 3). This effec t is caused by 

the reason that the condition of Theorem 1 can be more easily satisfied under 

the smaller variation of due-dates. Such is the case by Burns' too. These 

facts show us that the efficiency of these two algorithms under the larger var

iation of due-dates will be less than under the smaller variation. On the 

contrary, the number of unoptimal solutions through Algorithm 2 seems to be 

independent of the characteristics of the problems tested. 

Algorithm 1 and Burns' can produce the optimal solution for none of the 

three example problems for which Algorithm 2 generates unoptima. Algorithm 1 

can produce the optimum for only one problem for which Burns' can not produce 

the optimum. The mean weighted flow-times of the unoptimal solutions through 

Algorithm I, Burns', and Algorithm 2 are greater than the optimal solutions by 

1.8 percent, 1.6 percent, and 0.5 percent, on an average, respectively. 

Time complexity of the each algorithm can be considered as follows. The 

structure of Algorithm 1 shows us easily that the solution time of it should 

be proportional to the number of jobs. The order of the solution time by 

Burns' is: 

(5.3) 
n 
L Un+1-iJ 

i=l 
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The worst case of the time complexity of Algorithm 2 is: 

n-2 
(5.4) L i(n-l-i)6(i) < o(n 3). 

i=l 

Where 6(i) is a function defined by: 

6 (i) 1 
(5.5) 

Q(i) o 

J. " {J L 
'Z- £ 

49 

and i(n-l-i) ts the time of maximum possible calculations for detecting Z when 

J exists in 1.th position in the schedule. 
£ 

The time complexity of Algorithm 2 depends upon the number of jobs belong

ing to the set {J}. In order to verify the actual solution time for these 
£ 

three algorithms together with DP, the mean solution times required to solve 

the example problems by ACOS-77 system 600 are shown in Fig. 6. The actual 

solution time of Algorithm 2 for these randomly generated problems is much less 

than the worst case of eq. (5.4). The advantage of Algorithm 2 to Burns' be

comes larger a.s the number of jobs increases. DP increases the solution time 

exponentially, as a result the mean time for 12- and IS-job problems are 2.25 

sec and 22.5 sec, in turn. 

6. Conclusions 

Computational experience shows that the proposed Algorithm 2 fails to 

obtain the global optimum for only the three among totally three hundred and 

twenty example problems. Example problelns are provided with different types of 

due-dates, different job numbers, and di.cferent ranges of weights. The unopti

mal schedules through Algorithm 2 are on.~ twelfth of those through Algorithm 1 

(Smith) and one seventh of those through Burns'. 

The solution time of Algorithm 2 hardly increases as the number of jobs 

increases. This behaviour is similar to Algorithm 1. The advantage of 

Algorithm 2 to Burns' in solution time b.~comes larger as the job number in

creases. The memory size needed by Algo:cithm 2 is o(n). For example, 1000-

job problem can be solved with 24K core lnemory. On the contrary the solution 

time of DP algorithm grows exponentially and DP has a severe restriction OIl the 

memory size. For instance 80K is required to solve IS-job problem. 

These results show that Algorithm 2 can be regarded as a more practical 

solution technique than the previous algorithms in connection with the thr-ee 

factors: the quality of the solution, th.~ computational time, and the core 

memory storage needed. 
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