
Journal of the Operations Research 
Society of Japan 

Vol. 24, No. 4, December 1981 

A UNIFIED APPROACH TO ALGORITHMS 

WITH A SUBOPTIMALITY TEST 

IN DISCOUNTED SEMI-MARKOV DECISION PROCESSES 

Katsuhisa Ohno 
Kyoto University 

(Received May 15, 1980; Revised April 25, 1981) 

Abstract This paper deals with computational algorithms for obtaining the optimal stationary policy and the 

minimum cost of a discounted semi-Markov decision process. Van Nunen [23) has proposed a modified policy iteration 

algorithm with a suboptimality test of MacQueen type, where the modified policy iteration algorithm is policy iteration 

method with the policy evaluation routine by a finite number of iterations of successive approximations and includes 

the method of successive approximations and policy iteration method as special cases. This paper devises a modified 

policy iteration algorithm with the sUboptimality test of Hastings and Mello type and proves that it constructs a finite 

sequence of policies whose last eleme:nt is either a unique optimal policy or an €-optimal policy. Moreover, a new 

notion of equivalent decision processes is introduced, and many iterative methods for solving a system of linear equa

tions such as the J acobi method, simultaneous overrelaxation method, Gauss-Seidel method, successive overrelaxation 

method, stationary Richardson's method and so on are shown to convert the original semi-Markov decision process 

to equivalent decision processes. Various transformed algorithms are derived from the modified policy iteration 

algorithm with the sUboptimality test applied to those equivalent decision processes. Numerical comparisons are made 

for Howard's automobile replacement problem. They show that the modified policy iteration algorithm with the 

suboptimality test is much more efficient than van Nunen's algorithm and is superior to the policy iteration method, 

linear programming and some transformed algorithms. 

1. Introduction 

Markov decision processes are Markov chains controlled by actions_ In 

particular, finite state discounted Markov decision processes have been stud

ied extensively and thoroughly, and the following three methods for solving 

them have been developed: method of successive approximations, policy itera~ 

tion method and linear programming [6]. The most approved method of these is 

the policy iteration method, which consists of the policy evaluation routine 
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Algorithms with Suboptimality Test 297 

and the policy improvement routine [10]. The former routine amounts to solv

ing a system uf linear equations in N unknowns, N being the number of states. 
3 6 Thus, when N is large, say in the range of 10 to 10 , it is quite difficult 

to use the policy iteration method. In fact, many important problems such as 

inventory control systems, controlled queueing systems, stochastic optimal 

control problems and so on can be precisely or approximately formulated by 

Markov or semi-Markov decision processes with N in the above range. 

Mac Queen [13, 14] has devised a method of successive approximations with 

a suboptimality test for solving discounted Markov decision processes with a 

large N. His suboptimality test, howevE!r, is not computationally efficient, 

and Hastings and Mello [7] have derived an improved suboptimality test for 

discounted semi-Markov decision processes. A comprehensive survey of the 

method of successive approximations with a suboptimality test for semi-l-f..arkov 

decision processes has been made by White [27]. Van Nunen [23, 24] has re

cently proposed a method of value oriented successive approximations with a 

suboptimality test for solving discounted Markov decision processes and proved 

its convergence under a certain condition. It is to be noted, however, that 

his suboptimality test is of MacQueen type. He has obtained his method by 

adding an extra routine computing the approximate expected total cost of an 

improved policy to the method of successive approximations. On the other 

hand, Puterman and Shin [19] have derived the same method without any sub-· 

optimality test by replacing the policy evaluation routine by a finite number 

of iterations of successive approximations and called it a modified policy 

iteration algorithm. Since their derivation is more natural than van Nunen's, 

their terminology is used in this paper. Moreover these derivations show 

that a modified policy iteration algorithm includes t~e method of successive 

approximations and the policy iteration method as special cases. 

This paper deals with discounted semi-Markov decision processes. Its 

main purposes are as follows: to devise a ~odified policy iteration algorithm 

with the suboptimality test of Hastings and Mello type, to prove that this 

constructs a finite sequence of policies whose last element is a unique or an 

£-optimal policy, and to derive various transformed algorithms with the sub

optimality test from a new notion of equivalent decision processes. The or

ganization of this paper is as follows. Section 2 contains statements of the 

discounted semi-Markov decision process and the method of successive approxi

mations. In Section 3, new lower and upper bounds for the minimum cost are 

derived for the sequence generated by a modified policy iteration algorithm. 

These bounds yield a suboptimality test of Hastings and Mello type which can 

eliminate suboptimal actions in the policy improvement routine. A modified 
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policy iteration algorithm with the suboptimality test is proposed and its 

convergence is proved. In Section 4, equivalent decision processes are de

fined and many iterative methods for solving a system of linear equations 

such as the Jacobi method, simultaneous overrelaxation method, Gauss-Seidel 

method, successive overrelaxation method, stationary Richardson's method and 

so on [28] are shown to convert the original semi-Markov decision process to 

equivalent decision processes. Section 5 discusses many transformed algori

thms which are derived from the modified policy iteration algorithm with the 

suboptimality test applied to the equivalent decision processes. Section 6 

shows numerical comparisons between the modified policy iteration algorithm 

with the suboptimality test, van Nunen's algorithm [23], policy iteration 

method, linear programming and transformed algorithms for Roward's automobile 

replacement problem [10]. 

2. Discounted Semi-Markov Decision Processes 

Consider a semi-Markov process with a finite number of states iEI={l, ... , 

N}. Hhenever state i is reached, an action k is chosen from a finite set K .. 
'Z-

This choice of action determines the expected discounted cost Pik generated 

in the current state, and the probability p . . (k) that the process next moves 
'Z-J 

to state j, where costs are assumed to be continuously discounted at interest 

rate ~>o. Let G .. (t;k) be the conditional probability distribution function 
'Z-J 

of the transition time from state i to j given that the process moves from i 

to j under action k. Then the discounted transition probability q .. (k) is 
'Z-J 

defined as 

(2.1) f" -at 
q •. (k)=p •. (k)JrOe dG .• (t;k) 

'Z-J 'Z-J 'Z-J 

It is assumed [22, p.157] that there exist positive constants El and E2 such 

that for all iEI and kEK., 
'Z-

L p . . (k)G . . (EI;k) :s I-E 2 . 
jEl 'Z-J 'Z-J 

This assumption, which is satisfied for all practical semi-Markov processes, 

implies that for all iEI and kEK., 
'Z-

(2.2) a.(k) == I q .. (k) < 1. 
'Z- jEl 'Z-J 

It is to be noted that for discrete time Markov decision processes with dis-

count factor S, 

(2.3) q .. (k) = Sp .. (k) and a.(k)=S for all i,jEl and kEK .. 
'Z-J 'Z-J 'Z- 'Z-

The Cartesian product of all K.(iEI) is called the policy space denoted by F. 
'Z-
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For f=(f
l

, ... .fN)EF, let r(f) be the N dimensional column vector whose ith 

component is '1'';f.' and Q(f) the NxN matrix whose (i,j) component is q .. (f.). 
~'l- ~ ~ 

A policy is a sequence n=(~,~, ... ) of elements ~ of F, and the expected 

total cost veetor adopting policy n is given by 

v(n) = r(~) + I Q(r)" 'Q(~)r,(~+l). 
n=l 

Then the discounted semi-Markov decision process is defined as the quadruplet 

(I,F,Q,r) associated with the problem of determining an optimal policy n* 

that minil".izes V(1T) over all policies. 

A policy of the form f=(f.f, ••• ) is called a stationary policy. It i.s 

well-known [4, 5, 25] that there exists an optimal stationary policy f*=(j~, 

f*, ... ) that minimizes v(n) over all policies. Denote the minimum cost v(f*) 

by V*E EN, where EN is N dimensional Euclidean space. There are three ap-

f* 
N 

pro aches to obtaining the optimal policy EF and the minimum cost v*EE : 

the method of successive approximations, policy iteration method and linear 

programming [6]. The method of successive approximations is as follows: for 
o 0 N n n any starting vector V =(Vi)EE and n=1,2, ... , compute v =(Vi ) by 

n '\, n-l 
v. min {r.k+ L q"',k)v. } (iEl). 

'l- h K • 'l- j El 'l-J J 
'l-

(2.4) 

Let ~ be an action k that attains the minimum value of the right hand side. 
'l-

Denote by 11 v 11 and 11 Q(f) 11 the R.", -norm and the corresponding matrix norm, res-

pectively. That is, 

IIvII = maxlv·1 and IIQ(nll = max Ilq .. (f·)I· 
iEl 'l- iEl jEl 'l-J 'l-

Since all q .. (k) are nonnegative, if V$w, then 
'l-J 

(2.5) Q(f)v~Q(f)w, 

where V:SW means V.:SW. for all iEl. Moreover, for column vector e=(l, ... , 
'l- 'l-

l)EEN, 

(2.6) IIQ(f) 11 IIQ(f)e 11 = max 
iEl 

Cl·(f·)· 
'l- ~ 

Define Band y by 

(2.7) B max Cl • (k) and y = min Cl.(k). 
id,kEK. 'l- ·iEl,kEK. 

'l-

'l- 'l-

Then (2.2) and (2.6) imply that for all f'EF, 

(2.8) IIQ(f) 1\ $ B <1. 

Define the operators T(f) and A mapping EN into EN by 

(2.9) T(f)v = r(f) + Q(f)v 

and 

(2.10) Av=min T(f)v, 
f EF 

where minimization is taken componentwise. Then (2.4) can be rewritten as 
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Definition 1. N 
T(f) and A are said to be monotone, if for all V,wEE 

such that v~w, 

(2.12) T(f)v ~ T(f)w and Av ~ Aw; 

They are called contractive, if there exists B<l such that for all V,WEEN, 

(2.13) 11 T(f)v-T(f)w 11 ~a 1~-wl! andll Av-Awl! ~ all v-wll . 

The following lenmul is a direct consequence of the definition. 

Lemma 1. T(f) is monotone and contractive if and only if Q(f) is non

negative and satisfies (2.8). If T(f) is monotone and contractive for all 

fEF, then A is also monotone and contractive. 

Lemma 1 shows that ~r(f) and A are monotone and contractive. Consequent

ly, from the fixed-point theorem [5] it follows that T(f) and A have unique 

fixed-points v(f) and v*, respectively, i.e. 

(2.14) v(f) (I_Q(f»-lr (f) 

and 

(2.15) v* = min v(f). 
fEF 

Note that the spectral radius (J (Q(f» of matrix Q(f) satisfies 

(2.16) o(Q(f)~IIQ(f)11~8 <1, 

and (I-Q(f) is nonsingular [28]. The following lemma is due to Denardo [5]. 

(i) 

(ii) 

Lemma 2. 
If Av~v, then v*~v. 

ON nO nO 
For any V EE and fEF, T(f) v and A v converge to V (f) 

n ° pectively, where T(f) V is determined recursively by 

and v*, res-

(2.17) T(f)°vO = vO 

and for n=1,2, ... , 

(2.18) T(f)nvO = T(f) (T(f)n-lvO) , 

n ° and A V is determined in the same way. 

3. Modified Policy Iteration Algorithm with a Suboptimality Test 

Another approach to finding f* and v* is the policy iteration method 

[1, 10]. It consists of the following two routines. For any starting policy 

jDEF and n=1,2, •.. , 

policy evaluation routine: solve T(~-l)v=v to obtain v(~-l); 
policy improvement routine: find ~EF such that Av(~-l)=T(~)V(~-l). 

In the policy evaluation routine, the system of N linear equations T(~-l)v=v 
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must be solved. The Gauss elimination method which is usually used in finding 

v(fL-1) requires (N
3
+3N

2
-N)/3 multiplications and divisions. Therefore, when 

N is large, for example, over several thousands, it is difficult to obtain the 

exact value of v(fL-1) by the Gauss elimination method. Another method of 

finding v(fL-
l

) is the method of successive approximations given by (2.18). 

Its convergence to v(fL -1) is shown in Lemma 2. Since the computation of 

T(fL-~vrequires N2 multiplications, this method is superior to the Gauss 

elimination method if convergence occurs within N/3 iterations. This implies 

that the method of successive approximations ought to be used in the policy . 

evaluation routine when N is large. Note that an approximate value of v(fL-1) 

works well in the policy improvement routine, if it gives the same policy as 

the exact value of v(fL-1) does. This suggests that the policy evaluation 

routine can be replaced by a finite number of iterations of successive ap

proximations. Let m be a given number of iterations. Moreover, starting 
o 0 

from v instead of f yields a modified policy iteration algorithm: For any 
o JL n n starting vector V and n=1,2, ... , compute J ,wand V by 

(3.1) wn AVn- 1 = T(fL)vn- 1 

and 

(3.2) 

where m is the given nonnegative integer. It should be noted that this al

gorithm with m=O is identical to the method of successive approximations (2. 

11) and that as m increases, the algorithm approaches the original policy 

iteration method. Puterman and Shin [19] have discussed the modified policy 

iteration algorithm and van Nunen [23] has devised the algorithm with sub

optima1ity test of Mac Queen type. They have proved the convergence of their 

algorithms under a certain condition. The purposes of this section are to 

devise the modified policy iteration algorithm with the suboptima1ity test of 

Hastings and Mello type [7] which is mon! efficient than that of MacQueen 

type (see Remark 2) and to prove its convergence without assuming any condi

tion. In Sections 4 and 5, many algorithms with the suboptima1ity test will 

be derived from the present algorithm. 

The following lemma is due to Porteus [16], who has proved it using only 

the monotonicity and the contractiveness of T(f) and A. 

(i) 

(ii) 

LeRllla 3. 
by (b)me 

by(b)me 

If for scalars a and b, besw-vsae, then 
m m m s T(f) w-T(f) v s aB (a) e for all fEF, 

s Amw_Amv s aB(a)me , 

where B(a) and y(b) are given by 

(3.3) B(a)=B if a~O, =y, otherwise, 

and 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



302 K.Ohno 

(3.4) y(b) - y if b~O, - 8 , otherwise. 

Let scalars 6n , Vn ' 

n n-l 

b ,a and d be defined as follows: n n n 

(3.5) 6 -max{v .-v. }, 
n id 'l- 'l-

(3.6) a ==max {w~-/;} , 
n id 'l- 'l-

n n-l a =max{w.-v. }, 
n id 'l- 'l-

(3.7) 

n n-l V -min{v.-v. }, 
n id 'l- 'l-

b =min{w~-v~}, 
n id 'l- 'l-

d -min{w~-v~-l}. 
n id 'l- 'l-

Then an upper bound un and a lower bound ~n for v* are given by the following 

theorem. 

Theorem 1. 
(3.8) ~n _ vn + n e ~ v* ~ un vn + I; e, 

n n 
where I;n and nn are given by 

(3.9) I; - min{-b 8(-b )m/(1-8(-b )m) n nrz n' max{(6 8(6 ) + a )/(1-8), n n n 

(6 8(6 ) + a )/(l-y)}} n n n 

and 

(3.10) n - min{(V y(V ) + b )/(1-13), (V y(V ) + b )/(l-y)}. n nn n n n n 
In addition, the following bounds for v* also hold: 

(3.11) wn+min{8d /(1-8), yd /(l-y)}e $ v* ~ wn+ max{Ba /(1-8), ya /(l-y)}e. n n n n 

Proof: Since by lemma 2, V(~)-l~ T(~)~Wn and by (3.2), vn_T(~)mwn, 

v(~)_vn - I {T(~)(~+l)mwn - T(~)~Wn} 
~-l 

I {T(~) Rlrivn -T(j1') Rmwn}. 
~-l 

Lemma 3 implies that 

T(j1')RmVn_T(~)RmWn ~ -b B(-b )Rlrie, 
n n 

because max{v~ -w~} - -b. Therefore 
iEI 'l- 'l- ""n 
v(j1') ~ vn-b I B(-b )Rlrie 

n ~=1 n 
Since v*~v(j1'), it holds that 

(3.12) v* ~ vn_{b 8(-b )m/(1-8(-b )m)}e. 
n n n 

From (2.15) and (3.1) it follows that 
n n n n n-l n n (3.13) v*-v '" v*-w + W -v '" Av*-Av + w -v 

n n n-l n n '" Av*-Av + Av -Av + w -v . 

Lemma 3 leads to 
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cf> = min{v~-v:}. 
n iEI 1.- 'I-

Consequently (3.13) yields where 

(3.14) + II B( II ) + a n n n 
and 

(3.15) 

Thus, 

w ~ (ll B(ll ) + a )/(l-B(w » n n n n n 
~ max{(llnB(lln) + an )/(l-B) , (ll B(ll ) + a )/(l-y)} n n n 

and cf>n~ (Vny(Vn) + bn)/(l-Y(~n» 

~ min{(V y(V ) + b )/(l-B), (V y(V ) + b )/(l-y)}. n n n n n n 
Combination of these results and (3.12) proves (3.8) through (3.10). From 

(3.1) it follows that 

v*_wn = Av*-Awn+ AWn_AVn- 1. 

In much the same way as in the proof of (3.14) and (3.15), Lemma 3 leads to 

(3.11). 

303 

Remark 1. When m=O, the modified policy iteration algorithm is identical 

to the method of successive approximations. Then a =b =0 and the upper and n n 
lower bounds (3.8) in Theorem 1 are reduced to 

(3.16) un vn 
+ max{Bll /(l-B), yll /(l-y)}e 

n n 
and 

(3.17) ~n = vn +min{SV /(l-B), yV /(l-y)}e 
n n 

respectively. These bounds agree with one,s shown in [2,7,16] for the method 

of successive approximations (2.11). 

Corollary 1. n-1 n n 
Suppose that v ~ ~v ~v* Then the upper and the lower 

bounds 

(3.18) 

(3.19) 

(3.8) for v* hold with t,;n and nn given by 

t,; =mln{_ymb /(l_ym), (yll +a)/(l-y)} n n n n 
n = (SV + b )/(l-B). n n n 

and 

Moreover, 

(3.20) wn + {Sd /(l-B)}e ~ v* ~ wn + {ye /(l-y)}e. n n 

Proof: The assumption implies that a: ~b ~O~ll ~V and cf> ~W ~O. Conse-n n n n n n 
quent1y, (3.3), (3.4), (3.12), (3.14) and (3.15) yield the bounds (3.8) with 

t,; and n given by (3.18) and (3.19). Sinc~ d ~e ~O, (3.11) is reduced to n n n n 
(3.20). 

A suboptima1ity test of Hastings and Me110 type is derived by using the 

upper and lower bounds (3.8) for v*. 

Theorem 2. Action k in state i is suboptimaZ if 
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(3.21) \ n n k r'k + L q •. (k)v. > u.-a.()n • 
1.- i,,- I 1.-J .7 1.- 1.- n 

where ai(k) is defined by (2.2) and un and nn are given by (3.8) through (3. 

10). or they are given by (3.8). (3.18) and (3.19) when the assumption of co

rollary 1 holds. 

Proof: (3.8) implies that 

r·k+ I q .. (k)v~ ?: r'k + I q .. (k)R,~ 
1.- jE! 1.-J J 1.- jEI 1.-J J 

=r.k + Iq·.(k)v~+a.(k)n. 
1.- jEI 1.-J J 1.- n 

Consequently. when (3.21) is satisfied. it holds that 

r.k+ I q .• (k)vit > u~ ?:viJ. 
1.- jEI 1.-J J 1.- 1.-

Thus action k in state i can not be optimal. 

Theorem 1 or Corollary 1 and Theorem 2 suggest the modified policy itera

tion algorithm with suboptimality test of Hastings and Mello type. which will 

sometimes be called the basic algorithm. 

Basic Algorithm: 
o N Step Z: Choose an appropriate vector v EE • a nonnegative integer m and a 

i O. uO=Me 0 pos tive constant E. Set Ki=Ki for all 1.-fI. • nO= and n=l. where M is a 

sufficiently large number. 

Step 2: 

(3.22) 

For each iEI. compute 
n \ n-l 

UJi=min_l{r.k + Lq··(k)v.} 
kEK': 1.- jE! 1.-J J 

1.-
and determine at the same time 

.n .n-l \ n-l n-l (3.23) K. = {kEK. ; r' k + L q •. (k)v. ~ u .. -a .. (k)nn_1L 
1.- 1.- 1.- . I 1.-J J " " 

If ~-l attains the minimum v~~ue UJ~. then set ~ as ~-l; else. set ~ as any 
1.- 1.- 1.- 1.- . 1.-

action which attains UJ~. If K': consists of a single action ~ for all iEI. go 1.- 1.- 1.-
to Step 5. 

S~ 7 n 0 1 HI b ~ep v: For ~= •••.• m- , compute y y 

(3.24) yR,+l = r(~) + Q(~)yR" 
o n 

where y =w . n m Set v =y • 

Step 4: Calculate ~n' Vn , an' bn by (3.5). (3.6) and ~n' nn by (3.9). (3.10) 

or (3.18), (3.19). If 

(3.25) ~n-nn?: 2E, 

then compute un by (3.8), set n=n+l and go back to Step 2. Otherwise, 

(3.26) v = v
n + {(~n + nn)/2}e 

is an E-approximate value of v*. Calculate En and on by 

(3.27) 0n=min{v.-l' - Iq .. (.t)v.} 
iEI 1.- ij~ jEI 1.-J 1.- J 
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and 

(3.28) E =E -[0 /(l-min a.(~»], if 0 ~O; 
n n iEI "/.. "/.. n 

=E -[0 /(l-max a.(~»], otherwise. 
n id "/.. "/.. 

The policy ~ is En-optimal. 

Step 5: ~ is the unique optimal policy. Compute an and dn by (3.7). The 

minimum value v* is estimated by (3.11) or (3.20) as follows: 

305 

(3.29) v = uP +[{max{Ba /(1-13), ya /(l-y)} +min{Bd /(l-B),yd /(1-y)}}/2]E!, n n n n 
or 

= ur + [{ya /(l-y) + Bd /(1-B)}/2]e. n n 

In the basic algorithm, the set ~ given by (3.23) is justified by Theo

rem 2 and the approximate values V of v* given by (3.26) and (3.29) are jus

tified by Theorem 1 or Corollary 1. However, the E -optima1ity of ~ given n 
by (3.28) has not been proved to be valid. Its validity is shown in the fol-

lowing theorem. 

Theorem 3. Suppose that ~n-nn<2E. Then the policy ~ is En-optimal, 

where En is given by (3.28). 

Proof: From (2.14) and (3.27) it follows that 

v-:t'(~)-Q(~)v = (I-Q(jI» (v-v(t~» ~ 0 e. 
fl -1 00 fl9.. n fl 00 fl 9.. 

Since (I - Q(J» = L Q(J ) ~ 0, it holds that v-v(J )~ on L Q(J ) e. 
9..=09..=0 

Therefore, (3.8), (3.26) and the assumpti.on imply that 
00 

v* - v(jI) ~ 9..n - v + ° L Q(jI)9..e 
n 9..=0 

because 

Thus it has been proved that 

v* - v(~) + E e > 0, n 
which implies the E -optima1ity of ~. n 

Finally, combination of the above ine-

quality and v(jI)-v* ~ 0 leads to E > O. n 

As mentioned in Remark 1, the basic algorithm with m=O is identical to 

the method of successive approximations ~lith the Hastings and Me110's sub

optima1ity test, although the E -optima1ity of f in Step 4 is new. We add a n n 
few remarks on the basic algorithm, before proving its convergence. 

Remark 2: The bounds for v* derived by van Nunen [23] under the assump

tion of Corollary 1 are 

vn- 1 + {d l(l-B)}e ~ 
n 

v* ~ vn- 1 + {a /(l-y)}e. 
n 
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n 
These bounds utilize the value of w so that they can not eliminate suboptimal 

actions during the computation of (3.22) as in Step 2. Thus the suboptimality 

test using these bounds is necessarily MacQueen test, which must be done in an 

additional step requiring about the same computational effort as in (3.22). 

Therefore the basic algorithm is more efficient than the algorithm proposed by 

van Neunen. Moreover, the bounds (3.20) are tighter than his bounds, because 
n ~l n ~l n ~l 

min{W.-v. }e $ W -v $ max{W.-V }e. 
iEI 1- 1- id 1-

Remark 3. In the basic algorithm, the sets ~ (iEI) decrease monotoni-
1-

cally as n increases. Thus Sand y can change with n: 

(3.30) S = max {a.(k)} 
n id, kE~ 1-

1-

and min 
id,kEil 

{a .(k)}. 
1-

Clearly, O<Y=Yl$ ... $Yn$Yn+l$ ... $Sn+l$Sn$ ... $Sl=S<l. It may be useful to re

vise the values of S or Y by (3.30) when action k that attains S=a.(k) or 
1-

y=a.(k) is excluded from ~, or simply in every ~th iteration. However, since 
1- 1-

for Markov decision processes, a.(k)=S=y for all iEI and kEK., S=y remains 
1- 1-

constant during the whole iterative procedure. 

Remark 4: In the basic algorithm, the integer m is assumed to be con

stant during the whole iterative procedure. However, it may vary with n, and 

one simple way may be to iterate (3.22) until 11 y~+l_y~ 11 < E' is satisfied for 

given constant E'. 

The convergence of the basic algorithm is shown in the following theorem. 

Theorem 4. For any nonnegative integer m and any E > 0, the basic al

gorithm starting from an arbitrary vector vO 
constructs a finite sequence 

{~} whose last element is either a unique optimal policy or an En-optimal 

policy. In particular, if the scmi-Markov decision process has the unique 

optimal policy and E is sufficiently small, then the basic algorithm finds 

the unique optimal policy with a finite number of iterations. 

Proof: Note that ~ determined in Step 2 is always included in ~. 
1- 1-

This shows that ~ in Step 2 is equal to ~ determined from (3.1). Therefore, 

values of wn and vn in the algorithm are equal to those of wn 
and vn 

generated 

by (3.1) and (3.2) (see[27]). Since wl 
- v

O 
$ cle, where cl is given by (3. 

7), Lemma 3 implies that 
T(~)m+lwl _ T(~)m+lvO < D( )m+l - cl'"' cl e. 

Consequently, from (3.1) and (3.2) it follows that 
21 11 ,J.l 1 rrrH 

W - v = Av - v $ T(J)v - v $ ClS(C
l

) e. 

By induction, the following inequality holds: for n=Q,1,2, ... , 

(3.31) wn+l - V
n

$ A e, 
n 
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where Therefore, Lemma 3 leads to 

= T(~+1)Wn+1 _ T(~+l)Vn B() 1 J:<:; An cl e. 

Adding this inequality to (3.31) yields 
~+1 n+1 n 

T(J )w - V :<:; An(l + B(c
1

»E!. 

Induction leads to 
T(r+1 )m-1wn+1 _ v n :<:; A (1 + B(c ) + ... + B(C

1
)m-1)e. 

n 1 

Since v n+1_wn+1 = T(r+1 )mwn+l _ T(r+1 )Vn , the following inequality holds: 

for n=O,1,2, ••• , 

(3.32) vn+1_ wn+l 
:<:; Bne, 

where 

imply that for ~=O,1,2, ... , 

Since 

(3.33) 

A~+1Wn+1 _A~wn+1 = Al+1wn+1 _ A~+1vn :<:; A B(c )H1e . 
n 1 

v* - 1l,n+1 Y (A~+1Wn+1 _A~Wn+l), it holds that 
~=O 

v* - l.u
n

+1 :<:; {A
n

B(c
1
)/(1 - B(c

1
»}e. 

Adding this inequality to (3.31) leads to 

(3.34) v* _'I
n 

:<:; {An / (1 - B(c
1
»}e. 

Now from (3.32) and Lemma 3 it follows that for ~=O,1,2, ..• , 

nH+1 T(f*) n+~ < nH,+l A nH,_ n+~+l nH.+1 < B V - v - v - v - v - w - n+~ e. 

Since B ,= B(c1)~(m+1)Bn' the following inequality holds: for ~=O,1,2, 
n+~ 

... , 
(3.35) 

When ~=O, this inequality is reduced to 

n+1 n 
v - T(j'*)v .':<:; Bne. 

Thus, by Lemma 3, 

T(j'*)Vn+1 _ T(f*)2vn 
:<:; BnB(c1)e. 

Adding this inequality to (3.35) with ~=l yields 

n+2 2 n . m 
V - T(f*) v :<:; B

n
B(c

1
) {1 + B(C

1
) le. 

Again, by Le~na 3, 
n+2 3 n 2 m 

T(f*)v - T(f*) v :<:; BnB(c
1

) {l + B(c
1

) le. 

Adding this inequality to 0.35) with ~,.,2 yields 
n+.3 3 n 2 m 2m 
v- T(f*) v :;; B

n
B(C1) {1 + ~:(cl) + B(c

1
) le. 

Repeating this routine leads to for ~=l, ~~, ... , 

(3.36) vnH T(f*)~vn:<:; BnB(C1)~-1[(1 -B(c
1

)Q.J11)/(1 

~ 
:<:; [An B (cl) / (1 - B(c1»]e. 
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Hence, 

vnH _ V* = VnH T(f*) R.Vn + T(f*) R.vn - T(f*) R.V* 

5 [{AnS(Cl)R. / (1 - S(Cl»} + sR.llv
n 

- v*II le. 

Setting n = 0 and R. = n in this inequality produces for n = 1,2, ••• , 

(3.37) 

Since by (3.31), 
wn+R.+l _ n+R. < A = A Q( )R.(m+l) 

V - n+R.e 9n~ Cl e, 
adding this inequality to (3.36) produces 

wn+R.+l _ T(f*)R.Vn 5 AnB(Cl)R.[B(Cl)tm + {I / (1 - B(cl»}]e. 

In the same way as in the proof of (3.37), the following inequality can be 

obtained: for n = 1,2, ... , 

(3.38) w
n

+1 - v* 5 [C
l

B(c
l

)n{B(c
l

)r1m + (1 / (1 - B(c
l
»)} + 811vO - t:*II]e. 

In the above, inequalities (3.33), (3.34), (3.37) and (3.38) have been 

proved. These inequalities show that IIvn - v*1I and IIwn - v*1I decrease geome

trically to zero as n increases. Consequently, for an arbitrary number 0 >0 

there exists an integer ~. such that for all n 2: ~, IIvn_v*l~ 0 and IIwn-v*lI<o. 

Since for n> M1, 
11 v

n 
- vn-lll 511 v n - v*1I +11 v* - vn-lll < 20 

and IIwn_v
n 

11 5 I1w
n

-v*II+lIv*-Jl 11<20, 
it holds that for n > M1, 
(3.39) -20 < V < 20 and -20 < b < 20, 

n n 

where V and b are given by (3.5) and (3.6), respectively. The basic algori-
n n 

thm terminates at Step 4 or Step 5. Therefore, in order to prove the first 

part of the theorem, it suffices to show that for m2:l, there exists a positive 

o such that ~n - nn < 2E. From (3.9), (3.10) and (3.39), 

m m 
~n - nn 5 -b B(-b ) /(1 - B(-b ) ) - min{(V y(V ) + b )/(1 - B), n n n n n n 

(V y(V ) + b ) / (1 - y)} n n n 

< {2oBm I (1 - Bm)} + {(20B + 20) / (1 - B)}. 

Thus for n > ~ 

(3.40) ~n - nn < 20(1 + B) / {(I - B)(l - Bm)}. 

Consequently, taking 0 as 0 = E(l - B)(l - Bm) / (1 + B) guarantees that 

~ - n < 2E holds. Suppose that the semi-Markov decision process has the n n 
unique optimal policy [*. Then there exists a positive number El such that 

(3.41) 
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holds for all k except~. To prove the second part of the theorem, it suf
'!-

fices to show that there exists a positive 0 such that K~ given by (3.23) 

consists of a single action for all i. Since v* - 0 < v~-l < v* + 0 for 
'!-

n > MI' by (3.40) and (3.41) 

'i' n-l n-l 
Pik + j~I qij(k)Vj - vi - ~n-l + ai(k)nn_l 

> P. k + L q .. (k)v~ - v* - (1 + B)o - 20(1 + B)/{(l - B)(l - Bm)} 
'!- JEI '!-J J 

-2o(1-y)(1+B)/(1-B) > £1 - o(l+B){l + 4/(1-B)(1-Bm)}. 

Hence, taking 0 as 0 = £1(1 - B)(l - Bm)/{(l + B)(4 + (1 - B)(l - Bm»} and 

£ as zero, guarantees that the basic algorithm terminates at Step 5 within 

(MI + 2) iterations. The proof of the theorem is concluded. 

Define a set V C EN as 

(3.42) 

It is clear that v(f) € V for all f € F. Van Nunen [23] has proved the con

vergence of his algorithm under the condition that vO 
€ V. The convergence 

of a modified policy iteration algorithm has been proved in [19] under the 

same condition and in [24] without any conditions. 

o Corollary 2. Suppose that V € V. Then for n 1,2, ..• , 

vO ~ ~ vn- l ~ wn ~ vn ~ wn+l ~ ... ~ v*. 

Proof: 1 0 
The assumption implies that w ~ v. Therefore, cl in the proof 

of Theorem 4 can be taken as zero. 

vn ~ wn+l and wn ~ vn , respectively. 

Then (3.31) and (3.32) are reduced to 

Moreover, (3.33) and (3.34) are reduced 
n+l n to w ~ v* and V ~ v*, respectively. The proof is concluded. 

This corollary shows that vn generated by the basic aIgorithm decreases mono

tonically and the assumption of Corollary 1 is satisfied for all n. Therefore, 
o a starting vector V € V should be used, if such a vector is easily found. 
o Let us assume that V =ce for some scalar c. 

o Then V € V means that for all 

i€I, 

min {P. k + ca.(k)} ~ c. 
k€K. '!- '!-

'!-

Since ca.(k)~cB(c) for all i€I and k€K., if 
'!- '!-

max min {P. k } + cB (c) ~ c, 
id kEK. '!-

then 
o '!- 0 

V =ceEV. Consequently, the starting vector V EV can be taken as ce, 

where 

(3.43) 
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= max min {Pik}(l-y), otherwise. 
iEI kEK. 

1-

In the basic algorithm starting from v
O 

given by (3.43), ~n and nn in Step 4 

should be computed by (3.18) and (3.19) and the second equation of (3.29) 

should be adopted. l-Ioreover,it is to be noted that, as shown in Theorem 4, 

the basic algorithm attains its full power in solving semi-Markov decision 

processes with unique optilnal policies, because the termination at Step 5 

can occur only for those processes. 

4. Equivalent Decision Processes 

Consider a decision process (I, F, Q, r) which has the same state and 

policy spaces as the semi-Markov decision process (r, F, Q, r) discussed in 

the preceding sections. However Q may not be a discounted transition proba

bilitymatrix. Define as in (2.9) and (2.10), 

(4.1) T(f)v = p(f) + Q(f)V 
and 

(4.2) Av=minT<t)v 
fEF 

Definition 2: A decision process (I, F, ~, r) is called equivalent to 

the semi-Markov decision process (I, F, Q, r), if 

(i) 1(f) is monotone and contractive for all rF, 
and 

(ii) the fixed point V (f) of T(n is identical with the fixed point V (f) of 

T(f) for each fEF. 

Now consider the class MC of all decision proc~sses satisfying the above 

condition (i). Then the above definition induces an equivalence relation R 

in MC which is defined as (I, F, Q, r)R(I, F, Q, ~) if Condition (ii) is sat

isfied. In fact it is easy to show that R satisfies the reflexive, SymInetric 

and transitive laws. Thus Definition 2 defines an equivalence relation in 

the class MC. Denote by f'~ and v* an optimal policy and the minimum cost of 

the decision process (I, F, Q, r) and define V as 
~ n ~ 

V = {VEE ; Av:s:v}. 

--n ~n ";31 
Theorem 5: Let w, v and J (n=l,2, ... ) be the sequences generated by 

the basic algorithm applied to the decision process (I, F, Q, r). If this 

process is equivalent to (I, F, Q, r), then these sequences are finite and 

the last element of {r} is either a unique optimal policy or an En-optimal 

policy of (I, F, Q, r),where En is given by (3.28) with Q and r replaced by Q 
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and P. In particular, if (1, F, 0, r) has the unique optimal policy 1* and 

£ is sufficiently small, then the basic algorithm applied to (1, F, Q, ;') 
~O 

finds f* with a finite number of iterations. Moreover, if v e V, 

(4.3) 

and vn converges mono tonically to v*=v*, the minimum cost of (I, F, Q, r). 

Proof: Lemma 1 implies that q .. (k):?:o and l:?:8:?: L q .. (k) for all i, jEl 
'l-J jEl 'l-J 

311 

and kEK .. 
'l-

Thus Sand y can be defined as in (2.7). Note that Lemmas 2 and 3 

hold for T(f) , A, 6 and y. ~ ~ ~-l 
In addition, Theorem 1 holds for v*, W ,v and 

vn, because i.ts proof utilizes only the monotoni.city and the contractiveness 

of T and A. Similarly, Theorems 2 through 4 and Corollary 2 hold for (I, F, 

Q, r). From (ii) of Definition 2 it follows that 

v* = min 
fEF 

The main part of 

v(t) = min v(f) v* and f* = f*. 
fEF 

the theorem follows from Theorem 4 and (4.3) from Corollary 

2. The proof is concluded. 

This theorem shows that an optimal policy f* and the minimum cost v* of 

(I, F, Q, r) can be obtained by the basic algorithm which is applied to any 

decision process (I, F, Q, ;;') equivalent to (I, F, Q, r). 

Consider a system of linear equations 

(4.4) (I-Q(t)v = rCf)· 

Let L(t), D(t) and U(f) denote the strictly lower triangular, the diagonal and 

the strictly upper triangular matrices of Q(f). Define strictly lower and 

strictly upper triangular matrices Land U by 

(4.5) L(t) = (I-D(f»-lL(f) and V(f) = (I-D(f»-lU(f). 

These matrices are the strictly lower and the strictly upper triangular mat

rices of Q(f) whose elements are determined through k=f. from 
A 'l-

(4.6) q .. (k) = q .. (k)/(l-q .. (k» for i{<jEI, kEK. 
'l-J 'l-J 1-1- 'l-

= 0 for i=jEl, kEK .. 
A -1 'l-

Similarly, p(f) = (I-D(f» p(f) is determined from 

(4.7) P' k=' p.k/(l-q .. (k» for iEl, kEK .. 
'l- 'l- 'l-'l- 'l-

There are numerous iterative methods for solving (4.4) [28]. Here we confine 

our consideration to linear stationary iterative methods which have the form 
~ ~ ~-l ~ ~ ~-l 

(4.8) v = T(f)v = p(f) + Q(f)v (n=1,2, ... ). 

If T(f) is contractive, then Lemma 2 implies that vn converges to v(f)=(I 

-Q(t)-l;(f). Note that iterative methods satisfying v(f)=v(f) are said to be 

completely consistent with (4.4) [28, p.64]. Thus decision processes (I, F, 

Q, ;') derived from consistent iterative methods T are equivalent to (I, F, Q, 

r), if T are monotone and contractive. Since all iterative methods used popu-
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iar1y are consistent with (4.4)! Lemma 1 implies that if Q(r> in (4.8) is a 

nonnegative matrix and satisfies 

(4.9) 11 12(f)ell < 1 for all fd!', 

then (I, F, Q, ;) with Q and; given by (4.8) is equivalent to (I, F, Q, r). 

Let wand n be a relaxation parameter (factor) and a nonsingu1ar diagonal mat

rix, respectively. Basic linear stationary iterative methods for solving (4. 

4) are [28]: 

(i) Jacobi method (J method): 

(4.10) 12(f) = £(f) + U(!), ;(f) = r(f); 

(ii) Simultaneous overrelaxation method (JOR method): 

(4.11) 12(f) = w(£(f) + U(!)) + (l-w)I, ;(f) = ~(f); 

(iii) Gauss-Seidel method (CS method): 

(4.12) ~(f) =(I-L(f))-lU(f), ;(f) = (I-£(f)rJ:;.(f); 

(iv) Successive overrelaxation method (SOR method): 

(4.13) 

(v) 

(4.14) 

(vi) 

(4.15) 

Q(f) = (I-wL(f))-l(wU(f) +(l-w)I), 
_ A _lA 
r(f) = w(I-wL(f)) r(f); 

Stationary generalized Richardson's method (CRF method): 

Stationary Richardson's method (RF method): 

Theorem 6. Decision processes (I, F, Q, ;) derived from the J method, 

the JOR method with w such that O<w~l, the GS method, the SOR method with w 

such that O<w~l, the GRF method with n whose ith diagonal element w. satisfies 
1-

O<wi~wi (iEI) and the RF method with w such that O<w~w are equivalent to (I,F, 

Q, r), where for q.=min{q .. (k)} and q=min{q.}, W. and ware given by 
1- kEK. 1-1- iEI 1- 1-

- 1- - -(4.16) wi l/(l-qi) and w = l/(l-q). 

Proof: As noted in the above, it suffices to prove that each Q(f) is 

nonnegative and satisfies (4.9). By (4.6) it holds for the JOR method (4.11) 

that for w~l, q .. (k) = 1-w~0 and nondiagona1 elements q .. (k)~O, and for w>O, 
1-1- 1-J 

(4.17) 11 Q(f) 11 = 1- w + w max {(a.(k)-q .. (k»/(l-q .. (k»} 
• I k K 1- 1-1- 1-1-

1-E , E i 

1 - w ~in{(l-a.(k»/(l-q .. (k»} < 1. 
i,k 1- 1-1-

Since the J method is identical to the JOR method with w=l, the J method and 

the JOR method with O<w~l give equivalent decision processes. For the SOR 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Algorithms with Suboptimality Test 313 

method, the nonnegativ:lty of q1l (k)=l-w requi1;"es w~l. From (4.13) it follows 

that for w>O, 

(4.18) ';;1 (k) = .l ql·(k) = 1 - w + w(al (k)-q1l (k»!(l-q1l (k» 
JEI J 

= l-w(l-al(k»!(l-qll(k»<l. 

Suppose that ~.(k)<l for all j<i. Then by (4.13), _ J 
(4.19) ai(k) ~ l-w + w(ai(k)-qii(k» /(l-qii(k» < 1 

Since the SOR method with w=l is reduced to the GS method, the theorem holds 

for the GS method and the SOR method with O<w~l. For the GRF method (4.1l+), 

q .. (k) = l-w. + w.q . . (k) and 11 Q(f) 11 = max{l-w. + w.a. (k) }, 
1-1- 1- 1- 1-1- i k 1- 1- 1-

which implies that for O<w.Sw., q .. (k)~O, nondiag~nal q .. (k)~O and 1~(f)1I ~ l. 
1- 1- 1-1- 1-J 

The RF method is the GRF method with n=uII, and the theorem is proved for these 

methods, too. 

Porteus [17] has proposed several transformations including the J method 

and the GS method that can be used to convert the semi-Markov decision process 

into an equivalent one that may be easier to solve by the method of successive 

approximations with a suboptimality test. His definition of equivalence, how

ever, imposes only condition (i) of Definition 2. The J method has been dealt 

with by van Nunen [24], too. The SOR method has been discussed by Porteus and 

Totten [18] as a computational method of v(f). In order to distinguish the 

original operator T(f) associated with (I, F, Q, r) with the J method, it will 

be called the pre-Jacobi method (PJ method) in the sequel. Kushner and 

Kleinman [11] have proposed the method of successive approximations which 

uses, instead of the PJ method, the GRF method and the following methods: 

(vii) Pre-Gauss SeideZ method (PGS method): 

(4.20) Q(f) = (I-L(f))-l(D(f) + U(f)), ;(f) = (I-L(f))-lr(f); 

(viii) Pre-successive overreZaxation method (PSOR method): 

Q(f) (I-WL(f))-l(wD(f) + wU(f) + (l-w)I), 
(4.21) 

'1' (f) 

The method of successive approximations using the PSOR method has been dis

cussed by Reetz [20]. He also has devised the method of successive approxima

tions with suboptimality test which uses the PGS method instead of the PJ 

method [21]. The PGS method has been dealt with in [3, 24]. In addition to 

the above eight methods, a stationary ~-th degree method is stated in [28]: 

(ix) Stationary ~-the degree method: 

(4.22) - ~ T(f) == T(f) • 
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Hinderer [9] has derived upper and lower bounds for V* for the method of suc

cessive approximations using the stationary 9,-th degree PJ method, and 

Hastings and van Nunen 18] have investigated a suboptimality test utilizing 

analogous bounds. 

Theorem 7. Decision processes (I, F, Q, ';) derived from the PGS method, 

the PSOR method with w satisfying O<w5~ and the stationary ~-th degree method 

are equivalent to (I, F, Q, r), where ~ is given by (4.16). 

Proof: First let us prOV8 the theorem for the PSOR method. Since 

qll (k)=l -w + wqll (k) and ;l(k) = l-w + wCll(k), the nonnegativity of qll (k) 

and (4.9) require O<W5l/(1-ql)' Similarly, since q .. (k)~l-w+wq .. (k) for w>O 
'VI- 11.. 

and ;i(k)=l for w=O, Q(f) of the PSOR method satisfies the nonnegativity and 

(4.9) for O<w5~. The PSOR method with w=l is identical with the PGS method so 
~ 0 

that the theorem holds for the PGS method. It is clear that T(f) = T(f) ,0 is 

monotone and I~(f) 11 = 1!T(f) II~ = S~ < 1. Moreover, T(f)v(f) = T(f)~V(f) = v(f). 

Thus the proof is concluded. 

It should be noted that from the proof, the stationary ~-th degree method 

based on any method in (i) through (viii) yields an equivalent decision pro

cess (I, F, Q, ;::). 

5. Transformed Algorithms 

In the preceding section, it has been shown that all methods given by (i) 

through (ix) convert the semi-Markov decision process (I, F, Q, r) to equiva

lent processes (I, F, Q, r) that can be solved by the basic algorithm in Sec

tion 3. Consequently, we have obtained ten modified policy iteration algo

rithms with the suboptimality test including the basic algorithm which uses 

the PJ method. These algorithms are all new. 

Theorem 1 and the proof of Theorem 4 imply that the bounds for v* become 

sharper and the convergence of {;n} becomes more rapid as the constants Band 

y given by (2.7) for (I, F, Q, r) decrease. Thus the algorithms can be com

pared in this respect. First, consider (I, F, Q, r) derived from the SOR 

method. Since the operator (4.8) with Q and r given by (4.13) is equivalent 

to 

(5.1) ~ (1 )~n-l {' ~ (f )~n ,~ (f )~n-l ~ } v. = _w v. + w L. q.. . v;+ L. q.. . v. + 1"'f 
1.. 1.. j<i 1..J 1.. J j>i 1..J 1.. J 1.. i 

the constants ~(w) and yew) for the SOR method can be computed by 

(5.2) S. (w) = l-w + w max{ Iq· .(k)S .(w) + Iq .. (k)} 
1.. kEK. j<i 1..J J j>i 1..J 

1.. 
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and 

(5.4) 

By (4.6) 

and 
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y.(w) =l-w+w min{ I; .. (k)Y.(w) + Iq .• (k)} 
'I- kE K .J' <i 1--J J • • 1--,1 

B (w) 

8l (w) l-w 

Y
l 

(w) = l-w 

1-- J>1--

and min Yi(w) 
iEl 

min {(l-al (k»/(l-qll(k»} 
kEKl 

max {(l-al(k»/(l-qll (k»}. 
kEKl 

315 

Ther~fore 8
1 

(UI) and Yl(w) are strictly decreasing in w. Suppose that Bj(w) 

and Yj(w) are strictly decreasing in w for all j<i. Then (5.2) implies that 

for 0>0 and w>O, 

-o{l-

., 0, 

-o+(w+O) max{ I~ . . (k)B .(W+d) + I '''q .. (k)} 
kEK. .<. 1--J J j>i 1--J 

1-- J 1--

-w JTlax {L ~ .. (k)8/w) 
kEK. j<i 1--,1 

1--

+ L ~ . . (k)} 
j>i 1--J 

[ L q . . (k')13.(w+o)+ L q .. (k'»)}+w{ L q . . (k')C~.(w+o)-S.(uV)) 
'<' 1--J J '>' 1.-J • • 1--J J J J 1-- J 1-- J<1--

where 1.(w+o) is attained at k'EK.. Similarly, (5.3) implies that 
1-- 1--

-o{l- [ L q .. (k")Y.(w+O) + Iq .. (k")]} 
j<i 1--J J j>i 1--J 

+ w{ Iq .. (k")(Y.(w+o)-Y.(w»}" 0, 
j<i 1--J J 1--

where k"EK. attains y.(w). Consequently, 13.(w) and Y.(w) are strictly de-
1-- 1-- 1-- 1--

creasing in w for all iEI, which implies that 1(w) and yew) are also strictly 

decreasing in w. In a way similar to the above, it can be proved that Sew) 

and YeW) for the JOR, GRF, RF and PSOR methods are all strictly decreasing 

in w. Summarizing the above results, we have the following theorem: 

Theorem 8. The constants I:l and Y for decision processes (I, F, Q, r) 
derived from the JOR, SOR, GRF, RF and PSOR methods are strictly decreasing 

in ((,>0. 

From Theorems 6 and 8 it follows that the relaxation factor w of the SOR 

method should be one. In this case, the SOR method is identical to the GS 

method. Thus the SOR method can be ignored in the following discussion. 

Similarly, the JOR method can be also ignored. 

w.=l for all i, and if q=O, then w=l. Hence, if 
1--

GRF and RF methods are reduced to the PJ method, 

If q.= ° for all iel, then 
_ 1--

q.=O for all iEI, then the 
1-- _ 

and if q=O, then the RF 
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method is reduced to the I'J method. Moreover, Theorem 7 implies that the PGS 

method can be ignored in the following discussion, because w~l. However, only 

when q=O, the PSOR method is reduced to the PGS method 

As an example of transformed algorithms derived from equivalent decision 

processes (I, F, Q, ;;), consider the algorithm based on the GS method. 

Gauss-Seidel Algorithm: 
~ 

Step I: Compute p . . (k) and r'
k 

by (4.6) and (4.7) for 
1-J 1-

all i, JEI and kEK .. 
-0 'l-

Calculate c by (3.43) with r'k replaced by r'k and set V =ce. Choose a non-
'l- 'l- O. 0 

negative integer m and a positive constant E, and set K.=K. ('l-EI), U =Me, nO=O 'l- 'l-
and n=O. Compute Si and Yi for i=l, •.• ,N by 

(5.5) B. = max {L q .. (kH • + L q .. (k)} 
'l- k K: .. 'l-;7 J J' >i 'l-J 

E i J<'l-

and 

(5.6) q .. (k) } 
1-J 

and set 

(5.7) 8' = max S. and y = min y. 
id 1- id 1-

Store i(S), iCy), k(S) and key) such that B=Bi , y=Yi and Si and Yi are at-

tained at k=k(S) and k=k(y), respectively. Set n=l. 

Step 2: For each iEI, compute 

""YL. A 

(5.8) w. = m1n 1 {r' k + L 
'l- kEK:- 1- j<i 

1-

and determine at the same time 

A ""YL 
qiJ·(k)w..; + 1. 

" j>i 

A "ft-I 
q .. (k)v. } 

1-J J 

(5.9) 
_n . .rz-l A ~ ""YL A ""YL-l 
K. = {kEK. ; r.k + L q .. (k)w.+ L q •. (k)v. 

1- 1- 1- j<i 'l-J J j>i 1-J J 

n-l - -
~ u. - min{S.n I' y·n I}}' 

1- .~ n- 1- n-

If r;-l attains 
'l-

the minimum value ~, then set r; as r;-l; else, set r; as 
'/. '/. '/. 1. 

'''1'1 
any. action which attains 1vi' If k(B)£K:(~) or k(y)£K:(-), then revise B., 

'l- 'lii 1- Y 1-
Yi' Band y by (5.5) through (5.7). If K: consists of a single action ~ 

1- 1-

for all iEI, go to Step 5. 

Step 3: O HI (. ) b For ,Q,= , ••. ,m-I, compute y. 'l-EI Y 
'l-

(5.10) ,Q,+l = ;.fl + \ 
Yi 'l-:r.: .L. 

'l- J <'l-
O""YL -n m 

where y =w. Set V =y 

A ~+1 A fl,Q, 
q .. ([;)y. + L q··(L·)?-/., 

'l-J 1- 1- j>i 1-J 'l- 'J 

Step 4: Calculate ~ , ~ ,a and b by (3.5) and (3.6) with vn and wn re-
""YL ""YL n n n n 

placed by V and w , and ~ and n by (3.18) and (3.19) with sandy replaced 
n n n 

by 8' and y. If (3.25) holds, then compute U by (3.8), set n=n+l and go back 

to Step 2. Otherwise, V given by (3.26) with vn replaced by vn is an E-
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approxi~te value o~ v*. Calculate 6 and; by n n 

(5.11) 

and 

(5.12) E 
n E - [on/(l - y)], 

E - [6n/(1 B)], 

The policy ~ is En-optimal. 

if 0n:<: 0; 

otherwis.~ . 

317 

Sr;ep 5: ~ is the unique optimal solution. Compute c
n 

and d
n 

by (3.7) with 
n-l n "?'I-I "?'I 

V and w replaced by v and w. The minimum value v* is estimated by 

(5.13) v = ;;;n + [{YC /(l-y) + Sd /(1-S)}/2]e. n n 

Transformed algorithms based on the J, GRF, RF and PSOR ~ethods can be de

scribed in the same way as the GS algorith~. In order to derive the transform

ed algorithm based on the stationary t-th degree method, it is necessary to 
t compute Q(f) for each fEF, which requires much computational effort. That 

is, the transformed algorithm based on the stationary t-th degree method is 

not efficient. In the case of m=0 which corresponds to the method of successive 

approximations, however, it is possible to devise the transformed algorithm 

based on the stationary t-th degree method which is faster than the method of 

successive approximations with the Hastings and M.ello test [15]. 

6. A Numerical Example 

The most popular test problem in diseounted M-arkov decision processes Is 

Howard's automobile replacement problem [10, p.89]. The state space I and the 

action sets K. (iEI) for the problem are I=={O,l, ... ,40} and K.=K={l,2, •.. ,41}; 
~ ~ 

the discounted transition probabilities q .. (k) are BP .. (k), where B= 0.97 and 
~.J ~J 

for i, JET, 
(6.1) Pij(l) = Pi (j-i+l) , =l-Pi (j=40), =0 (jfi+l or 40) 

and for k~2, 

(6.2) Pij(k) = Pk-2 (j=k-l), =1-Pk_2 (j=40) , =0 (j;k-l or 40). 

The values of p. and r'
k 

(iEl, kEK) are given in [10, p.56] • 
. ~ ~ 

First, the problem was solved by the basic algorithm (PJ algorithm) and 

van Nunen's algorithm [23] with m varying from one to twenty. 

were written in FORTRAN and designed for general situations. 

not exploit the sparsity of the discounted transition matrix. 

The programs 

Hence they did 

The value of 

e was 0.1 and all iterations terminated at: Step 5 giving the unique optimal 

policy. The minimum value v* accurate to at least five decimal places was ob

tained by the basic algorithm. The problE!m was also solved by the policy ite-
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ration method and linear progr~mming in o~der to compare these conventional 

methods with the basic algorithm. The computat;!.onal results are given in 

Table 1. All computations were carried out with double precision (except 

linear programming) on a FACO}f M-200 computer of Data Processing Center, Kyoto 

University. Table 1 verifies that the basic algorithm is faster than van 

Nunen's one, as noted in Remark 2. Moreover, it indicates that the basic al

gorithm with properly chosen values of m is somewhat more efficient than the 

policy iteration method even for this small problem. This suggests that the 

basic algorithm, which was originally devised for solving semi-M~rkov decision 

processes with one thousand or more states, will be superior to the policy 

iteration method even when the number of states is on the order of hundreds. 

Table 1 

Comparison between the Basic Algorithm and the Known Algorithms 

basic algorithm (PJ algorithm) Van Nunen's algorithm [23] 

computation time number of computation time number of 

(milliseconds) iterations (milliseconds) iterations 

m 1 1316 40 3054 38 
2 1039 30 2461 27 
3 1038 26 2438 24 
4 911 21 2206 20 
5 942 19 2140 17 
6 930 18 1997 16 
7 853 15 1864 15 
8 851 15 1849 14 
9 957 16 2133 15 

10 913 14 2041 13 
11 906 13 2005 12 
12 864 13 1889 12 
13 909 12 1967 11 
14 822 11 1776 10 
15 845 11 1793 10 
16 817 10 1830 10 
17 912 11 2036 11 
18 845 10 1831 10 
19 867 10 1847 10 
20 854 10 1889 10 

policy iteration method linear programming 

912 6 8171 

Next the problem was solved by transformed algorithms devised in Sections 

4 and 5. From (6.1) and (6.2) it follow·s that q .. (i+1)=p. 1 for i~l and 
'l-'l- 'l--

q .. (k)=O for other i and k, which implies that q.= q=O and w.=w=l for all i. 
'l-'l- 'l- 'l-

Therefore, as noted in the preceding section, the GRF and RF algorithms are 

reduced to the basic algorithm (PJ algorithm). Thus the transformed algorihms 

applicable to the problem are the PSOR, J and GS algorithms. The program was 
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designed for comparing the basic algorithm with the transformed algorithms for 

m varying from zero to fifty. The value of £ was 0.1 and the other details 

were also the same as noted above. Table 2 summarizes computational results by 

Table 2 

Comparison of Algorithms 

(Computation Times in Milliseconds/Number of Iterations) 

m = 0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
25 
30 
35 
40 
45 
50 

PJ 

2513/75 
1649/40 
1305/30 
1347/26 
1208/21 
1194/19 
1197/18 
1090/15 
1086/15 
1242/16 
1183/14 
1184/13 
1117/13 
1151/12 
1053/11 
1081/11 
1072/10 
1177 /11 
1097/10 
1115/10 
1134/10 
1175/10 
1268/10 
1310/10 
1389/10 
1467/10 
1520/10 

PSOR 

9624/234 
5345/119 
3883/81 
3116/62 
2680/50 
2338/43 
2152/37 
1988/33 
1882/30 
1837/28 
1729/26 
1670/24 
1647/22 
1647/21 
1635/20 
1621/19 
1588/18 
1558/17 
1578/17 
1574/16 
1509/15 
1514/13 
1460/12 
1523/11 
1543/11 
1592/10 
1680/10 

J 

10047/255 
6031/128 
4500/87 
3722/66 
3197/53 
2868/45 
2657/39 
2398/34 
2232/31 
2171/28 
1994/26 
1942/24 
1858/22 
1810/21 
1760/20 
1725/19 
1820/18 
1758/17 
1718/16 
1742/16 
1686/15 
1681/13 
1633/11 
1627/10 
1618/9 
1690/9 
1787/9 

GS 

9853/235 
5702/120 
4380/82 
3643/63 
3190/51 
2812/43 
2615/38 
2413/34 
2279/31 
2165/28 
2101/26 
1907/24 
1977 /23 
1900/21 
1869/20 
1853/19 
1823/18 
1828/17 
1828/17 
1818/16 
1664/16 
1788/13 
18Q4/12 
1812/11 
179'1./10 
1814/9 
1836/9 

the PJ, PSOR, J and GS algorithms. The algorithms for m=O correspond to the 

method of successive approximations with the suboptima1ity test. However, the 

program comprised several subroutines and many IF sentences so that the 

computation times were considerably longer than by programs coded separately 

for PJ, PSOR, J and GS algorithms. Moreover, the revision of Band y in Step 

2 of the transformed algorithms consumed Inuch time. Thus the program was 

modified to omit the routine of the revision. Table 3 shows the computational 

results by the basic algorithm and the transformed algorithms without the r'~

vision of 'El' and Y. Tables 2 and 3 indi~a1:e that the basic algorithm (PJ a1-

gorithm) is superior to the PSOR, J and GS algorithms. The reason may be that 

the bounds for v* in the basic algorithm are tighter than those in the trans

formed algorithms, although vn in the transformed algorithms is closer to v:~ 

than vn in the basic algorithm. Moreover,. those tables show an irregualr 
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behavior of the computation times of the basic and the transformed algorithms 

as m varies. Therefore it will not be easy to determine in advance an optimal 

value of m that minimizes computation time. Puterman and Shin [19], for examp

le, have concluded that it is not reasonable to consider the modified policy 

iteration algorithm with m greater than (N!3)+1. Their conclusion, however, 

is not true for the basic and the transformed algorithms, because the minimum 

computation times for these algorithms are attained at m greater than 14, as 

shown in Tables 1 and 3. 

Table 3 

Comparison of Algorithms Omitting Revision of Sand y 
(Computation Times in Milliseconds/Number of Iterations) 

m - 0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
25 
30 
35 
40 
45 
50 

PJ 

2470/75 
1641/40 
1318/30 
1330/26 
1171/21 
1155/19 
1159/18 
1057/15 
1081/15 
1239/16 
1190/14 
1169/13 
1130/13 
1170/12 
1059/11 
1104/11 
1120/10 
1205/11 
1118/10 
1120/10 
1158/10 
1204/10 
1272/10 
1342/10 
1394/10 
1459/10 
1508/10 

PSOR 

9779/252 
5250/127 
3796/86 
3040/65 
2575/53 
2303/45 
2075/39 
1938/35 
1785/31 
1713/29 
1652/26 
1550/24 
1569/23 
1565/21 
1525/20 
1500/19 
1485/18 
1502/18 
1479/17 
1438/16 
1470/16 
1481/14 
1421/12 
1448/11 
1499/11 
1579/10 
1619/10 

J 

9892/277 
5244/139 
3769/94 
2948/71 
2441/57 
2141/48 
1943/42 
1779/37 
1658/33 
1585/30 
1492/27 
1440/25 
1419/24 
1397/22 
1314/21 
1298/20 
1362/19 
1275/18 
1268/17 
1256/16 
1277 /16 
1244/13 
1218/11 
1220/10 
1273/9 
1346/9 
1379/9 

GS 

9403/253 
5101/128 
3678/87 
2942/66 
2564/54 
2244/45 
2066/40 
1885/35 
1749/32 
1663/29 
1598/27 
1545/25 
1516/23 
1431/22 
1436/21 
1399/19 
1447/19 
1414/18 
1397/17 
1391/16 
1424/16 
1388/13 
1400/12 
1388/11 
1338/10 
1357/9 
1438/9 

As noted in the above, the computational results indicate that the basic 

algorithm is far superior to van Nunen's algorithm and is more efficient than 

the policy iteration method, linear programming, or indeed the PSOR, J and 

GS algorithms for the automobile replacement problem. A problem remains with 

the discounted Markov decision process with a unique optimal policy; the GRF 

and RF algorithms are reduced to the basic algorithm, and the PGS algorithm 

is identical to the PSOR algorithm. Consequently, many other numerical com

parisons for real discounted semi-Markov decision processes must be made to 
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conclude which algorithm is best among the basic and the transformed algori

thms. 

7. Concluding Remarks 

This paper proposes the modified policy iteration algorithm with the sub

optimality test of Hastings and Mello type, which is called the basic algori

thm, and proves without assuming any conditions that it constructs a finite 

sequence of policies whose last element is a unique optimal or an E -optilnal 
n 

one. Equivalent decision processes are defined in Definition 2, and many ite-

rative methods for solving a system of linear equations are shown to convert 

the original semi-~~rkov decision process to equivalent decision processes. 

Various transformed algorithms such as the PGS, PSOR, J,GS,GRF and RF algori

thms are derived from the basic algorithm applied to equivalent decision pro

cesses. It is shown that all these transformed algorithms have the same eon

vergence property as the basic algorithm. Condition (i) of Definition 2 is 

essential for this to hold. Since the eolumn reduction proposed in [17] and 

discussed in [26] satisfies Condition 0.) ,its combination with the basic al

gorithm will provide a new transformed algorithm with the convergence proper-

ty. 

The numerical comparisons in Section 6 show that the basic algorithm is 

the most efficient among the policy iteration method, linear programming, van 

Nunen's algorithm and the PJ, PSOR, J and GS algorithms for Howard's automo

bile replacement problem. Since the programs did not exploit the sparsity of 

the discounted transition matrix of the problem, the basic algorithm exploit

ing it will solve the problem with much shorter computation times than those 

shown in Table 1. The problem, however, has the discounted transition matrix 

with the special structure and the unique optimal policy. Some of the trans

formed algorithms may be superior to the basic algorithm for problems with 

several optimal policies. Therefore, many other numerical comparisons should 

be made to conclude which algorithm is most efficient among the basic and the 

transformed algorithms. In such comparisons, the ordering of the states for 

the transformed algorithms [12, p.354] may be taken into consideration. It 

is hoped that the proposed algorithms will be applied to real semi-~~rkov 

decision processes such as controlled queueing systems, inventory control pro

cesses and stochastic control processes. 

The author would like to express hl.s appreciation to Prof. H. rUne for 

his encouragement and to Mr. T. Shitomi for his assistance in preparing the 

computation results of Table 1. The author is also indebted to the anonymous 
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