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TO THE 

PROBLEM 

Abstract A two-person zero-sum time sequential game related to the sequential stochastic assignment problem 

is considered. The LLd. random variables appear one by one at a time. At each stage, after observing the value x 

of the random variable, both players must decide whethel to accept or reject, and if player I who has n men to 

assign decides to accept, then he selects one of the n men in order to assign. When both players accept, this random 

variable is selected and assigned to the selected man with the ability p. The immediate payoff to player I is px. 

After the man is assigned, he is unavailable for the future stages. If otherwise, they get a new observation and the 

selected man is assigned in the future stages. The objective of player I (resp. player 11) is to maximize (resp. mini

mize) the total expected reward. In this paper we obtain the recursive equation from which we get the optimal 

strategies of both players and the value of the game. The optimal strategies of the players are similar to that of the 

stochastic assignment problem. We observe the property of the special case of this game in the asymptotic case. 

1. Introduction 

In their paper [4], Derman, Lieberman and Ross consider the following 

sequential stochastic assignment problem: There are n men available to 

perform n jobs. The n jobs arrive in sequential order, i.e., job 1 appears 

first, fo110wd by job 2, etc. Let X., j=l, ...• ,n, be independently and 
J 

identically distributed random variables, each assuming a real value, inter-

preted as the value of the j-th job. Upon arrival of the job, the decision 

maker has to select one of the n men to assign. If the random variable Xj 

takes on the value X. and the i-th man p. is assigned, the expected reward 
J ~ 

is given by PiXj where O~Pi~l, i=l, ... ,n, are the known constants. After 

a man is assigned to a job, he is unavailable for the future stages. The 

problem is to assign n men to the n jobs so as to maximize the total expected 

reward. Here we consider that the p. is an ability of the i-th man, i.e., 
~ 

if Pi = 1, this man is "perfect" and obtains the reward ::t; for the realized 
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130 T. Nakai 

value x, and if p. < 1, he has a less ability than the "perfect" man ( for 
'Z-

example, he takes more time or makes more mistakes than the "perfect" man ). 

As for the above problem the decision maker can attack all appeared n 

jobs and get their values. In this paper we consider the above sequential 

assignment problem in the competitive situation and we formulate as the two

person zero-sum game with the rejections as follows. Here we assume that 

player I desires to maximize the total expected reward and on the other hand 

player 11 desires to minimize the total expected cost, where we assume that 

the cost is in proportion to the value px of the result. Hence player 11 

desires to minimize the total expected reward. 

Prosecution and defence player I and player 11, respectively) must 

choose n jobs and assign the n men of player I to the jobs. The value of the 

arriving jobs are assumed to be chosen randomly and come up one at a time for 

decisions. Let X., j=l, ••••• , be the independently and identically distrib-
J 

uted random variables, each assuming a real value, interpreted as the value 

of the j-th arriving job. Upon arrival of the job, player I and 11 must 

decide, simultaneously and independently of the other player's choice, whether 

to accept or to reject it according to the observed value. At the same time, 

if player I decides to accept, he must select one of the remaining n p.'s in 
'Z-

order to assign to this job, where Pi' i=l, •.• ,n, are known constants. If 

both players accept and player I selects the i-th man Pi' this i-th man is 

assigned to this job and the immediate payoff to player I is p.x ( x is the 
'Z-

realized value of the random variable). After a man is assigned to a job, 

he is unavailable for the future stages. If either player rejects, a new job 

comes up for the next stage. In this case the selected Pi is not assigned 

and is used for the future stages. The number of the peremptory rejections 

for each side is restricted, and player I and 11 can reject rand s times, 

respectively. The process continues until n men are assigned to the n 

selected jobs. The object of this game is to find the strategy for player I 

and 11 which maximize for player I, and minimize for player 11, the total 

expected payoff of the game E L ~-lP (.)X(.), where 0 e: S, and j' s represent 
J- 0 J J ~ 

the sequence of the jobs selected (!in is the n-dimensional symmetric group ). 

This game is the game theoretic extension of the above sequential stochastic 

assignment problem. We assume that the above game has perfect recall. On 

the other hand if we consider the special case where p. = 1 (i=l, ••.. ,n), 
'Z-

this game is the one considered in Sakaguchi [8]. 

There is another interpretation of the above problem as follows. We 

would like to employ the private teachers or tutors ) for the n students. 

The private teachers ~rrive one by one in sequential order and his capacity 
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Time Sequential Game 131 

"x" as a teacher is obtained as the realized value of the LLd. random 

variable X. If the student with the ability p studies under a private teacher 

with the capacity x, he makes good gradE~s in proportion to the value px. Here 

we consider that the tuition fees of thE~ teachers are in proportion to the 

results. Player I desires that the students get good grades in their studies, 

and player 11 wants to minimize the total of the tuition fees. 

The purpose of this paper is to prE~sent the solution of this game and 

get the optimal strategy of the players. Concerning the Lemma 3 of Section 3, 

we obtain the result similar to the fact mentioned in Sakaguchi [8], where we 

get the result in the simpler manner. Finally we consider the asymptotic 

property of the game for the special case where p. = 1 (i=l, .... ,n). At this 
'Z.. 

time we get the solution for the open problem discussed in the Remark 3 of the 

paper by Sakaguchi [8]. This case is clJnsidered as a generalization of the 

work by Gilbert and Mosteller [5], which is a classical stopping problem, and 

a game theoretic extension of the study of Albright and Derman [2]. 

2. Formulation of the time sequential game 

Let X., i=1,2, •••• , be the independently and identically distributed 
'Z.. 

random variables that can be observed one by one sequentially. The common cdf 

( cumulative distribution function ) F(x) of each Xi is assumed to be known by 

both players. Now we assume that ~ = E(X) < 00 Player I and player 11 are 

asked to select n observations sequentially and further, player I is asked to 

assign one of his p'S for these n selected observations ( where the p'S are 

known constants). Let X(j),j=l, ••.. ,n, be the sequence of selected observa

tions, and we suppose that the object of player I (resp. player II)'s sequen

tial decisions is to maximize (resp. minimize) the total expected payoff 

E( L r: lP (')X( .», where a El and a(j) is defined to be the man (identified 
J= a J J n 

by numbers) assigned to the j-th observations selected by these two players. 

Let Gn(Pl' .... ,Pn'p,s) (PI ~ •••• ~ Pn) denote the game in which n random 

variables remain to be selected and assigned, and the player I and 11 can 

reject another rand s times, respectively. This game is played as follows. 

Step 1. (chance move ) Both players observe the realized value x of the 

random variable X. 

Step 2. After observing the realized value x. player I decides whether to 

accept or to reject, and if he decides to accept, then he also decides which 

P he selects to assign to this job. Si.multaneously player 11 decides whether 

to accept or to reject, independently of the player l's choice. 
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Step 3. If either player rejects, the immediate payoff to player I is 0 and 

the players observe the new realized value of X where n random variables 

remain to be selected and the number of rejections of the player who rejected 

decreases by 1. If both players accept and player I selects Pi' the immediate 

payoff to player I is Pix and both players face the game 

Gn_l (Pl" . ,Pi-l ,Pi+l'" 'Pn ,r,s). 
Now these three steps are repeated again and again. After n men (or p'S) 

are assigned the game stops. 

The following notations will now be introduced: Let 

vn(Pl' .... ,Pn,r,s) the value of the game Gn(Pl' ••.• ,Pn,r,s), 

vn(Pl' .... ,Pn,r,slx) = thE! conditional value of the game Gn(Pl' .... ,Pn,r,s) 
given that the observation x is currently observed. 

From the dynamic programming formulation of this game and the fact that 

this game has perfect recall, we have the following recursive equation, 

(2) V (Pl' .... 'P ,r,s Ix) n n 

val 

rej. 

assign Pl 

assign Pn 

rej. 

V (Pl' •••• ,p .r-l.s-l) n n 
Vn (Pl.···· 'Pn .r,s-l) 

acc. 

vn(Pl'·····Pn·r-l,s) 

Plx+vn_l(P2······Pn,r.s) 

where val A denote the value of the two-person zero-sum matrix game A. The 

interpretation of Plx+vn- l (P 2 •.... ,Pn .r.s) is that. in this stage. the real

ized value of the observation is x. both players accept and player I selects 

the first man Pl for this observation x. and player I gets the immediate 

payoff Plx and then faces the game Gn_l (P 2 •••••• Pn ,r,s). The interpretation 

of the others are considered similarly. The boundary condition of the above 

recursive equation is vO(r.s)=O. 

In proving the result of this paper. a well-known theorem due to 

Hardy [6] will be used ( as in [4] ). 

Lemma 1. If xl ~ ..•.. ~xn and Yl ~""'~Yn are the sequences of 

numbers, then 

(3) max ft L ': 1 x (·)Y· a e:U n J= a J J 
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3. Optimal strategy and the value of the game 

In this section we give the main theorem which embodies the optimal 

strategies of both players and the value of the game, and some related lemmas. 

First of all we define the sequence {a. N}a '~~1 by the following recur-
7.-, ~7.-:;J' 

sive formula. 

- ", , aN,N = 00 for N ~ 1 and 

(5) ai,N 

for N ~ 2, 

where - oo·a and a·oo are defined to be a. 

Then we have 

Lemma 2. For each N ~ 1 and i=l, ...• ,N, we have 

a' l <a. l<a. 7.-- ,N = 7.--l,N- = 7.-,N 

Proof: The proof is by induction on N. When N = 1, the fact that 

aa 1 = - 00 and al 1 = 00 yields this lemma. From the induction assumption, , , 
we have ai-l,N-l ~ ai - l ,N-2 ~ ai,N-l ~ a i ,N-2 ' and the cauculation yiels 

a;_l,N - a. 1 N 1 < a and a. 1 N 1 - a. n7 ~ a. Then we obtain this Lemma. 
"" 1.-- , - -= "l,.- , - 'Z- ,,:v -

For simpliCity, we call the game G (Pl' •... ,p ,r,s) where n+r+s=N as n n 
N-game. We prove the following theorem by induction on N. When N = 1 , this 

game is Gl (Pl,a,a) and the following theorem is valid, i.e., aa 1 = - 00 , 
al,l = 00 and va(a,a,a) = a, vl(Pl,a,a) = Pl a l ,2 = Pl~' 

Theorem 1. For each N ~ 1, concerning the sequence {a. N}a<'<>1 defined 7.-, =7.-~v 

above, we get the following facts for the game G (Pl' •.•• ,p ,r,s) (n+r+s=N). n n 
i) The optimal strategy of player I is: 

if {ar+i-l,N < : ~ ::;':,N then { ::~::: Pi (i=l, .... ,n-l) 

ar+n-l,N < x assign Pn 
ii) The optimal strategy of player 11 is: 

if x ~ an+r N , 
otherwise 

then accept 

rej ect. 

f[) The value of the N-game Gn(Pl' •... ,Pn,r,s) where n+r+s=N is as follows. 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



134 T. Nakai 

Proof: We employ the induction on N and we assume ~) for N=O concern

ing the induction assumption. We assume that ~) for N-l and N-2 are valid. 

Now we point the fact from Lemma 2 that 

- 00 = aO,N ~ al,N ~ ......•. ~ aN-l,N ~ aN,N = 00 • 

Here we use the following notation. In the N-game Gn(Pl' .•.. ,Pn,r,s) 

(n+r+s=N), le t 

et V (Pl' .•.. ,P ,r,s-l), n n 

(6) f3 V (Pl' •••• 'p ,r-l,s), n n 

then the equation (2) can be expressed as 

f3 
V (Pl"" ,P ,r,s) n n y 

From the inductive hypothesis, we get 

et L ~=lPiar+i,N and f3 = L ~=lPiar+i-l,N 
On the other hand the game G (Pl' .••. ,p ,r-l,s-l) is the (N-2)-game and we 

n n 
obtain 

V (Pl""'P ,r-l,s-l) = L ~_lP.a-L' 1 N 1 . n n ~- ~ L~~- , -

Using Lemma 2, a. 1 N ~ a. 1 N 1 ~ a. N (i=l, .... ,N), yields 
~- , - ~- , - - ~ , 

f3 ~ Vn(Pl' .... ,Pn,r-l,s-l) ~ et. 

This means that player I stands advantageous if one of player II's available 

rejection is transfered to player I for his own use. We obtain the following 

Lemma 3. 

Lemma 3. If both players play optimally, they will never both reject 

the same observation values. 

We remark here: Lemma 3 contains the lemma stated in Sakaguchi [8] and 

it says there as follows. "This fact, when Pi=l (i=l, ... ,n), is the conjec

ture that can be proven by induction but is very roundabout to be assertained." 

This time we can prove Lemma 3 in proving Theorem 1. The similar cases are 

seen in Sakaguchi [7] and Brams and Davis [3]. etc. 

Proof of i) and ii) of Theorem 1: First we prove for the case rs#O. 
\ n-l 

From the inductive hypothesis, Vn_l (pi, .... 'p~_l'r,s) = L i=lPi'ai+r,N where 
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the pi, .•.. 'P~-l represent the remaining (n-l) pIS of the original n pIS after 

the first, and we get from Lemma 3, 

(7) v (Pl' •••• 'p ,1',slx) = min {Cl, max {a,y}} n n 

i) When ai+r-l,N < x ~ ai+r,N (i=l, ..... ,n). We get from Lemma 2 and Hardy's 

lemma 

( Lemma 1 ), 

y '\ k-l '\ n 
maxk_l {Pkx + L ·-lP·a '+- N + L • k+lP •a .+ 1 N} - , .... ,n J- J J r.', J= J J 1'- , 

From the comparison of y and a, Cl, we get a < y ~ Cl. Then we have 

v (Pl' •.•• 'p ,1',slx) = y and the optimal strategy of player I resp. player n n 
11 ) is to accept and to select p. ( resp. to accept ). 

"1-

2) When x ~ a!, N • , We have y ~ a ~ Cl, and Vn (Pl' •••• 'Pn'l',slx) 

optimal strategy of player I ( resp. player II ) is to reject ( 

accept ) the observation. 

= a. The 

resp. to 

3) x> ar+n N' We get a ~Cl ~y and Vn (Pl' .... 'Pn'1',slx) = Cl. The opttmal , 
strategy of player I ( resp. player 11 ) is to select the n-th man Pn ( resp. 

to reject ) for the observed value of the random variable. 

Next we consider the boundary cases where 1's=O. When 1'=0, we get the 

recursive equation as V (Pl' ..•• 'p ,O,slx) = min{Cl,y} and when s=O, we have n n 
V (Pl' .... 'P ,r,Olx) = max{a,y}' So we can obtain the optimal strategy and 
n n 

the value of the N-game Gn(Pl' .... 'Pn'T"s) (rs=O and N=r+s+n) similarly. 

This completes the proof of i) and ii) of Theorem 1. 

Proof of the part in) of Theorem 1: From the inductive hypothesis, i) 

and ii) are valid for the N-game G (Pl' •••• ,p ,r,s) (n+r+s=N). Suppose that n n 
{a. N}O . N be the sequence of the numbers used in i) and ii). 

"1-, ~"1-~ 

From-i) and ii), concerning the N--game G
n

(P
l

' .... ,Pn ,1',s), under the 

optimal strategy of the players, the i--th man Pi is assigned in the initial 

stage whenever the random variable X is contained in the interval 

(ar+i-l,N,ar+i,N]' Hence we can consider the value of ai+r,N+l as the 

expected value of the quantity to which the i-th smallest p is assigned in 

the N-game G (Pl' ..•• ,p ,r,s) under the optimal stategy. ( See Remark 1 n n 
The total expected payoff of this N-game is given by 

V (Pl' .... ,p ,r,s) = L r: p.a . 1" (n+r+s=N) n n "1-=1 "1- 1'+-"1-, ,+1 

Hence we have the fact lli) of Theorem 1. This completes the proof of Theorem 1. 
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Remark 1. In the N-game G (Pl""'P ,p,s), under the optimal strategy, n n 
the quantity to which the i-th smallest P is assigned is as follows. If x is 

contained in the interval (ap+i-l,N,ap+i,N] ' this P is assigned and the 

quantity is x. If the value x is less than or equal to ap+i-l,N' then this P' 

is not assigned in this stage and the expected quantity to which this P is 

assigned in the following (N-l)-game is ap+i-l,N because in this (N-l)-game 

this p is the (i-l)-th smallest p or the remaining number of rejections of 

player I decreases by 1. If x is greater than ap+i,N' the expected quantity 

to which this p is assigned in the next (N-l)-game is ap+i,N' similar to the 

above case. 

Remark 2. Our problem is a generalization of the sequential stochastic 

assignment problem discussed in Derman, Lieberman and Ross [4], mentioned in 

the initial section, i.e., there is a single decision maker (i.e. player I ) 

and there are only n jobs to assign. The objective of the decision maker of 

their problem is to maximize the total expected reward from assigning n men 

to n jobs sequentially. 

Here we point the fact that the result of Theorem 1 is the same style as 

that of the result of their paper [4]. Theorem 1 includes the result of 

Derman, Lieberman and Ross, and when s=O, the equation (5) of this paper is 

equal to the equation (8) of their paper [4]. 

Remark 3. The special case where the p'S are equal to 1 is considered. 

This game is studied as the time sequential game for sums of the random 

variables discussed in Sakaguchi [8]. Theorem 1 of this paper is the same as 

Theorem 1 of Sakaguchi [8] in this special case. If we write the game 

G (l, •.. ,l,p,s) as G (p,s) and let the value of the game G (p,s) be v (p,s), 
n n n n 

we point the following fact from Theorem 1. 

(8) vn(p,s) = L ~=laP+i,N+l' (N=P+s+n) 

and v (p-l,s) - v l(P,s) = a N' v (p,s-l) - v l(P,s) = a~ N' The n n- P, n n- '''-'', 
recursive relation of the paper [8] can be derived from the calculation by 

using the above result. Therefore we consider Theorem 1 of this section as 

the extension of the theorem in the paper [8]. In the following we observe 

the property of these game when N gets large. 

Next we observe the asymptotic property of this game about the case 

stated in Remark 3. Consider the special version in which each man has an 

associated p'S equal to 1. In the following we use the notation G (p,s) and 
n 

v (p,s) which are defined in Remark 3. n 
Suppose ° < kl < kZ < 1, and let s N - [kZN], p [kIN], and n N-p-s. 
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Then V (r,s) of this N-game G (r,s) is ( see (8) ) 
n n 

(9) 
[k 2N] 

vn(r,s) = L [k
l
N]+1 ai ,N+1 • 

Here we state the following theorem of Albright and Derman [2]. 

Theorem 2. (Albright and Derman) If F is a continuous function, then 

for each 0 < .~ < 1, we have 

lim .!. \ ': a . J"" xdE' (x) n+oo n L ~=[n~]+l ~,n+1 = -1 ' 
F (~) 

1 \ [n~] JF-1(~) 
1imn+oo n L i=l ai,n+l = _"" xdE'(x) , 

-1 
and limn+oo a[n~],n+1 = F (~), 

-1 where F (~) denotes the quantile of order ~ of the cdf F(x). 

137 

By combining the equation (9) and Theorem 2, we can obtain the following 

corollary concerning the asymptotic property of this game. 

Corollary 1. If F is a continuous distribution function, then for each 

o < k1 < k2 < 1, we have for the N-game Gn(r,s) where N=r+n+s, s=N-[k2N] and 

1"= [k
1
N] , 
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