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Abstract In this paper, we study semi-Markov decision processes with the incomplete state observation urlder 

the discounted cost criterion. We show that this model can be transformed to ordinary semi-Markov decision 

processes. Furthermore, we show that if the action space is countable, the optimal value function is Borel 

measurable and satisfies the optimality equation and that if the action space is finite, there exists an optimal 

stationary I-policy. 

1. Introduction 

Markov decision processes with the incomplete state observation have been 

investigated by many authors, for example, [5], [7], [8] and [9]. The appli

cability of this model, however, is restricted because the time spent in a 

state is always required to be a unit time. Dropping this requirement, we 

have a semi-Markov decision process with ;:he incomplete state observation 

(SMDP-II). A semi-Markov decision process with the complete state observation 

(SMDP-I), i.e., the ordinary semi-Markov decision process was introduced by 

Jewell [4] and has bpen studied by several authors, for example, Ross [6]. 

SMDP-II was first formulated as a partially observed semi-Markov optimization 

problem by White [12]. where the finite planning horizon, finite state, dis

crete time case was analyzed. Wakuta [11] has studied the infinite planning 

horizon, countable state, continuous time case under the average cost criter

ion. We shall consider here the discounted cost case and show that our model 

can be transformed to the ordinary semi-Markov decision process, where the 

states are probabilities on the set of the states of the original model. 

First we give the notations and definitions. Let X and y be nonempty 
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352 K. Wakuta 

Borel sets (Borel set means a Borel subset of a complete separable metric 

space). A probability on X is a probability measure defined on Borel subsets 

of X, and the set of all probabilities on X is denoted by p(x). A conditional 

probability on Y given X is a function q(olo) such that for each x £ X, q(olx) 

is a probability on Y and for each Borel subset of Y, q(Blo) is a Borel measur

able function on X. o(ylx) is the set of all conditional probabilities on Y 

given X. We denote the Cartesian product of X and Y by XY. For any P £ p(X) 

and q £ o(ylx), P ® q is a unique probability on XY such that for all Borel 

subsets A and B, 

P ® q(AB) = fA q(Blx)dp(x) 0 

Specially, if q(olx) is degenerate for each x, i.e., if there is a Borel meas

urable function f from X to Y such that q(olx) = If (x)(o), then P® q is also 

denoted by p ® f. Every probability m £ P (XY) has a factorization m = p ® q 

where p £ p(x) and q £ o(ylx). This notation extends to a finite or infinite 

sequence of Borel sets Xl' x
2

, ••. (cf. Hinderer [3], Appendix 3). M(X) is the 

set of all bounded Borel measurable functions on X. 

SMDP-II is specified by (S, M, A, Ps' Pt' q, ~O' c, a). S is a countable 

set, the set of states of a system. M is a countable set, the set of observa

tion signals. A is a Borel set, the set of actions. Ps is an element of 

O(sISA). P is an element of O(R ISAS) where R = [0, +00). Pt has a density 
t + + 

f(tls,a,s') with respect to some 0 - finite measure A (for example, Lebesgue 

measure or counting measure if the process is discrete time like [12]), where 

f is a Borel measurable function of (t,s,a,s'). Ps and Pt are the laws of the 

motion of the system. q LS an element of O(MIS), the characteristic of the 

measuring system. ~O is an element of ~, where ~ = peS), the initial distri-

bution of the system. c is an element of M(R+SA) , the cost function. a is a 

discount factor (a > 0). 

Now, we shall give a brief description of SMDP-II. The initial distribu

tion ~O of So is given at time O. An action a O must be chosen. If the system 

is in state sn at time Tn = tl + ... +tn , where each tn is the time interval of 

the n-th transition, and action an is chosen, then 

(i) the next state of the system is chosen according to 

ps(olsn,an ); 

(ii) conditional on the event that the next state is sn+l' the time 

until the transition from sn to sn+l occurs is a random variable 
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with a conditional probability pt(-Is ,a,s 1); 
n n n+ 

353 

(iii) state sn cannot be directly observed, but the observation signal 

m generated according to q(-Is ) is given; 
n n 

(iv) the cost incurred during [Tn' Tn +
1

] 

is given by 

J
Tn +1 

-a.T 
e n 0 

- T 
n 

After the transition occurs, an action is again chosen and (i), (ii), 

(iii) and (iv) are repeated. 

We note that we can observe the time t when the transition occurs and 

that the times of the process transition, observation, and control reset occur 

simultaneously. 

In order to ensure that an infinite number of transitions do not occur in 

a finite interval of time, the following condition is imposed throughout. 

Condition 1 ([6]). There exist 8 > 0 and E > 0 such that for all 5 and a, 

L P ([0,8] Is,a,s')p (5' Is,a);;; - E. 
5' t 5 

To select actions, a policy is needed. A policy w is a sequence {wO' w1 ' 

... }, where w 
n 

is an element of Q(AIH )" where H 
n n 

H 
n 

is the set of 

all observable histories up to the n-th stage. w is metrizable by introducing 

the distance 

d(~,~') = L I~(s) - ~'(s)l, ~,~' E W. 
SES 

The topology introduced by this metric is equivalent to the weak topology (cf. 

Billingsley ll], Appendix 11, Scheffe's Theorem). Then, W is a complete sepa

rable metric space by introducing the dLscrete topology on S, and the Borel 

a-algebra of w is identical with the *-<J-algebra of W. Then, we define an 

element qP E Q(S/w) by 

~(sl~) = ~(s), S E S. 

Hence, any policy w, togethpr with ~, 0 , P and q defines an element 
,- 5 t 

P
w 

E Q(S(ASR+M)N I w) where S(ASR+M)N is the set of all futures of the system 

(N denotes the set of all natural numbers), i.e., it defines 

00 

(1.1) P {-I ~} = ~ @ ® (w @ P @ P @ q). 
w n=O n S t 
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When a policy w is applied, the expected total discounted cost function on ~ 

is defined by 

where Ew[·I~o] denotes the conditional expectation by pw{·I~OL pw{·I~O} is 

defined by putting the initial distribution ~O in (1.1). Then our optimization 

et 
problem is to minimize JfD(~O) among all policies. We say that w* is optimal 

if J~*(~O) ;;> inf J~(<Po) for all ~O. 
w 

2. The Construction of a New Model 

In this section we shall construct a new model with the complete state 

observation equivalent to one defined in the preceding section. 

We denote the conditional probability of sn given the observable history 

h n by qn(·lhn ). Using thE Bayesian formula, we obtain the following relation 

of qn : for sn+l £ S, 

(2.1) 

where v 

q (s Ih a t m) 
n+l n+l n' n' Il+l' n+l 

s 
n 

L L v(sn' an' s~+l' t n +1 , mn+1)qn(Sn1hn) 
ss' 

n n+l 

p (s lis ,a )f(t lis ,a ,s l)q(m lis 1)' s n+ n n n+ n n n+ n+ n+ 

Letting qn correspond to an element ~Il £ ~ by 

q (s Ih ) = <P (s ), sn £ S, n n n n n 

we see that the right-hand side of (2.1) ~s Borel measurable in (~ , a ,t l' 
n n n+ 

m
n

+
1
). Hence, there exists a Borel measurable map u: ~AR+M + ~ defined by 

L v(s n' a n' s 
n+l ' 

t 
n+l ' m +1) <P (s ) n n n 

s 
n 

L L v(s 
n' a n' s' t 

n+l ' mn +1 )<p n (sn) 
s s' 

n+l ' 
n n+l 

U(<p n ' an' t n +1 , mn +1)(sn+l)' sn+l £ S 

(cf, Hinderer [3] , Remarks, p.8S). 
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By repeated use of u, corresponding to any observable history hn' b
n 

(~O' aO' t 1 , ~1,···,an-1' tn' ~n) E Bn is determined Borel measurably, where 

B 
n 

B is the set of the possible information concerning the his
n 

tories of the system. Then, we define a new policy TI which depends only on 

the possible information. We call this policy as information policy (I-policy) 

according to [8]. An I-policy TI is a sequence {TI
O

' IT
1

, ••. }, where each TIn 1S 

an element of Q(AIB). An I-policy 71 is said to be stationary if there exists 
n 

a Borel measurable map f: ~ + A such that TIn(f(~n)I~O' aO' t 1 , ~1'···' an-I' 

tn'~n) = 1 for all ~n. 
71 71 71 

For any I-policy 71, we define a policy w = {w
O

,w
1

, ••• } 

'IT h 
by w (. I h ) = 71 (. I b ) 

n n n n' where b
h 

is an element of B which corresponds to 
n n 

h n E Rn. Then, 71 and w
TI 

assign the same conditional probability to A. Hence, 

the set of all I-policies is regarded as a subset of the set of all policies. 

Any I-policy 71, together~, Ps' Pt' q and u, defines an element P
TI 

E 

Q(S(ASR M~ll~), Le., it defines 
+ 

(2.3) - I P P {. ~} = q @ @ (71 @ P @ P @ q @ u) . 
71 n=O n s t 

For any I-policy 71, the expected total discounted cost function on ~ is defined 

by _ [ro -aT 
ETI L: e n 

fT -Jo n+l 
rn-at l 

c (t, s n' an)e dt I ~ 0 J ' 
n=O 

defined by putting the initial distribution ~O in (2.3). 

and E in the same way for policy w. Then, Ja (~O) can be 
w w 

place of E 
w 

Let for all s and a, 

(2.4) c (t , s, 
a 

a) = Jot c (t , 

and 

(2.5) C (q), a) 
a 

Proposition 1. 

J~(~O) = El; 
w n=O 

-aT 
e n 

-at 
s, a) e dt, 

We also define p 
I,) 

rewritten by E 1n 
ID 
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Proof. 

~ 

n=O 
- [- [ -aT E E e n 

w w J
t
n+l 

(t ) e -atdtlh' 
O 

C ,s,a 
n n n 

where h' 
n 

Then 

~ 

n=O 
E [e -aT n E [c (t 1 ' 

w w a n+ 

E [C(t 1,s,a)lh'] w a n+ n n n 

Sn' a )dp (tls , n t n 

sn' a )dp (tls , n t n 

Ca (<P n , a ). n 

Hence, we have 

s l)P (s lis, a )q (s Ih') n+ s n+ n n n n n 

J~(<PO) = Ew [ ; 
-aT C (<p , an)l<PoJ· ,9 n 

n=O a n 

Remark 1. Proposition 1 is also true for I-policy n. 

The following theorem is an extension of one that was pointed out in [12], 

and is basic in the later sections. 

Theorem 2.1 ([11]). For any fixed sequence of actions {aO' a
1

, ••• }, 

where a is the action to be chosen during the n-th transition interval, (i) 
n 

the stochastic process (<P,t) = {<P
n

' t
n

; n E N} is a Markov renewal process 

(see ~inlar [2] for definition), (ii) given that the process has just entered 

<P , the probability that the next state <P 1 will be into r depends only 
n n+ 

on <Pn and an' and is given by 

x dA(t 1)<P (s ), n+ n n 

where for any Borel subset r of ~, 

r = r (<p n' 
a . 
n' t l' m 1) E n, n+ n+ 
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r i~ (<I> , a ,m 1; r) = {t 1; (t l' m 1) £ r}. m m n n n+ n+ n+ n+ 

(Hi) conditional on the event that the next state is <l>n+1' the time until the 

transition from <l>n to <l>n+1 occurs depends only on <l>n' an and <l>n+1. Its con-

ditional probability ~(ol<l> , a ,<I> ) satisfies for any Borel subset B of R+, 
n n n+1 

l: l: pt(Blsn , an' sn+1)Ps (sn+1 Isn' anHn(sn)· 

sns n+1 

Theorem 2.2. The set of all I-policies is enough, i.e. for any policy w, 

there exists an I-policy 1T which satisfies 

a a 
J

1T
(<I>O) = Jw(<I>o) , <1>0 £ ~. 

Proof. Using Proposition and ThE!Orem 2.1, this theorem can be proved 

in a similar way to Lemma 2 of [11]. 

3. The Transformation of SMDP-II to SMDP-I and the Existence of an Optimal 
Stationary I-Policy 

In this section we shall show that SMDP-II (S, M, A, P , P , q, <PO' c, a) 
S t 

can be transformed to SMDP-I specified by (cp, A, g, ~, c ,a). cp is the set of 
a 

states of a new model. q and ~ are defined in Theorem 2.1, and c is defined 
a 

in (2.5). q and P are the laws of motion, and ca is the immediate cost. We 

note that we can completely observe the state of this model. 

A policy for this model ~s the same one as I-policy, and is also denoted 

by 1T {1TO' 1T 1' .. }. Hence, for any I-policy 1T, the expected total discounted 

cost function on cp is defined by 

where E
1T

[ 01<1>0] denotes the conditional expectation by P
1T

{ ol<l>o}· P
1T

{ ol<l>o} is 

defined by putting the initial distribution <1>0 in the following 

(3.1) 

Theorem 3.1. SMDP-II (S, M, A, Ps' Pt' q, <1>0' c, a) and SMDP-I (cp, A, 

q, p, ~ , a) are equivalent in the sense that for any I-policy 1T, 
a 
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Proof. Using Remark 1 after Proposition 1 and Theorem 2.1, this theorem 

can be proved in a similar way to Theorem 3.1 of [11]. 

As [11] showed in Proposition 1, Condition 1 of SMDP-II (S, M, A, Ps' Pt' 

q, ~O' c, a) is inherited to SMDP-I (~, A, g, p, Ca' a). Hence, we have the 

following proposition. 

Proposition 2. There exist 0 > 0 and g > 0 such that all ~ and a, 

Next, we shall state the main results. 

Let 

Theorem 3.2. Suppose that A is countable. Then, Ia(~) ~s a Borel measur

able function on ~, and is the unique solution to 

(3.2) 

which ~s equivalent to 

(3.3) inf {~ (~,a) + L L L SooO e-atIa(U(~,a,t,m'» 
agA a s s'm' 

x dp (t!s,a,s')p (s'!s,a)q(m'!s')~(s)}, ~ E ~. 
t s 

If the infimum ~n (3.2) (or (3.3» is achieved, any stationary I-policy 

fa which in each state selects the action which minimizes the right-hand side 

of (3.2) (or (3.3» is optimal. 

Proof. First we shall translate Strauch's results [10] for Markov deci

sion processes into the case of semi-Markov decision processes. Let X 

(A~R+)N and factorize a probability measure v E p(x) like Lemma 7.2 of [10]. 
Then, Lemma 7.2 also holds in the case of SMDP-I. Hence, applying Lemma 7.1 

and Theorem 7.1 of [10] to the case of SMDP-I, we can easily prove that Ia(~) 

is universally measurable. Also, by the first half of Theorem 8.1 of [10], 

there exists a (p,E)-optimal I-policy for SMDP-I. Using these results we shall 

show that Ia(~) is a solution to (3.2). Let 

TaV(~) = ;;a(~,a) +SJ~ e-
at v(~') 

x dp(t!~,a,~')dq(~'!~,a). 

We note that because of Condition 1, 

-ao 
~ 1 - E + Ee < 1. 
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At first, we have 

r~(<Po) 
[ n~o 

-aT c (<p , an) 1 <PO J ' E e n 
IT a n 

;:;; l: Pa 
T ra(<p

o
) , 

aOEA 0 
aO 

where 

To get the other way, let IT be the policy that chooses a O at time 0 and 

follows IT' after the first transition o(:curs, where IT' is (p,d-optimal 1-

policy with respect to p = q(·I<Po,a o). Then, 

Hence, 

a -ae 
~ T r (<PO) + E(l - E + Ee ). 

a
O 

Since E is arbitrary, 

~ inf T ra(<P
O

). 
aOEA aO 

Thus, ra(<p) is a solution to (3.2). 

Next, we shall prove that ra(<p) is Borel measurable. By the proof for the 

discounted case of Theorem 8.2 of [10], there does not exist another bounded 

solution to (3.2). Hence, ra(<p) is the unique solution among the bounded 

functions. On the other hand, we note that 

-ae 
11 inf T u - inf T v 11 ~ (1 - E + Ee ) 11 u - v 11 , 

a a a a 

where 11 • 11 denotes the supremum norm. Then, sup T has the unique fixed 
a a 

point, i.e., there exists the unique solution to (3.2) among the bounded Borel 

measurable functions. Hence, ra(<p) must be Borel measurable. 

Next, we shall prove the second half of the theorem. Let for stationary 

policy f 
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By the definition of f , 
a 

Ia(~) = T
f 

Ia(~). 
a 

On the other hand I~ (~) is the unique solution to 
a 

Hence, 

I~ (~) = Ia(~), ~ E ~. 
a 

Therefore, fa is optimal. 

Finally we shall show that (3.2) and (3.3) are equivalent. Let g(~,t) be 

Borel measurable in (~,t). Then by the proof of Theorem 2.1 (i) of [11], 

J ~J~ g (~ , , t) d p ( t I ~ ,a , ~ , ) dq ( ~ , I ~ ,a ) 

=JJ~XR g(~',t)dp@q(~',tl<p,a) 
+ 

L L L S~ g(u(~,a,t,m'),t)dpt(tls,a,s') 
s s'ro' 

x p (s'ls,a)q(m'ls').p(s), 
s 

which shows that (3.2) is equivalent to (3.3). 
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