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We consider the problem of minimizing the long-run average (expected) cost per unit time in a semi-

Markov decision process including an unknown parameter. In the case of general state and action spaces and 

compact parameter space we construct the adaptive policy which has good properties under some identifiability 

conditions weaker than those for the strong consistency of the estimator. As example, we treat the age replacement 

with an unknown failure distribution. 

1. Introduction 

We consider the problem of minimizing the long-run average (expected) 

cost per unit time in a semi-Markov decision process (semi-MDP) including an 

unknown parameter. One possible approach to this problem is to estimate the 

unknown parameter by a maximum likelihood estimate from the observed history 

of the system and then take an action optimally in believing that it really 

equals the actual value of the parameter. This kind of adaptive policy has 

been studied by Kurano [12] for Markov decision models with finite state and 

action space. Mandl [15] has adopted the approach via minimum contrast esti

mates. These results are extended by Kolonko [10] to simi-MDP with denumerable 

state space and unbounded rewards. The consistency of a maximum likelihood 

estimator or a minimum contrast estimator has been studied by Kumar [11] for 

the finite state case and Kolonko [9] and Borkar and Varaiya [3] for the 

denumerable state case. Doshi and Shreve [4] has given identifiability eon

ditions of a modified maximum likelihood estimator by randomization. They has 

given the conditions for the strong consistency of estimator under any policy, 

including the adaptive poliey and under this strong consistency constructed 
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the optimal adaptive policy. 

In this paper we treat the case of general state, action and parameter 

spaces and do not require the strong consistency of estimator. By the minimum 

contrast method ([15]) we define a modified T)-minimum contrast estimator, the 

strong consistency of which does not necessarily hold under any policy. 

Further, we construct the adaptive policy which has good properties utilizing 

the idea which may be thought of as a modification of forced choice cycles 

proposed by Fox and Rolph [8]. Then, in case where the parameter space is 

compact the consistency of a modified T)-minimum contrast estimator is shown 

under this adaptive policy. 

In Section 2 we specify semi-MDP's including the parameter. In Section 3 

some results are given for any fixed value of the parameter. In Section 4 we 

construct an optimal adaptive policy under some identifiability conditions. 

Finally in Section 5 we treat the age replacement with an unknown failure 

distribution as example. 

2. Semi-MDP with an Unknown Parameter 

In this section we formulate a semi-MDP with an unknown parameter refe.r

ing to Federgruen and Tijms [5] and Kolonko [10]. 

A Borel set is a Borel subset of a complete separable metric space and 

for a Borel set X FX denotes the Borel subsets of X. If X is a non-empty Borel 

set, B (X) and B (X) denote the set of all bounded lower semianalytic functions 
a m 

on X and the set of all bounded Baire functions on X respectively, and p(x) 

the set of all probability measures on X. The product space of the sets D
1

, 

D
2

, ••• will be denoted by D
1
D

2
••• • For any non-empty Borel sets X and Y, a 

transition [probability] measure on Y given X is a function p(.j.) on FyX such 

that for each )( £ X p(.jx) is a [probability] measure on Fy and for each 

B £ Fy p(Bj·) is a Baire function on X. The set of all transition [proba

bility] measure.s on Y given X is denoted by T (yjx) [T (yjx)]. Also, we 
m p 

denote the set of all [analytically] measurable functions from X to y by 

B (X+Y)[B (X+Y)]. 
m a 

Semi-MDP's including the parameter are specified by six objects (S,0,Z, 

{A(x), x£S}, Q,C,T), where S,0 and Z are any Borel sets and denote the state 

space, the parameter space and the space of additional observations respec-· 

tively, for each x£S A(x) is a non-empty Borel subset of a Borel set A such 

that {(x,a)jx£B, a£A(x)} is an element of FSxFA' the set of actions available 

at state x, Q£T (ZSjSA0) is the law of motion, c£B (SAZS0) is one step cost 
p m 
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254 M. Kurano 

function and T£B (SAZS8 ~ (0,"'» is a weighting function for defining the 
m 

average cost. 

Let IT denote the set of all policies, i.e. for 'TT = ('TT
o

,'TT1'···) £11 let 

'TTt£Tp(AIS(AZS)t) such that 'TTt(A(xt)lxo,aO,zl,xl,···,Zt,Xt) = 1 for all 

(x
O

,a
O
,zl,x1,···,Zt ,Xt) ES(AZS)t. A policy 'TT = ('TT0 ,'TT 1,··· ) is called 

[analytically measurable] stationary policy if there is a f£ B (S+A) [B (S+A)] 
m a 

with f(X)EA(x) for all XES such that 'TTt({f(xt)}lxo,aO,zl,xl,···,Zt,Xt) = 1 

for all (xO,a
O
,zl,x

1
,···,Zt'x

t
) E S(AZS)t and each t. Such policy will be 

denoted f"'. 

The sample space is the product space rl = S(AZS)"'. Let Xt,Zt and '\ be 

random quantities define.d by Xt(w) = Xt' Zt(W) = Zt and "'t(w) = at for W = 
(x

O
,a

O
,zl,x

1
,a

1
,··. ) E rl. For each e£ 8 we assume that given a policy 'TT!: IT 

and x E S, 

and 

Prob(Zt+1 E D2 ,Xt + 1 =:D3IxO" x, "'0' ... , Zt,Xt''''t) 

for each t f:; 0, D
1

EF
A

, D
2

£F
z 

andD
3

£F
s

• 

Then, for each e E e, each starting state x £ S and each pol icy 'TT!: IT we can 

define the probability neasure pXe on rl in an obvious way. 
,'TT 

We introduce the following conditions: 

Condition(*} : There are a v E B (S8) and a g* E B (e) satisfying that 
a a 

(2.1) 

where 

v(x,8) = infa 10 A(x) {e(x,a,e) - g*(e)T(x,a,8) 

+ jv(x',8)QS(dx'lx,a,8)}, 

e(x,a,8) je(x,a,z,x',8)Q(d(z,x')lx,a,8), 

T(x,a,e) J-r(x,a,z,x' ,8)Q(d(z,x') Ix,a,8) and QS ET (SISA0) is the 
p 

marginal distribution of Q on S defined by QS(Dlx,a,8) = JznP(d(z,x')lx,a,8) 

for each D£ FS. 

Condition 1. There are positive numbers T* and T** such that T* < 

T(x,a,8) < T** for all x £ S, a E A(x) and 8 E 8. 

For vEB (se) and g*£B (e) as in Condition(*), let 
a CL 

~(x,a,z,x',8) = v(x,8) + T(x,a,z,x',8)g*(8) 

- {e(x,a,z,x',8) + v(x',8)}, 

and 
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~(x,a,8) = J~(x,a,z,x',8)Q(a(z,x') Ix,a,8). 

Then, we have the following. 

Theorem 2.1. Assume that Condition(*) and Condition 1 hold. Then, we 

have, for each 8 £ e, 11 £ IT and x £ S, 

(2.2) pX _ a. s .. 
8,11 

where 

Proof: By the stability theorem of Loeve [14] it holds that for any 

11 £ IT, 8 £ e and x £ S, 

(2.3) pX _ a. s .. 
8,11 

Since ~ L~:6 ~(Xt,6t,8) ~ Q from Condition(*), (2.3) implies 

. 1 \,T-1 
ll.m suPT-+o> T [,t=Q CP(Xt ,6t ,Zt+'I' Xt + 1 , 6) ;;; Q (2.4) pX _ a.s .. 

6,11 

We observe that 

so that 

(2.5) 

where 

Using the stability theorem again we get, from Condition 1, T* < lim 
1 - 1 -

infT-+o> T T(T) and lim suPT-+o> T T(T) < T~:* P8,1I - a.s. • Therefore, from (2.4) 

and (2.5), (2.2) follows. Q.E.D. 

We say lI'~ is average-optimal if limT+<'" W
T

(8) = g*(6) P~ 11* - a.s. for , 
all 8 £ e and x £ S. In Section 4 an average-optimal policy will be constructed. 

3. Condition(*) and Related Results 

In this section, using the idea of the successive approximations and the 
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contraction mapping we shall give the sufficient conditions for which Condi

tion(*) holds and derive some results used in the next section. 

and 

Condition(**): There is an YET (si e) such that 
m 

(a) QS(Dlx,a,e);;; T(x,a,e)y(Dle) for any DE FS and (x,a,e) E SAe 

(b) there exists ° < S < 1 satisfying 

QS(slx,a,e) - T(x,a,e)y(sle) < S for any (x,a,e) E SAe. 

Define the map U on B (se) by uu(x,e) = inf ()u(x,a,u,e) for each a a E A x 
(x,e) E se, where for any (X,d,U,e) E SAB (se)e, u(x,a,u,e) = e(x,a,e) 

S a 
+ ju(x',e)Q (ax'lx,a,e) - T(x,a,e)ju(x',e)y(ax'le). 

Then, similarly as the proof of Theorem 3.1 of [13], we can prove the 

following. 

Theorem 3.1. Let Condition(**) hold. Then 

(a) there is a v(x, e) E B (se) such that 
a 

0.1) v = Uv, 

and by putting g*(e) = jv(x',e)y(ax'le) in (3.1) Condition(*) holds. 

(b) for each E > 0, there is a f E B (S0+A) with f (x,e) E A(x) for all 
E a E 

X E S satisfying that 

0.2) v(x,e) + E ~ U(x,f (x,e),v,e) for any (x,e) ESe. 
E 

For a non-empty Borel set X, B (X)[B (X)] denotes the set of all bounded 
c s 

continuous [lower semicontinuous] functions on X. To obtain the further 

results we need the following assumptions: 

A 1. e E B (SAzSe) and T E B (SAzSe). 
s c 

A2. For XE S, A(x) is compact and a point to set map A(-) is upper semi

continuous, that is, if x E S -+ X E S and a E A(x ) -+ a as n -+ "", a E A(x). 
n n n 

A3. Q( -Ix,a,e) is weakly continuous in (x,a,e) E SAe, that is, whenever 

xn -+ x, an -+ a and en -+ e, Q(-Ixn,an,en ) converges weakly to Q(-Ix,a,e). 

A4. Condition(**) holds and y( -I e) is weakly continuous in e E e. 

Lemma 3.1. Suppose that A1-A4 hold, then 

(a) U E B (se) implies Uu E B (se), s s 

(b) the operator U on Bs(se) is a contraction mapping. 

Proof: For (a), let ,l(ax'lx,a,e) QS(ax'lx,a,e) - T(x,a,e)y(ax' I e). 

Then, by A1 and A4 we have T E B (SAe) , so that ,l( -Ix,a,e) E T (slsAe) is weakly 
c m 
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continuous in (x,a,a) e; SA8. Therefore, Eor any ue; B (S8) , u(x,a,u,a) e; B (SA8) 
s s 

and uu e; B (S8) (for example, 
s [18]) . 

For any u, u'EB (S8) uu(x,a)-uu'(x,a):;; /{u(x,a)-u'(x,a)}QS(dx'lx,a,a) 
s 

:;; Ilu -u'lls for some ae;A(x), where 11·\\ is the supremumnorm. Q.E.D. 

Theorem 3.2. Suppose that Al--A4 ho:,d, then 

(a) 

(b) 

ther,~ are a vEB
s

(S8) and a g*EB
s

(8) satisfying the equation (2.1), 

ther,~ exists a f* e; B (SE»A) with f* (x, a) E A (x) for all x e; S such 
m 

that (3.2) holds for e; = o. 

Proof: By Lemma 4.2 of [16] the metric space (B (s8),1 1·1 I) is complete, 
s 

so that from Lemma 3.1 U has a unique fixed point in Bs (S8). Let v be the 

unique fixed point of u, i.e. v = Uv. If we put g*(a) = /v(x' ,a)y(dx' I a), 

g* e; B (e) and (v,g*) satisfies (2.1). Also, from the selection theorem (for 
s 

example, [16] and [19]), (b) follows. Q.:E.D. 

Remark 3.1. For any 'lTe;I1, ae;e and XES, define 

(3.3) 

if this expression exists, where EX a ,'IT 
is the expectation operator w.r.t. pX 

co 13, 'IT 

Then, for f e; B (S0+A) as in Theorem 3.1, the stationary policy e; a f e; is e;-optimal 

for any fixed Be; e w.r.t. the expected criterion (3.3), i.e. 

1j! [£ (', a) 00] (x, a) :;; 1j![ 'IT] (x, a) + e; for all 'IT e; I1, a e; 8 and x e; S. e; 
And for f* e; B (S0+A) as in Theorem 3.2, f"*( 0, a) co is O-optimal for 

m 
a e; 8. Since the proof is similar to that of Theorem 7.6 of [17], 

here. 

any fixed 

we omit it 

Let X and Y be any Borel sets. Then p(oly) e; T (xly) is said to be (*)
p 

continuous if y + p(Dly) is uniformly continuous for DE { col sed sets of X }. 

The following is easily proved. 

Lerrma 3.2. Let X, Y and Wbe any Borel sets and UEB (XW). If p(oly) 
s 

e; T (xly) is (>I:)-continuous, y + /u(x,w)p(dxly) is uniformly continuous in 
p 

ye; Y for WE w. 

Theorem 3.3. Suppose that A1--A4 hold. Further, assume that (i) both 

c(x,a,z,x',e) and T(x,a,z,x',e) are uniformly continuous in eE8 and (ii) 

Q('lx,a,e) and Y('le) are (*)-continuous in aE8 uniformly for (x,a)e;SA. 

Then, v(x,a) e; B (se) and g* e; B (e) as in Theorem 3.2 become to be uniformly s s 
continuous in e e; e. 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



258 M. Kurano 

Proof: Under given assumptions, from Lennna 3.2, c(x,a,8) and T(x,a,8) 

are uniformly continuous in 8 e: 0, so that by the same proof as that of Thorem 

3.2 we obtain Theorem 3.3. Q.E.D. 

4. Estimation and Adaptive Policy 

In this section we construct the average-optimal policy under some iden

tifiability conditions. Hereafter we assume that Condition (**) holds. 

Extending the notion of a minimum contrast function ([15]) we give the follow

ing definitions. 

Definition. Let me: B (SAZS0) and oe: T (Ais) with O(A(x) Ix) = 1 for all m p 
xe:S. Then, (m,o) is called informative w.r.t. semi-MDP's including the un-

known parameter if the following conditions Bl-B3 are satisfied. 

Bl. m(x,a,z,x' ,8) is uniformly continuous in 8 e: 0 for (x,a,z,x') e: SAZS. 

B2. Let m(x,a,8,8') jm(x,a,z,x',8,8')Q(d(z,x')ix,a,8) where m(x,a,z,x',8,8') 

= m(x,a,z,x',8) - m(x,a,z,x',8'). Then, m(x,a,8,8');;; 0 for any xe:S, 

a e: A (x) and any 8, 8' e: 0. 

B3. Further let m(x,8,8') = /m(x,a,8,8')0(daix). Then, /m(x,8,8')y(dxi8) < 0 

f or any 8 ;t 8' e: 0. 

By using the minimum contrast method ([15]) and the idea which may be 

thought of as a modification of forced choice cycles introduced by Fox and 

Rolph [8], we shall construct the policy 11* (11~,11~, ••• ) which will be proved 

average-optimal. For a sequence {a(t)}~ of non-negative numbers with a(t) ;;; 1 

for each t we define the sequence {Yt}~ of independent random variables by 

Prob(Y
t 

= 1) = 1 - Prob(T
t 

= 0) = a(t) for all t ~ O. 

Now, assume that there exists me: B (SAZSe) and 0 e: T (Ais) with o(A(x) Ix) 
m p 

for all x e: S such that (m,o) is informative. 

Set for T ~ 1 and 8 E 0, 

(4.1) 

Then, the selection theorem (for example, see [19]) implies that for any n > 0 
A T T 

there is a 8
T 

e: B ({O, 1} S(AZS) +0) such that ,n a 

(4.2) 

where HT = (YO""'YT-l,H T ) and HT 
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Let us call e the modified n-minimum contrast estimator at time T. T,n 
Here, for any positive number n, a sequence {£(t)}7 of positive numbers and 

{Y
t

} defined above, we define the policy 'T* = (lT~,lT~, .•• ) as follows: For 

any aO£A(X
O

) let lT~ be lT~({aO}jxO) = 1. And for any t ~ 1 define lT~ by 

IT:({fdt)(xt,et)}jift ) = 1 if Yt = 0 and IT'~(ojHt) = o(ojyt ) if Yt = 1, where 

f dt ) £ Ba (S0+A) is given in Theorem 3.1 and et et,n is the modified n-minimum 

contrast estimator at time t. 

Note that rr* is dependent on both {£(t)}7 and {a(t)}~. The policy IT* 

means that if Yt = 1 we select the action according to ° by force and if 

Y
t 

= 0 we estimate the value of the parameter by a modified n-minimum contrast 

estimator using the observed hist,~y through the first t times and take the 

action which would be £(t)-optimal if the estimated value was the actual 

value of the parameter. Let us call IT* the adaptive policy constructed by 

(m,o,{£(t)},{a(t)},n). 
-x x 00 

Let Pe * be a product measure p*xPe * on the product space {0,1} n, 
, TT ,1T 

where p* is a probability measure on {0,1}00 such that the projection on the 

t-th factor {0,1} is Y
t 

and P*(Y =1) = 1 - P*(Y =0) cr(t). 
t t 

The next theorem shows the consisteney of eT under the policy IT*. ,n 
Theorem 4.1. Assume that ConditionC"*) and Condition 1 in Section 2 hold 

and e is compact. Let (m,o) be informative and IT* the adaptive policy con

structed by (m,o,{£(t)},{a(t)},n). Then if I:=oa(t) = 00 and I;=1{I~:6cr(t)}-2 
< 00, it holds that for any e£e and x£S § -+ e pX * - a.s •. T,n e,lT 

Proof: For any fixed eO £ e, put iii(x,a,z,x' ,e) = iii(x,a,z,x' ,eO,e) and 

iii(x,e)=m(x,eO,e) for simplicity. Now, l,:t Ce = {x£S/m(x,e) < - J.} for 
,n n 

each e £ e and n. Then, since fm(x,e)y(dxj eO) < 0 (eo ;I! e) by B3, we can find 

an integer j and a positive number a such that y(Ce .je
O

) ~ a. By Condition 
,] 

(**) and Condition 1, we have 

(4.3) 

Let O(T) \"T-1 
l.t=O cr(t). 

that 

(4.4) 

Then, the stability theorem of Loeve [14] says 

o -x 
Pe * -a.s., O,lT 
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-x . -x 
where Ee * ~s the expection operator w.r.t. Pe *. 

0,1T 0,1T 

Since 

- -ltT -1 -lim sUPT+<><>{O(T)} L.t=o o(t)m(xt,e) , from the definition of 1T* 

;;; lim sUPT+<><>{O(T) }-lI~:~ o(t);;;(xt,e)Ic .(xt ), from B2 
e,J 

;;; - ~ lim sUPT+<><>{O(T)}-lL~:~ O(t)IC .(xt ) 
J e,J 

-x 
Pe * -a.s., from (4.3) and the stability theorem, 

0,1T 

it holds from (4.4) that 

(4.5) 

where IC is the indicator function of the set C. 

The above discussion show that for any e ~e 0 and (n,p) £ ~ 

-x 
Pe * -a.s., 

0,1T 

> ~}, there is a null set Ne ' that is, pX * (N ) = 0 such that for 
p ,n,p eO,1T e,n,p 

any W*$Ne it holds that lim sup {cr(T)}-l{L
T

(e
O

) - LT(e)} ;;; -..!. . .!."[* 
,n,p T+<><> n .p 

- -h;'T-1 
and lim sUPT+<><>{O(T)} L.t=O Y t = 1. 

Since e is separable, there exists a subset of e, {S .ii=1,2, ... }, which 
~ 00 

is dense in e. Here, we define N = U N- where N-
i=l e i ' e i 

-x ~ 

Note that Pe *(N) = O. For simplicity, let eT 
0,1T 

El 

U 
(n,p)e:Ka. 

T,n Now~ 

N
ei,n,p 

we assume 

that there exists w*$N and e* e: e (e* ~ eO) which satisfy that aT. (w*) "* e* 
J 

for some subsequence {eT.(w*)}~ of {eT(w*)}~, The denseness shows that there 
} 

is a subsequence {S. }001 of {a .}001 such that e. "* e* as j "* 00. By the uniform 
~. ~ ~. 

J J 

continuity of ;;; with respect to e, for any integer d, there exist k and n (n>d) 

such that 

n Cs :J Ce* d 
j~k i.,n , 

J 

Let d and p be such that Y(Ce*,dieO) > ~. Then, by the above result, there 

exist k and n such that 
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1 
> -

P 

y(c- 18) > J.. for all j ~ k. 
8. ,n 0 p 
~. 

J 

Therefore, we have 

lim sUPT+oo{O(T) }-1{ -s.(8
0

) - -s.(Ei i . )} 
] 

for all j ~ k_ 

By the uniform continuity of m w.r_t. 8, for any E > 0 there is an j* such 

that I m(x,a,z,x',8*) - m(x,a,z,x',6.) 1< e: for all j ~ j*. 
~. 

In this case, ] 

{O(T)}-1{-s.(8
0

) - L
T

(6
i

.)} - {O(T)}-1{L
T

(8
0

) - L
T

(8*)} 

] 

so that 

lim 

Hence, we have 

(4.6) 

- -1 
sUPT+oo{O(T)} {-s.(80 ) - -s.(8*) 

- -1 
;:;; lim sUPT+oo0(T) {L

T
(8

0
) 

;:;; - J.. J.. T* + E 
n p as j -+ "". 

- -1 ~ 
On the other hand, it holds from (4.2) that O(T

j
) {L

T
.(8

0
) - L

T
.(8

T
.) + n} 

] ] ] 

by repeating the above discussions we obtain lim-

261 

~ 0 

- L
T

.(8*)} ~ 0, which contradicts (4.6). 
] 

Q.E.D. 

Theorem 4.2. Assume that the assumptions of Theorem 4.1 hold. 
1~T-1 1~T-1 

If TLt=O e:(t) -+ 0 and TLt=O o(t) -+ 0 as T -+ "" and $(x,a,8) is uniformly 

continuous in 8 e: 0 for (x ,a) e: SA, then 'rr* is average-optimal. 

Proof: For any fixed 8
0 

e: 0 and x e: S, put pX= pX and E 
8

0
,1T* 

simplicity. By the stability theorem [l,Q, we have 

(4.7) o P-a.s. , 
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where ~(x,a,z,x',e) and ~(x,a,e) are defined in Section 2. 

Since ~(Xt,fdt)(Xt,6t)'§t) ;?; -dt) by the definition of f dt ), it follows 

that 

(4.8) 

- E(t)} + ~tT-1 Y ~(x ~ e) 
TLt=O t~ t' t' 0 • 

. 1~T-1 
C x hm SUP~T"Lt=O Y t 

o 

p* -a.s. for some constant C > O. 

Since, by Theorem 4.1 and the assumptions of Theorem 4.2, 4>(x,a,eO) - q.(x,a,6 t ) 

-+ 0 uniformly for (x,a) E SA as t -+ "", it follows from (4.7) and (4.8) that 

(4.9) 1 · . f 1 ~T-l ~ (x ' z e ) ~_ 0 
lm ln ~ T"L t =() ~ t'U t , t+1 ,xt +1, 0 P -a.s. 

By repeating the proof of Theorem 2.1, we have lim sUP~WT(eO) ~ g*(eO) 

P -a.s., so that it holds from Theorem 2.1 that g*(eO) = lim~WT(eO) P -a.s. 

which shows that n* is average-optimal. Q.E.D. 

Remark 4.1. By Theorem 3.3, if the conditions of Theorem 3.3 are satis

fied, then 4>(x,a,e) is uniformly continuous in e E 0. 

We can prove that under the assumptions of Theorem 4.2 n* is average-optimal 

in the expected criterion, i.e. 1jJ[n*] (x,e) ~ 1jJ[n] (x,e) for all nE IT, e c 0 and 

x E S. 

Remark 4.2. 
t -s if t ;?; N. 

4.2. 

1 For any integer Nand 0 < S < 2' let aCt) = 1 if t < Nand 

Then, the sequence {aCt)} satisfies the conditions of Theorem 

Remark 4.3. Let {m
1

,m
2
,··· } and {n

1
,n2 ,··· } be increasing sequences of 

positive integers such that (i) lim infk-+ook-(1+S)/2maxU!mj ~ k} > 1 for some 

s > 0 and (ii) lim sUPk k-
1
max{j!m. ~ k} = 0 and (iii) lim sUPk k-

1
max{j!n. 

-+00] -+00] 

~ k} = O. For example, if m. = /1. (2)a.>1) for all j ;?; 1, {m.} satisfies (i) 
] ] 

and (H). Now, define the sequence {aCt)} by aCt) if tE{ml'm
2
,···}, 

aCt) 0 elsewhere and the sequence het)} by dt) if tE{n
1

,n
2
,···}, 

E(t) 0 elsewhere. Then, {aCt)} and {E(t)} satisfy the conditions of Theorem 

4.2. 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Adaptive Policies in Semi-Markov DP's 263 

5. Age Replacement 

We consider the problem of minimizing the long-run average cost per unit 

time in the age replacement (for example, [Z], [6]) with an unknown failure 

distribution. Fox [7] has treated the discounted case assuming that the true 

failure distribution belongs to the parametric family of a Weibul with a 

Gamma prior. 

Also, Arukumar [1] has given the nonparametric estimate of optimum age under a 

sample of size n and shows its consistency. 

Under an age replacement policy a unit is always replaced at failure or 

at the end of a specified time interval a, whichever occurs first, with respec

tively cost cl and Cz (c 1>cZ>0). 

Age replacement corresponds to a semi-MDP with one state ([6]). Define 

S = {X
O

}, A = [b,oo) {oo} and Z = R+, where b is any positive number and 

R+ (0,00). A stage is the period starting just after a replacement and ending 

just after the next replacement. The length of each stage is represented as 

the element of Z and a £ [b,oo) and 00 correspond to the action of the planned 

replacement time a and non-planned replacement respectively. Let A(XO) = A. 

For any positive numbers Ml and MZ (M
1
< MZ)' let 

o = { FI F is a continuous failure distribution on R+, and Ml ~ J~XdF 

and ~xdF ~ MZ }. 

Note that 0 is complete and separable w.r.t. the suppremum norm. Let 0 be a 

compact subset of e. Further define Q(D{xo}lxo,a,F) = ~(Fa)(D) for all 

Dc F
R

+, where ~(F) is the probability measure induced by the distribution 

function Fe 0 and Fa(x) = F(x) if x < a, = 1 if x ~ a. 

define c(xO,a,z,xO,F) = c 1(cZ) if z ~(» a, 

Since 0 < Ml ~ T(xO,a,F) ~ NZ for all a C R+ 

and T(xO,a,z,xO,F) 

and Fe 0, Condition(**) 

Finally 

min{a,z}. 

is satisfied I -1 with y({x
O

} F) = (ZM
Z

) In this case, the optimal equation 

0.1) is as follows: 

(5.1) 
- -1 v(F) = infa C A { c 1F(a) + CZF(a) + v(F) - (ZMZ) V(F)T(xO,a,F)} 

for all Fe 0, 

where F(a) = 1 - F(a). 

-1 Putting g*(F) = (ZM
Z

) v(F) , (5.1) becomes 

(5.Z) 
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which agrees with the well-known results ([2] and [6]). 

Assume that for any E: > 0, there exists d > 0 for which J~dF < E: for all 

F <. e. Then from the fundamental calculus, we observe that g*(F) is continuous 

in F <. e, .p(xO,a,F) 
-1 c 1F(a) - cl'(a) is uni-so that = (2M2) V(F)T(xO,a,F) -

formly continuous in F <. e for a <. A. 

Let {r.ij=1,2, ... } be the set of 
. J ~oo j 

+ 
all rational numbers belonging to R • 

Now, def1ne m(xO,a,z,xO,F) = Lj=O a { I(_oo,r.](z) 
J 

- Fa(r.) }2 for some 
J 

o < a < 1 and o({oo}ixo) = 1. Then, we shall show that (m,o) is informative 

w.t.t. this age replacement. In fact, m(xO,a,F,F ' ) = - r;=l a
j

{ F
i1

(r j ) 

F,a(r
J
.) }2 ~ 0 and m(xO,F,F') = - ~~ a j { F(r.) - F'(r.) }2 < 0 for all 

LJ=l J ] 
F '" F' <. e. 

For LT defined by (4.1), 

h - () {~T-1 }-1 ~T-1 (). h .. Id' 'b' were FT z = Lt=OYt Lt=O YtI(-oo,z] Zt+1 1S t e emp1r1ca 1str1 ut10n 

function, so that the modified n-minimum contrast estimator eT is dependent ,n 
only on FT' We note that by applying Theorem 4.2 an average-optimal adaptive 

replacement policy is constructed. 
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