
Journal of the Operations Research 
Society of Japan 

Vol. 33, No. 1, March 1990 

Local Convergence Properties of New Methods 

in Linear Programming-

Takashi Tsuchiya Kunio Tanabe 
The Institute of Statistical Mathematics 

(Received November 17, 1988; Revised December 27,1989) 

Abstract Asymptotic behavior of some of the interior point methods for Linear Programming is inve"ti
gated without assuming nondegeneracy of constraints. A detailed analysis is given to the fundamental pair of 
vectors, the Newton direction leading to the center of the problem "de" and the direction of the affine-scaling 
method "dAF". The quadratic convergence property of the iteration by - de is demonstrated. Step-sizes 
for the direction - de are also given to maintain feasibility without sacrificing the quadratic convergence. 
The sequence generated by - dAF is pulled towards the central trajectory while it converges linearly to the 
optimal solution. Local convergence properties of Iri and Imai's Multiplicative Barrier Function method 
and Yamashita's method (a variation of the projective scaling methods) are also discussed. It is shown that 
the search direction of the met.hod by Iri and Imai converges to - de, whereas the direction by Yamashita 
converges to dAF. A proof is given for the quadratic convergence property of Iri and Imai's method with an 
exact line search procedure in the case where constraint is degenerate. 

1. Introduction 
Since Karmarkar's method for Linear Programming was presented in 1984 [4], various 

new approaches have been attempted to get another method having the same property of 
polynomial time order of convergence. In 1985, Iri and Imai [3] proposed "Multiplicative 
Barrier Function" for the dual problem of the standard form Linear Programming, which 
is a natural affine variation of Karmarkar's potential function, to be minimized for solving 
the problem. They showed that the function is strictly convex under mild assumptions and 
that it can be minimized easily by the Newton method. They also found various inter
esting properties of the Newton method when applied to Multiplicative Barrier Function. 
Specifically, if the problem is nondegenerate, the Newton method attains the quadratic 
convergence even though the Hessian matrix does not exist at the optimal solution. 

However, they did not give a proof for the property of polynomial time order of conver
gence. The method of minimizing Multiplicative Barrier Function which has the property 
of polynomial order of convergence was first proposed by Yamashita [11]. One of the impor
tant observations in his paper is that the search directions of the two methods are written 
as linear combinations of the same pair of vectors, the search direction "dAF" of the dual 
affine scaling method [1], and the Newton direction "de" leading to the cent er of the system 
of linear inequalities of the problem (e. g., see [2, 6, 7]). Yamashita's method belongs to 
the group of the projective scaling methods [8]. 

In this paper we give a local analysis on those interior point methods. Under the 
assumption of the uniqueness of the optimal solution, we show the following properties. 

(1) The negative centering displacement vector - dc, which is exactly "opposite" to the 

* This is a revised version of the paper, "Local Analysis of the Methods by Iri and Imai, Ya
mashita and Adler-Karmarkar" (in Japanese) appeared in The Institute of Statistical Mathematics 
Cooperative Research Report 5 "New Methods for Linear Progmmming", pp.99-117, March, 1987. 

22 

© 1990 The Operations Research Society of Japan



Local Convergence of New Methods in LP 23 

Newton direction leading to the "center" of the system of linear inequalities, has the 
property of the Newton displacement vector to find the optimal solution. If we adopt 
appropriate step-sizes, the iteration by - de produces a sequence which converges 
quadratically to the optimal solution from the interior of the feasible region. 

(2) The sequence generated by the dual affine scaling method converges linearly to the 
optimal solution. In particular, if appropriate step-sizes are adopted in the iteration, 
the generated sequence is forced to approach the optimal solution from the unique 
direction which is the limiting tangential direction of the "central trajectory" at the 
optimal solution. Simultaneously, the "dual variable" converges to an optimal solution 
of the standard form linear programming problem which is the dual problem. 

(3) The displacement vector of Iri and Imai's method dN converges to the vector -de/(m
k) as the sequence approaches the opitmal solution, where m is the number of constraints 
of the problem and k is the number of active constraints at the optimal solution. The 
method with an exact line search procedure has the property of quadratic convergence 
even if the constraint is degenerate at the optimal solution. 

(4) The search direction of Yamashita's method dp converges to the search direction dAF 

of the dual affine scaling method as the sequence approaches the optimal solution. 

The "centering property" of the dual affine sealing method described in (2) was already 
observed by Megiddo and Shub [5] for the continuous version of the primal affine scaling 
method in the case where both primal and dual problems are nondegenerate. However, no 
analysis seems to be given so far on how this property holds in the discrete version of the 
algorithm. Our analysis is new in that it shows the same behavior of a discrete version of 
the algorithm and that it requires only the uniqueness of the optimal solution. 

2. Problem 
Here we consider the following dual standard form linear programming problem < D > 

with n variables and m constraints: 

minimize ctx, subject to Actx - b ~ 0, 

A=(al, ... ,am)ERnxm , a;,cERn, bERm. 

As is well-known, the dual proble~ of < D > is the standard form linear programming 
problem < P >: 

maximize bty, subject to Ay = c, y ~ 0, Y E Rm. 

We assume the following conditions on < D >: 

(i) The feasible region of the problem < D > is not empty and it has at least one interior 
point. 

(ii) Rank A = n. 
(iii) The objective function is nondegenerate, i.e., the problem < D > has the unique 

optimal solution x*. 
(iv) The minimum value of the objective function is known in advance. Without loss of 

generality, we assume that the value of the objective function is ° at x*. 
(v) There exists at least one inactive constraint at x*. 

Throughout this paper we put no assumption on degeneracy of constraints. We allow any 
number of constraints ( ~ n) to be active at the optimal solution x*, and denote by k the 
number of active constraints at x*. 
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We introduce the following notations: 

D(x) = diag[alx - b1, ... , a!,.x - bm], 

B(x) = AD(x)-2 At, 

T7(X) = AD(x)-ll, 

1 = (1, ... , 1) tERm. 

Without loss of generality, we assume that the first n constraints in At are active and 
independent at the optimal solution, while consecutive (k - n) constraints are active but 
redundant ones. Then we introduce 

AAl = (aI, ... ,an),AA2 = (an+l, ... ,ak), 

AA = (AAb A A2),AI = (ak+h···,am), 

DAl(X) = diag[alx - bI, ... ,a~x - bn), 

DA2(X) = diag[a~+lx - bn+l, ... ,a~x - bk), 
DA(X) = diag[DAl(X),DA2(X)), 

DI(X) = diag[a~+lx - bk+b ... ,a!,.x - bm), 

BAl(X) = AAIDAl(X)-2A~1,BA2(X) = AA2DA2(X)-2A~2' 
BA(X) = AADA(X)-2 A~ = AA1DAl(X)-2 A~l + AA2DA2(X)-2 A~2 

= BAl(X) + BA2(X), 

AAl,DAl(X),BAl(X),BA2(X),BA(x) E R nxn , 

AA2 E R nx(k-n),DA2(X) E R(k-n)x(k-n), 

AA E Rnxk,D,t(x) E R kxk , 

AI E Rnx(m-k), DI(X) E R(m-k)x(m-k). 

The matrix DA(X) converges to 0 as x --+ x·, whereas DI(X) converges to an invertible 
matrix. Since the rank of AAl is n, the matrix AA2 and AI are represented as AA2 = AAl U 
and AI = AAl W with appropriate matrices U E Rnx(k-n) and WE Rnx(m-k). For a vector 
Z E R m , we denote the veetor consists of the first n components of z by z AI, the vector 
consists of the consecutive k - n components by ZA2, and (z~l z~2)t by ZA. The vector 
consists of the remaining components of z is denoted by ZI. We use 11 . 11 for the 12 norm. 

Concerning the relation between the magnitudes of two quantities f( x) and g( x), we 
introduce the notations "g( x) = O(J( x))" and "g( x) = 8(J( x))". The notation g( x) = 
O(J(x)) means limsupx~1l' Ig(x)/f(x)1 < +00. When g(x) = O(J(x)) and f(x) = O(g(x)), 
we denote this relation by g(x) = 8(J(x)). We use the analogous notations for given two 
sequences {p(i)} and {q(i)} as well. 

3. Search Directions of the Interior Point Methods 
To solve the problem < D >, Iri and Imai [3) introduced the Multiplicative Barrier 

Function as follows: 
(ctx)m+l 

F( x) = nm (t _ b )" 
It=l altx It 

(3.1) 

The function has the following nice properties for solving the problem < D >: 

(i) Solving the problem < D > is equivalent to minimizing the function (3.1). If F(x(i») 

converges to 0 along the sequence {x(i)}, the distance between x(i) and the optimal 
solution set converges to zero as i --+ 00. 
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(ii) The function F( x) is strictly convex in the interior of the feasible region. 

In order to minimize the function, Iri and Imai used the Newton method with an 
exact line search procedure. The quadratic convergence of the method is not trivial in 
this case because the Hessian matrix is not well-defined at the optimal solution. They 
demonstrated the quadratic convergence of their method in the case where both primal and 
dual are nondegenerate at the optimal solution. However, they did not give a proof for the 
polynomiality of the method. 

A search direction with a choice of step-size which reduces Multiplicative Barrier Func
tion by a constant factor per iteration was first proposed by Yamashita [11]. Yamashita com
pared the search direction of his method with the search direction of Iri and Imai's method, 
and observed that the displacement vector of Iri and Imai's method dN and his method dp 
can be written as linear combinations of the same pair of vectors dc(x) == B(x)-11J(x) and 
dAF(X) == -B(x)-1 c, i.e., 

and 

dN(x) = po(x)( -P1(x)B(x)-1c -- B(x)-11J(x)), 
1 

po(x) = 1 _ g(x)t( -P1(x)B(x)-1e + B(x)-11J(x)) ' 
ctx - ctB(x)-11J(;r;) 

p1(X) = (t )2 ' 
c X t 1 ---eB(xt-c 

m+1 
e 

g(x) = (m + l)-t -1J(x), 
ex 

dp(x) = ~o(x)( -B(x )-1c + 6(x )B(x )-11J(x )), 

etx ,t t 1 
~o(x) = 6(x)' 6(x) = 6!.x)(c x - c B(x)- 1J(x)), 

6(x) = (etx - etB(x)-11J(x))26(x) + etB(x)-1e, 
1 

6(x) = t 1 ( . m + 1-1J(x) B(:r)- 1J x) 

(~-I.2) 

(:J.3) 

(We represent the search direction of Yamashita's method in a simpler form than the original 
one [11] assuming that etx* = 0.) The vector dc" which is called "d2" in [11], is the vedor 
obtained when we apply the Newton method to get the so-called the "center" of the system 
of linear inequalities of the problem [2, 6, 7], wbereas dAF, which is called "d1" in [11], is 
the direction of the dual affine scaling method proposed by Adler, Karmarkar et al. [1]. 

4. Basic Lemmas 
In this section we describe some basic lemmas. It is convenient to represent the common 

quantities appearing in both formulae (3.2) and (:1.3) by using the projection matrix P(x) = 
D(x)-l At B(x)-l A D(x)-l, the projection onto the subspace spanned by the column vedor 
of the matrix D-1(x)At, and y*, one of the optimal solutions of < P >: 

1J(X)tB(X)-l1J(X) = I tD(x)-1AtB(x)-1AD(x)-11 = Itp(x)l, (4.1) 
etB(x)-11J(x) = y*tD(x)D(x)-1 AtB(x)-1AD(x)-1 1 = y*tD(x)P(x)l, (4.2) 

et B(x )-1e = y*t D(x)D(x )-1 At B(x )-1 AD(x )-1 D(x )y* 

= y*tD(x)P(x)D(x)y*, (4.3) 
etx = y*tD(x)1. (4.4) 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



26 T. Tsuchiya & K. Tanabe 

Here we used the equality bty* = ctx* = 0 to derive (4.4). In the following we always 
adopt y* such that YA > 0 and yj = o. The existence of such y* follows from the 
strong complimentarity. The two directions B(x)-lc and B(x)-ll'](x) are represented as 
(B(x)-l.4. D(x)-l)D(x)y* and (B(x)-lAD(x)-l)l, respectively, in terms of the matrix 
B(x)-lAD(x)-l. This matrix is the Moore-Penrose inverse of D(x)-lAt which gives the 
solution B(x )-1 AD(x )-1 f for the following weighted least square problem: 

(4.5) 

The projection matrix P(x) has also a close relation to the problem. The residual of (4.5) 
is given by (I - P(x))f. In the following we investigate the properties of these matrices in 
a sufficiently small neighborhood of the optimal solution. 

Lemma 4.1. The inequality 

(4.6) 

holds for all x in the interior of the feasible region of < D >. 

Proof: We represent B,l as 

Since D Al U DA~Ut D Al is a positive semi-definite matrix in the interior of the feasible region, 
I + DAlUDA~UtDAl is an invertible matrix. Then we have 

(4.8) 

Since II[! +DAlUDA~UtDAd-lll:::; 1, we obtain IIBAlll:::; IIAA:1I2I1DAlIl2:::; IIA::t:1I2I1DAII2, 
which is the desired estimate. 

Lemma 4.2. The inequality 

(4.9) 

holds for all x in the interior of the feasible region of < D >. 

Proof: By its definition IIBAI AADAIII can be written as follows: 

(4.10) 

As was shown in Lemma 4.1, IIBAllI :::; IIAA~1I2I1DAII2 in the interior of the feasible region 
of < D >. Hence we see that IIBAIAADAllI :::; IIAA:III1DAII in the interior of the feasible 
region of < D >. 

Lemma 4.3. Let x be an interior feasible solution of < D >. Given a vector z in Rm, let 

(4.11) 

and 
(4.12) 
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which are the unique solutions of the least square problems 

(4.13) 

respectively. Then Ilu - wll = 0(IIDA(X)112) in a sufficiently small neighborhood of x*. 

Proof: The matrix B and AD-l Z are represented as 

(4.14) 

and 
(4.15) 

We have the following expression of B-1 by applying Sherman-Morrison-Woodbury fommla 
to (4.14): 

B-1 - B-1 B-lA D-l[I + D-1 At B-1 A D-1]-1 D-1 At B-1 
-A-All I IAII I lA 
- B-1 B-1CB-1 
- A - A A' (4.16) 

where 

( 4.17) 

Since we have IIDIll1 = 0(1) near the optimal solution, we see that IICI! = 0(1) in a 
sufficiently small neighborhood of x*. Substituting (4.15) and (4.16) into (4.12), we obtain 
the following expression for w: 

where 

w = B-1 AD-1z = (BA1 - B A
1CBAl)(AADAlzA + AIDIlzI) 

= BAlAADAlzA +r = u+r, (4.18) 

B - lCB-1A D-l B-lC n-lA D- l + B-lA D-1 (4.19) r = - A A A A zA - A D A I I zI A I I ZI· 

As was shown in Lemma 4.1 and Lemma 4.2, IIBAllI = 0(IIDAI12) and IIBAl AADAll1 = 
O(IIDAII) in the interior of the feasible region. On the other hand, IIDIII converges to 
an invertible matrix as x -+ x*. Hence the norm of the vector r = u - w is bounded 
by MIIDAI12 in a sufficiently small neighborhood of the optimal solution, where M is an 
appropriate constant. 

Lemma 4.4. Let x be an interior feasible solution of < D >, and let the projection 
matrix P on R m be 

(4.20) 

where 
( 4.21) 

If x is sufficiently close to the optimal solution J;*, then 

IIP(x) - P(x)11 = O(IIDA(X)II)· (4.22) 
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Cll(X) = -DA(X)-lA~BA(X)-lC(x)BA(X)-lAADA(X)-l, 
C12(X) = DA(X)-l A~BA(X)-l A]D](x)-l 

- D A(X )-1 A~BA(X)-lC(x)BA(X)-l A]D](x)-l, 
C22(X) = D](x )-1 A}BA(X )-1 A]DI(X )-1 

- DI(X)-l A}BA(X)-lC(x)BA(X r l AIDI(X)-l. 

(4.23) 

(4.24) 

( 4.25) 

(4.26) 

From (4.17) and the order of IIBA111 and IIBAIAADA11I given in Lemma 4.1 and Lemma 4.2, 
we easily see IIClll1 = G(IIDAII2), IIC1211 = G(IID All) and IIC2211 = G(IID A112) in a sufficiently 
small neighborhood of x·. This immediately leads to the result. 

Before concluding this section, we give a remark on the relation between the order 
of IIDA(x)ll, ctx (= ct(x - x*)) and Ilx - x*ll, which easily follows from the facts that 
DA1A = A~(x - x*), x - x" = (AAA~)-l AADA1A and ctx = y;{DA1A (YA > 0). 

Remark 4.5. We have the following inequalities for all x in the feasible region of < D >: 

IIA~II-11IDAII $ IIx - x*11 $ v'k11(AAA~)-l AAIIIIDAII, 
k 

(minYAIJIIDAII $ ctx $ v'kllyAIIIIDAII· 
1<=1 

( 4.27) 

( 4.28) 

This remark means that liD All, ctx and IIx - x*1I are quantities of the same order in the 
feasible region. 

5. Properties of the Iteration by the Negative Centering Displacement Vector 
In this section we analyze the negative centering displacement vector - de = -B- l 7J 

which plays an important role in guaranteeing the quadratic convergence of Iri and Imai's 
method. Specifically we prove that the iteration 

(5.1) 

converges quadratically to the optimal solution without violating the feasibility, if the initial 
interior feasible solution x(O) is sufficiently close to the optimal solution x* and if we adopt 
appropriate step-sizes in the iteration. We denote B(x(i»),BA(X(i»), D(x(i»),DA(X(i») and 
l1(i) by B,BA,D,DA and 11, respectively. 

Lemma 5.1. Let l1(i) = 1 in the iteration (5.1). Then, if x{i) is an interior feasible solution 
of < D > sufficiently close to the optimal solution, we have 
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Proof: The vector XCi) -x* satisfies the equation A~(x(i) - x*) = D AlA, or, equivalently, 

(l5.2) 

When k > n, this equation is overdetermined but consistent. Multiplying both sides of 
(5.2) by BAl A~DAl, we obtrun the following expression of x(i) - x*: 

(i)_x*-B-ILl D-l 1 x - A· A A A· (l5.3) 

Then we have 

X(i+l) _ x* = xCi) _ x* - B-1 AD-l 1 

= BAl AADAllA - B-1 AD-l l. (l5.4 ) 

Putting z = I in Lemma 4.3 and using Remark ~L5, we have 

(:5.5) 

if xCi) is in a sufficiently small neighborhood of x", where Ml and M2 are some appropriate 
constants. This completes the proof. 

Lemma 5.1 implies that the negative centering direction can be interpreted as the New
ton direction to find the optimal solution. It suggests also a close relation between the 
quadratic convergence of the interior point methods and the negative centering direction. 
This property is quite surprising, because there seems no reason for us to expect that the 
direction has such a remarkable property. In the following we give the maximum step-size 
Jl~~x which does not violate feasibility. Note that the new iterate x(i+l) of (5.1) remains 

as an "interior point" of the feasible region so long as 0 :S Jl(i) < Jl~ax. The step-size Jl~L 
satisfies the condition 

(l5.6) 

where at least one of the constraints in (5.6) is satisfied with equality. Then it is easy to 

see that Jl~ax is bounded from below as follows: 

(i) . a~x(i) - b", ( a~B-l1] )-1 
Jlmax = Illln t 1 = max t ( .) 

""a~B-l'1>O a",B- 1] ""a~B-l'1>O a",x I - b", 
t B-1 

> (m';k I a",O 1] 1)-1 = IID-IAtB-l1]ll~l = IIPIII~I. (:5.7) 
- ",=1 a~x I - b", 

Since DAIA = A~(x(i) - x*) = A~BAIAADAlIA (see (5.3)), we have 

PAIA = DAIA~BAIAADAIIA = lA· 

Hence it follows from the proof of Lemma 4.4 that 

PI = (lA) + (Cp lA + CI2lI) o C12 lA + C22 11 ' 

(5.8) 

(5.9) 

where IIClll1 = O(IIDAII2), IIC12 11 = O(IIDAII) and IIC22 II = O(IIDAI12). Then, IIPIII;;} is 
bounded from below by a quantity of 1 - O( liD All) near the optimal solution. This means 

Jl~ax also is bounded from below by a quantity of 1-O(IID All), say, 1- M311D All, where M3 
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is an appropriate constant. Now, let x(O) be an interior feasible solution which is sufficiently 
close to the optimal solution. In the following we show that the sequence {x( i)} generated 
by (5.1) with /-l(i) = 1 - M31IDA(X(i»)1I (i = 0,1, ... ) is a sequence of interior points of the 
feasible region which converges quadratically to x* . 

Let xCi) be the i-th iterate in the iteration (5.1), which is assumed to be an interior 

feasible solution. As mentioned above, we have /-l~~x > /-l(i) = 1 - M3I1DA(X(i»)II, if xci) is 
sufficiently close to x*. This implies that x(i+l) is an interior point of the feasible region. 
From Lemma 5.1, we see IIB(x(i»)-l7](x(i»)11 = O(lIx(i) - x*II). Then, by using Lemma 
5.1 and Remark 4.5, IIx(i+l) - x*1I is bounded from above as follows, when IIx(i) - x*1I is 
sufficiently small: 

IIX(i+l) - x*1I = IIx(i) - /-l(i)B(x(i»)-l7](x(i») - x*1I 

= IIx(i) - (1- M3I1DA(X(i»)II)B(x(i»)-17](x(i») - x*1I 

~ IIx(i) - B(x(i»)-l7](x(i» - x*1I + M 3I1DA(X(i»)II·IIB(x(i»)-17](x(i»)1I 

~ M2I1x(i) - x*1I2 + M4I1DA(X(i»)II·lIx(i) - x*1I 

~ M5I1x(i) - x*1I2, (5.10) 

where M4 and M5 are appropriate constants. Obviously, this means that, if xCi) is sufficiently 
close to the optimal solution, x(i+l) also remains as "an interior point of the feasible region 
sufficiently close to the optimal solution", so that the same argument can be applied to the 
new iterate x(i+l) recursively. Thus, we have the following theorem. 

Theorem 5.2. Let x(O) be an initial iterate for the iteration (5.1), which is an interior 
feasible solution of < D > in a sufficiently small neighborhood of the optimal solution. 
If we adopt appropriate step-sizes, say, /-l(i) = 1 - M 3 I1DA(X(i»)II, then the iteration (5.1) 
produces a sequence of interior feasible solutions of < D > which converges quadratically 
to the optimal solution. 

This is an interesting feature of the negative centering direction - de. Note that the 
objective function ctx did not appear in the analysis throughout this section. Hence the 
results in this section are valid near any vertex of the feasible region. 

Iri and Imai demonstrated in [3] that their method has the property of quadratic conver
gence if it is applied to nondegenerate problems, and that the step-size converges to m - n 
in the final stage of the iteration. Our analysis suggests that (m - n )dN asymptotically 
converges to - de in the case where both primal and dual are nondegenerate at the optimal 
solution. A detailed discussion from this viewpoint will be given in §7 . 

6. Properties of the Iteration of the Dual Affine Scaling Method 
In this section we investigate the asymptotic behavior of the iteration of the dual affine 

scaling method 

(6.1) 

Here we fix /-l(i) to be a constant /-l E (0,1). As we will show later, if xCi) is an "interiorfeasible 
solution sufficiently close to the optimal solution", the next iterate x(i+l) also remains as 
an "interior feasible solution sufficiently close to the optimal solution", so that (6.1) is 
well-defined. 

In the following we show that the sequence produced by (6.1) converges linearly to the 
optimal solution always from the unique direction. This direction is the limiting tangential 
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direction of the central trajectory when the trajectory approaches the optimal solution. 
It will be also demonstrated that the "dual variable" converges to an optimal solution of 
< P >. This interesting property of centering was first observed by Megiddo and Shub for 

the trajectory of the continuous version of the primal affine scaling method in the paper [5], 
where the global and local behavior of the primal affine scaling method is studied extensively 
under nondegeneracy assumption. Our result is an extension of their result to the discrete 
case, but does not require the assumption of nondegeneracy of constraints. 

Firstly, we observe that the displacement vector B-1c/ct x is written, by using (4.4), as 
follows: 

B-1c B-1 AD-1 Dy* 
------ (6.2) dx - ltDy* 

As noted in §4, the vector y. is an optimal solution of < P > such that YA > 0 and 
yj = O. The optimal solution y. may not be determined uniquely when the constraints 
are degenerate at the optimal solution, but this redundancy is irrelevant in the following 
analysis. From (4.16) and AAYA = c, we see that (6.2) is represented as follows: 

B-1c D y. 
-- - B-1 AAD-1_~ + B-1ro (6.3) 

ctx - A A l~ DAYA A' 

Here ro(x) = -CBA1AADA1DAYA/l~DAYA E Rn and Ihll = O(IIDAII) in a sufficiently 
small neighborhood of x·, which follows from IIDAYA/1~DAYAIl1 = 1, Lemma 4.2, and the 
order, IICII = 0(1), given in the proof of Lemma 4.3. Substituting (6.3) into (6.1) and then 
multiplying the both sides by A~ and subtracting bA, we obtain the following recursive 

formula for the vector D~)lA == DA(X(i)lA: 

D(i+1)l _ di)l _ D(i) p(il D~)YA _ D(i) (i) (6.4) 
A A - A A J.L A A t (i). J.L A r 1 , 

lADA YA 

where p~) = PA(x(i), PA(X) is as defined in §4, r~i) = r1(x(i), r1(x) = D A(X )-1 A~BA(X)-l 
ro(x) E Rk and Ihll = 0(IIDAII2). Here we define the weighted slack variables a(x) by 
DA(X)YA' and denote PA(x)a(x) by a(x). Multiplying both sides of (6.4) by the matrix 
diag[YA1, we have the following equivalent recursive formula with respect to a(i) = a(x(i) 
and a(i) = a(x(i): 

(i) ,(i) 
(i+1) _ (1 (i) (i) a,; a" ( k) 

a" - - J.Lr1" a" - J.L-k-----w- K = 1, ... , . 
L~=l a~ 

(6.5) 

Note that Ila(i)111 = l~a(i) = l~D~)YA = ctx(i) > O. Let f3(x) be the vector a(x)/a(x)tlA = 

a(x)/ctx = DA(X)YA/l~DA(X)YA' and 13(x) be ';he vector PA(X)f3(X). Dividing (6.5) by 
a(i)tlA > 0, we have 

(6.6) 

(K = 1, ... ,k). (6.7) 
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We use the relations (6.8) ",(6.11) which follow from PAIA = lA. Note that the first 
and the third inequalities in (6.10) follow from (6.8). 

(6.8) 

(6.9) 

k k k 
~ 2 2 t ~' t 2 '2~" 1 

1 ~ ~ f3" = 11f311 ~ f3 PAf3 = ~ f3"f3" = f3 P Af3 = 1If311 = ~ f3"f3" ~ k' (6.10) 
,,=1 ,,=1 ,,=1 

k k k 

2:a~ = lI a ll 2 ~ atPAa = 2: a"&,, = atPla = 11&11 2 = 2:&"&,,. (6.11) 
,,=1 ,,=1 ,,=1 

In the following we show that the iteration (6.1) produces a sequence of interior feasible 
solutions which converges linearly to the optimal solution if the initial iterate is an interior 
feasible solution sufficiently close to the optimal solution. We prove this in the following two 
steps; (i) x(i+1) remains as an interior feasible solution if x(i) is an interior feasible solution 
such that ctx(i) is sufficiently small, and (ii) If ctx(O) is sufficiently small, the value of the 
objective function converges linearly to 0, where the asymptotic reduction rate is at least 
1- J-l/k. 

In order to see (i), we show that D(i+1)l = (D~+1)lA DY+1)1/) > 0 if x(i) is an interior 

feasible solution where ctx(i) is sufficiently small. The value of D~)lA changes according to 

(6.4). We just recall the expression (6.6) to see D~+1)lA > o. Since a = DAYA and YA > 0, 
sign of each component of (6.4) coincides with that of (6.6). Due to (6.10), the formula 
(6.6) is bounded from below as follows: 

which obviously is strictly positive if IID~)II is sufficiently small, i.e., if ctx(i) is sufficiently 

small. On the other hand, the value of DY+1) 1/ changes according to the formula 

D{l(1)1 _ D(i)l At B(x(·»)-1 c 
/ / - / / - J-l / ctx(i) (6.13) 

From (6.3), Lemma 4.2, Remark 4.5 and the assumption 0 < J-l < 1, we see that 
IIJ-lB-1c/ctxll = O(ctx) in a sufficiently small neighborhood of the optimal solution. Since 

the value of each component of D}i)l/ is bounded from below by a positive number near 
the optimal solution, we see that each component in (6.13) is strictly positive if x(i) is in 
a sufficiently small neighborhood of the optimal solution. Thus x(i+1) remains also as an 
interior feasible solution if .r(i) is an interior feasible solution such that ctx(i) is sufficiently 
small. 

Now we proceed to prove (ii). Summing up the elements of (6.6) and noting the relation 
(6.10), we see 

(6.14) 
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which shows that the asymptotic reduction rate of the objective function per iteration is at 
least 1 - JL/k. 

Thus, if the value of the objective function is sufficiently small at the initial iterate, the 
iteration (6.1) prod~ces a sequence of interior feasible solutions which converges linearly to 
the optimal solution. 

Now, we deal with the centering property of the iteration (6.1). We show that every 
sequence generated by (6.1) which converges to :r* shares the unique asymptotic direction 
from which the sequence approaches x*. In order to characterize this asymptotic direction, 
let us consider the following strictly convex programming problem < Q >: 

k 

minimize - L 10g(a~zK)' subject to ctz = 1, A~z ~ 0, (6.15) 
K=l 

where z E Rk. Since the problem < D > has an interior feasible solution, < Q > has a 
relative interior feasible solution. (To see this, let :r be an interior feasible solution of < D >, 
and put z = (x - x*)/ct(x - x*) = (x - x*)/ctx. Noting that A~x - bA = A~(x - x*) > 0, 
it is easy to check z is actually a relative interior feasible solution of < Q >.) From the 
uniqueness of the optimal solution of < D >, we see that < Q > has a bounded feasible 
region. Then < Q > has a unique optimal solution in the relative interior of its feasible 
region. Let us denote by z* the optimal solution of < Q >. The point z* is the unique 
solution of the following equation which is equivalent to the Karush-Kuhn-Tucker condition 
for < Q >: 

(6.16) 

where b A(Z) = diag[A~z]. Note that - z* is the limiting tangential direction of the central 
trajectory of < D > at the optimal solution x*. 

We want to show that the convergent sequence {x(i)} generated by (6.1) has the following 
asymptotic property: 

(X(i) - x*)t z* 

Ilx(i) _ x*lIllz*11 -+ 1 as i goes to 00. 
(6.17) 

This implies that the sequence is always forced to approach the optimal solution from the 
unique direction, the direction of z*, i. e., the sequence is pulled toward the central trajectory 
as it approaches the optimal solution. We begin with the following lemma. 

Lemma 6.1. Consider the iteration (6.1) with the step-size JL(i) chosen to be a constant 
JL E (0,1). If x(O) is an interior feasible solution sufficiently close to the optimal solution, 

~(i) = p~) f3(i) converges to lA/ k as x(i) does to the optimal solution x*. 

Proof: We analyze the behavior of rr~=l f3~i). Let us consider the ratio 

rr
k f3(i+I) . rrk ( f3-(i) (i)) 
K=l K _ H(~(i) (I)) _ K-l 1 - JL K - JLT1 K (6 18) 

rr
k f3(i) - ,JL,T1 -(1- 'i:",k f3-(i)f3-(i)_ "k (i)f3(i))k' . 
A=1 A JL L..JA=1 A A JL L."r=1 T 1 r r 

where 
k --

H(f3- -) = rrK=1 (1 - JLf3K -- JLTI/<) 
, JL, TI - k - - k - k 

(1 - JL L:A=1 f3Af3A - JL Er=l 1'lrf3r) 

- k 
(f3,1'l ER). ( 6.19) 

The expression (6.18) follows from (6.7) and (6.10). The function H(/3, JL, 1'1) is approxi
mated by the function 

(6.20) 
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on the set 
(6.21) 

if I17'IiI is small enough. This applies to our case. Since (3(i) E T for all i and Ilr~i) 11 = 

O(IID~)1I2) = O((ctx(i»)2), the function H((3(i),/-L,r~i») is approximated by G((3(i),/-L), if xCi) 
is in a sufficiently small neighborhood of x*. Specifically, we have the following inequality 

(6.22) 

if ctx(i) is sufficiently small, where Ml is an appropriate constant. 
As we show in Appendix, the function G((3, /-L) has the unique minimum point lA/k on 

the set T. Since G(lA/k, Jt) = 1 and G is continuous on T, it is easy to see that "for any 
given c E (0,1], there exists a positive number ( > ° such that 

(6.23) 

holds for all (3 ET such that c S; 11(3 - lA/kll." 
Now we are ready to show the lemma. If we take x(O) to be an interior feasible solution 

sufficiently close to the optimal solution, the inequality 

(6.24) 

and the inequality (6.22) hold for all i = 0,1, ... , where a E (0,1) is a constant. Then n ,8~i) 
is bounded from below as follows: 

k k i-l k i-I i-I 
IT ,8~i) = IT ,8~0) IT H((3(l),/-L,r~I») ~ IT ,8~0) IT GC(3(l),/-L) IT (1- Mlct x(O)al ) 
,,=1 ,,=1 1=0 ,,=1 1=0 1=0 

k i-I 
~ (1 - M 1ctx(0»)rb IT ,8~0) IT GC(3(l),/-L) 

,,=1 1=0 
k 

~ (1- MlctX(O»)rb IT ,8~0). (6.25) 
,,=1 

Here we used the inequality 

~1 ~1 

IT (1- Mlctx(O)al) = exp(Llog(l- Mlct x(O)al)) ~ (1- M 1ct x(0»)rb, (6.26) 
1=0 1=0 

which is easily observed from 

(6.27) 

Since l~,8(i) = 1 and ,8(i) > 0, we have n!=1 ,8~i) S; 1. Hence we see from (6.25) that 

i-I 

IT GC(3(l) , /-L) S; M2 (6.28) 
1=0 
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where 
1 

M2 = 1 ( ). 

(1 - M1cix(O»r=u IT!=l (3K.
0 

(6.29) 

If the sequence {,8(i)} (i = 1, ... ) does not converge to 1A/k, there exists an c > 0 for 
which we have an infinite subsequence {,8(i,)} (1 == 1, ... ) of {,8(i)} such that 1I,8(i,) -lA/kll ~ 
c. From the property of the function G(,8, I-l) described before, we see that G(,8(i) , I-l) ~ 1 
for all i and G(,8(i,) , /J) ~ 1 + ( > 1 for {id, where ( is a positive constant determined 
from c. Obviously this implies that IT~:'~ G(,8(p) , I-l) diverges to infinity when i --t 00. This 

contradicts to (6.28). Hence for any c > 0 , there exist only a finite number of ,8(i) such 
that 1I,8(i) - 1A/kll ~ c, which implies that the sequence converges to 1A/k. 

Now we prove the main theorem on the centering property. 

Theorem 6.2. The property (6.17) holds for the sequence {x(i)}, which is produced by 
the iteration (6.1) initiated at an interior feasible solution of < D > in a sufficiently small 
neighborhood of the optimal solution. Furthermore, the sequence of the "dual variable" 
D(x(i»-2 At B(x(i»-le converges to an optimal solution of < P >. 

Proof: We introduce the new variable z = (x - x*)/et(x - x*), and denote (x(i) -
x*)/et(x(i) - x*) = (x(i) - x*)/a(i)t1A by z(i). Since A~x(i) - bA = A~(x(i) - x*) > 0, 
we see that z(i) is a relative interior feasible solution of < Q >. In terms of z(i), the 
variable (3(i) is written as (3~i) = a~i) /a(i)t1A = !lAK.a~(x(i) - x*)/etx(i) = YAK.a~z(i). As is 

seen from (6.25), IlK. (3~i) = IlK. YAK. IT" a~z(i) is bounded from below by a positive constant 
throughout the iteration if the initial iterate x(O) is taken sufficiently close to the optimal 
solution. This implies that there exists a positive eonstant 8 which is a common lower bound 
for each sequence {a~z(i)} (11: = 1, ... , k). Thus {.~(i)} is a sequence in a compact subset of 
the feasible region of < Q >, say, n == {z E RnlA~z ~ H A(> O),etz = 1}. Let us choose 
an accumulation point of z(i), and denote it by z. 

In the following we show z = z*. Since each component of A~z(i) = A~(x(i) - x*)/et,x(i) 
is uniformly bounded from below by {j > 0, the sequence {lletx(i)AADA(x(i»-lIlJ is 
bounded from above by a positive number, say, M3. Noting this fact, we see that 
IJc - AADA(z(i»-llA/kll (see the note following (6.16) for the definition of DA(Z») is 
bounded from above as follows: 

1 - (') 1 etx(i) Cl 1 lie - kAADA(z' )- 1AII = lie - -k-AAD,4(X ' )- 1AII 

= lietx(i)AADA(X(i»-l(DA(X(i»-lA~B-l_e_, _ 1A)1I 
A etx(') k 

~ lIet x(i) AADA(x(i»-lIlIlDA(X(i»-l A~BAl et;(i) _ 1: 11 

= Iletx(i) AAD A(x(i»-lIlIJPA(x(i»(3(i) _ lA 11 
k 

~ M31I PA(X(i»(3(i) __ 1: 11. (6.:30) 

Due to Lemma 6.1, the second factor of the rightmost hand of (6.30) goes to 0 as i --t 

00, and this implies that lie - AADA(z(i»-11A/kll converges to 0 asymptotically. Since 
AADA(z)-11A is continuous on the set n, it is easy to see that the accumulation point z is 
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the unique solution z* of the equation (6.16). Thus the whole sequence {z(i)} converges to 
z* . 

From the preceeding discussion, it is easy to see that 

(X(i) _ x*)t z* z(i)t z* 

IIx(i) - x*lIlIz*1I = IIz(i)lllIz*11 (6.31) 

goes to 1 as x(i) converges to x*, which proves (6.17). 
We show that the sequence of the "dual variables" {D(x(i»)-2 At B(x(i»)-lc} converges 

to the optimal solution, Y == (YA,YI) == (DA(z*)-llAlk,O), of < P >. (See (6.16) to check 
Y is actually an optimal solution.) In terms of P and y*, the dual variable is written as 
D(x(i»)-2 At B(x(i»)-lc =D(x(i»)-l P(x(i»)D(x(i»)y*. In the following we omit the argument 
xCi) in the matrix D A, BA, P, PA, ... etc. We see, from (4.23), that the dual variable is written 
as follows: 

(6.32) 

where C(x),Cll(X),C12(X) and C22(x) are defined in (4.17), (4.24), (4.25) and (4.26), re
spectively. Since 

DAlpADAY~ = ctx(i)DA1PA fAY~* = ctx(i)D"A1PA/3 = DA(z(i»)-lPA/3 (6.33) 
lADAYA 

and PA/3 converges to lAlk as i goes to infinity, we see t.hat D"Al PADAY~ -. DA(t*)-llAlk 
as i -. 00, which implies that the first term in the right most hand of (6.32) converges to 
y. Now, we want to show that the second term converges to zero when i -. 00. Since 
IICr211 = O(IIDAII), we see the lower echelon DIIC~2DAY~ of the second term converges to 
zero as i tends to infinity. On the other hand, the norm of the upper echelon is bounded 
from above as follows: 

- Cl 1 

IID"A2A~B"AICBAlcll = IIDAc~:;ir D"AIA~B"AICB"Alcll 

~ Ill> A(z(i»)-lllllD"AIA~BAll"ICIIII ::(li~1I 
= IIDA(z(i»)-IIIIID"AI A~B"AIIIIICIIIIBAI AAD"Al /311. (6.34) 

Since DA(z(i»)lA -. DA(z')lA > 0, IIDA(z(i»)-111 is bounded from above when i -. 00. 

On the other hand, we have IIC(x)11 = 0(1) as is shown in the proof of Lemma 4.3. From 
Lemma 4.2 and 11/31/1 = 1, we see IIBAI AAD"AI /311 = O(IID All) when i -. 00. Hence the 
rightmost hand of (6.34) converges to zero as i -. 00, which completes the proof. 

7. Local Convergence Properties of Iri and Imai's Method and Yamashita's 
Method 
In this section we analyze the asymptotic behavior of Iri and Imai's method and Ya

mashita's method taking note of the coefficients for dN and dp in the expressions (3.2) and 
(3.3). The followings are the two key lemmas in the discussions of this section. 
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Lemma 7.1. Let x be an interior point of the feasible region. Then, 

ctx - etB(x)-177(X) 
ctx 

37 

(7.1) 

is a quantity of O(IID AID in a sufficiently small neighborhood of the optimal solution. 

Proof: Using (4.2) and (4.4), we write (7.1) a.s follows: 

(7.2) 

where f3 = DAY:A/(Y:AtDAlA)' Then, by using (5.8), Lemma 4.4 and the fact 1If3111 = L we 
have the desired results. 

Lemma 7.2. Let x be an interior feasible solution of < D >. Then we have 

(,7.3) 

in a sufficiently small neighborhood of the optimal solution x*. 

Proof: We prove this lemma by showing that IIB-17711 = 0(IIDAII) and IIB-1e/etxil = 
0(IIDAII) hold in a sufficiently small neighborhood of x*. From (4.18), (4.19) and (6.3), we 
see that the two vectors are written as follows: 

B -1 B-1A D-ll + B-1 
77 = A A A A A T2, 

B-le (f3) B-le -B-1AD-1 - B-1A D-· l f3 + B-1 _ _ A_ + B-1 
-t - -- 0 - A A A A TO - t A TO, ex . ex 

where 

(7.4) 

(7.5) 

T2(X) = -CBAl AADAllA - CBA
l AIDI

1lI + AIDIll/, C1.6) 

and TO is defined in the note following (6.3). Noting that IIro(x)1I = O(IIDAII) and Ih(x)11 = 
0(1) in a sufficiently small neighborhood of the optimal solution, we have 

(j'.7) 

From Remark 4.5 and (5.3), we see that 

IIA~II-lIIDAII ~ IIBAlAADA11AII~; v'k1l(AAA~)-lAAIIIIDAII· ('i'.8) 

Due to (7.4), (7.7) and (7.8), we have IIB- l 7711 = 0(IIDAII). Next we deal with B-1e/ ctx . 
From (6.10) we see that 

t .tD D· 1 
1 > ~B-l~ - YA A P _ AYA - f3t p f3 > _ 

- tAt - It D • A -Lt D • - A - k' ex ex A AYA 'A AYA 
(7.9) 

From (7.9) and the inequality etx = l~DAY:A;::: (min"Y:Ax)IIDAII, we have 

(7.10) 
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in the interior of the feasible reljion of < D >. On the other hand, from 11,811 ::::; 1 and (4.9), 
we see that IIBA1c/ctxll = IIBA AADA:1,811::::; IIBA:1AADA:11I1I,811 ::::; IIAA:~IIIIDAII holds in the 
interior of the feasible region of < D >. Thus, we obtain the inequality, 

(minK~~;I?IIDAII ::::; 1I~1~cll = IIBA: I AADA:I ,811 ::::; IIAA:~IIIIDAII (7.11) 

in the interior of the feasible region. Now IIB-Ic/ctxll = G(IIDAII) follows from (7.5), (7.7) 
and (7.11). This completes the proof. 

Now, with the help of these lemmas we analyze the asymptotic properties of Iri and 
Imai's method and Yamashita's method. 

Theorelll 7.3. The displacement vector dN of Iri and Imai's method converges to - B-IT) 
/ (m - k) as x approaches the optimal solution x·. 

Proof: The displacement vector of Iri and Imai's method is written as follows: 

(3.2)' 

We first observe that the direction of dN converges to that of B-IT). Since IIB-1c/ctxll = 
G(IIB-IT)II) near the optimal solution, it is enough to show PI ctx tends to zero as x converges 
to x·. The factor PI ctx is written as follows: 

(7.12) 

The second factor of the right hand side is 0(1) in a sufficiently small neighborhood of the 
optimal solution, because, from Lemma 4.4 and (6.10), we have 

(7.13) 

Then, from Lemma 7.1 and (7.13), it is easy to see that the order of (7.12) is O(IID All) near 
the optimal solution. This implies that the displacement vector of Iri and Imai's method 
converges to B-IT) in its direction. 

To complete the proof of the theorem we show that the coefficient Po of B-IT) con
verges to - l/(m - k). We give the limit value of the quantities gtB-IT) and iB-Ic, 
which appear in the denominator of po( x), as x --+ x·. It follows from Lemma 4.4 and 
the fact PAlA = lA that r/B-IT) = ltpl converges to l~PAlA = k. Due to Lemma 
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7.1, we see that ctB-1'r//ctx _ 1. Hence gtB-I'r/ converges to m + 1 - k. On the 
other hand, since PICtX converges to 0, it follows from (7.13) and ctB-1'r//ctx _ 1 that 
PlgtB-1c = (plctx)gtB-1c/ctx = (Plctx){(m + 1)ctB-1c/(ctx)2 - 'r/tB-1c/ctx} also con
verges to o. Therefore, po converges to - 1/(m -- k) as x approaches x·, which completes 
the proof. 

Now, we give a proof for the quadratic convergence property of Iri and Imai's method. 
The next theorem was proved originally by Iri and Imai in the case where both primal a.nd 
dual are nondegenerate at the optimal solution, but, our result is new in that it requires no 
condition on degeneracy of constraints. 

Theorem 7.4. If the optimal solution is unique, i.e., the objective function is nonde
generate, Iri and Imai's method (with an exact line search) converges quadratically to the 
optimal solution. 

Proof: Let the current point be x t, which :is an interior feasible solution. We put 
dN(X t ) = Ipo(xt)I-1dN(X t ) = sign(po(x t ))( -PI(x'f)B(xt)-lc + B(xt)-l'r/(xt )), and x(t) = 

xt + tdN. Since the coefficient po(xt) converges to - 1/(m - k) as xt does to x· (cf. 
Theorem 7.3), we see that sign(po(x t)) = -1 in a sufficiently small neighborhood of the 
optimal solution. As was shown in the proof of Lemma 7.2, we have PI(X )ctx = O(IID A(X)[t). 
We see, from Lemma 4.4, 

II(P(x) - F(x))lll = O(IIDA(x)II)· (7.14) 

Since sign(po(x t)) = -1 near x· and PA(x)lA == lA, the vector D(x(t))l is written as 

follows if x t is in the neighborhood of the optima:: solution: 

(~~~~mn:) = D(xt)l +tAtdN(xt ) 

= D(x t)l _ t{ -PI (x t)ctx t.At B-1(x t)c + At B-1(x t)1'](x t)} 
ctx t 

= D(x t)l - tD(x t){ -PI(X t)ctx t P(x t) (J3(~t) ) + P(x t)l} 

= D(x t)(l - tF(x t)l) 

_ tD(xt){ -PI(Xt)ctxt P(;j~t) (J3e~t) ) + (P(xt) - Fext))l} 

= (DA(Xt)lA) _t(DA(J:t)(lA+r3A(x t))) , (7.15) 
D/(x t)l/ Ih(x t)r3/eX t) 

where F is defined in (4.20), r3(x) = -PICt XP(X)(J3(x)t O)t + (P(x) - F(x))l E Rm 
and IIr3(X)1I = O(IIDA(x)II), which follows from Lemma 4.4 and the fact that PI(X)CtX = 
O(IIDAII)· 

Substituting (7.15) into ctx = y.tD(x)l = (y;{ O)D(x)l, we have 

ctx(t) = y;{ D A(x(t))lA = 1 _ (1 + co(x t))t 
ctx t YAt D A(X t)lA 

(7.1()) 

where co(x) = J3(X)t r3A (X) = O(IIDAII). 
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As was proved in [3], Multiplicative Barrier FUnction F( x) = (ctx )m+1 / n::'=l (a!x - bit) 
is a strictly convex function in the interior of the feasible region. We see, from the proof of 
Proposition 3.1 of [3], that F(x(t» diverges to infinity either if x(t) approaches any point 
on the boundary of the feasible region except for x* , or if x( t) goes infinity along an infinite 
lay of the feasible region. Then, when regarded as a function of t, F(x(t» has a unique 
minimum in the interior of the feasible region, otherwise, the optimal solution ;r* is on the 
half line x(t) (t > 0). We exclude the second case, as it is trivial. Let t* be the step-size 
obtained by performing an exact line search procedure. From (7.15) and (7.16) we see that 
t* is a solution for the equality 

1 dF(x(t» -!:..l F( ( » _ !:..l F(x(t» 
F(x(t» dt - dt og x t - dt og F(x(O» 

d {( )1 ctx(t) 1 (a!x(t) - bit)} = - m + 1 og -- - og --"---'-;---
dt ctxt a~xt - bit 

= :t {(m + 1) 10g(1 - (1 + co(x t»t) 

k m 

- 2)og(1 - (1 + r31t(x t»t) - L log(l - r3r(X t)t)} 

(7.17) 

The solution t* is strictly positive and unique. 
Now, consider the largest step-size tmax which does not violate the feasibility. Then 

X(tmax) is on the boundary of the feasible region. Obviously, we have t* < tmax. From 

(7.15) we see that tmax S; 1 + O(IIDA(x t)lI) and IIDA(X(tmax»11 = O(IIDA(X t )11 2) if xt is in 
a sufficiently small neighborhood of the optimal solution. Due to Remark 4.5, this implies 
that Ilx(tmax ) - x*1I = O(lIx t - x*1I2). In the following we demonstrate that t*« tmax) is 
large enough to guarantee the quadratic convergence of x(t*) if x t is an interior feasible 
solution of < D > sufficiently close to x*. To this end, we find a step-size t S; t* such that 

(7.18) 

in a sufficiently small neighborhood of x*, where Ml is an appropriate positive constant. 
Since t S; t* < t max , the existence of such t immediately implies the quadratic convergence 
of Iri and Imai's method with an exact line search procedure. 

Since Ih(x)1I and lco(.:r)1 are the quantities of order, O(IIDAII)(= O(ctx», there exists 
a positive constant M2 such that Ih(x)1I S; M2ctx, lco(x)1 S; M2ctX. Let us denote by I 

the interval [0, (1 + M2Ct
X t)-l). If x t is in a sufficiently small neighborhood of the optimal 

solution such that M2ctxt < 1, x(t) remains to be an interior feasible solution for all t E I 
and then d log F(x(t»/dt is bounded from above as follows: 
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< ( ) 1 - M2ct xt ~,,1 + M2ct xt ;:..... M2ct Xt 
-m+1 +L + L.J 

- 1 - (1 - M2CtX t)t ,,=~ 1 - (1 + M2CtX t)t T=k+l 1 - tM2ctX t 

1 - M2CtX t 1 + M2CtX t t 
~ -(m + 1) + k- + M3Ct

X 
1- (1- M2ctxt)t 1 - (1 + M2ctxt)t 

1 - M2ct xt 1 + M2ctxt 
~ -(m + 1) + k ------'----;--

1 - (1 - M2Ct X t)t 1. - (1 + M2Ct X t)t 

M3 ctxt 
+ -------;--'---------;-

{1 - (1 - M2ctxt)t}{1- (1 + M2ctxt)t} 
== let), (7.19) 

where M3 is an appropriate positive constant, say, 2(m - k)M2 . Let t be a point such that 
let) = O. Since dlogF(t)/dt ~ let) in the interval I, in E I, then x(t) is an interior feasible 
solution at which dJog F(t)/dt ~ let) = 0 holds. On the other hand, since dlog F(x(O»/dt < 
0, the uniqueness of the solution t* of (7.17) implies that t ~ t* and dlogF(x(t))/dt < 0 
for any 0 ~ t < t. Solving the equation let) = 0, we obtain the following expression for t: 

(7.20) 

where 

- t t m + 1 + k M3 
t = 1-M4C x ,M4 == ---kM2 + k. 

m+l- m+1-
(7.21) 

We have the inequality 0 < t < t < (1 + M2CtX t )-1, and hence, x(t) is an interior point of 
the feasible region such that dlogF(x(t»/dt < o. Due to (7.15) and Remark 4.5, we also 
have 

IIx(t) - x*1I ~ M5I1DA(x(t))lAII 

= MslID A(X t)lA - (1 - M4Ct X t)D A(X t)lA - (1 - M4CtX t)D A(X t)r3AII 
~ M6I1DA(x t )1I2 ~ M711xt - x*112, (7.22) 

where M5, M6, M7 are appropriate constants. Thus, the step-size t guarantees the interior 
feasibililty and the quadratic convergence. 

Now, since t < t* < trnax and Ilx(tmax) - x*11 = O(llxt - x*11 2), we have IIx(t*) - x*11 = 
O(llx t - x*112), which implies the quadratic convergence ofIri and Imai's method with the 
exact line search procedure. 

Before concluding this section, we show that the searh direction of Yamashita's method 
approaches asymptotically to that of dAF, making a good contrast with the case of Iri 
and Imai's method (cf. Theorem 7.3). We note that the same property also holds with 
Karmarkar's method [4], which is a projective sc,aling method. 

Theorem 7.5. The search direction of Yamashita's method converges to the direction of 
- B-1c as x approachesthe optimal solution x'. Specifically, the displacement vector of 
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Proof: The displacement vector of Yamashita's method is as follows: 

dp(x) = eo(x)( -B(x)-le + 6(x)B(x)-l1](x», 

etx t t 1 
eo(x) = 6(x)' 6(x) = 6(x)(e x - e B(x)- 1](x», 

6(x) = (etx - etB(x)-11](x)?6(x) + etB(x)-le, 
(3.3)' 

1 
6(x) = 1 . . m + l-1](x)tB(x)- 1](x) 

We will show that 

(7.23) 

converges to 0 as x does to x*. Then, since IIB-l 1]1I and //B-1e/etx// are quantities of the 
same order, the direction of Yamashita's method is shown to approach that of - B-le. It is 
easily seen that 6 = (m+1-1]t B-l1])-l is a quantity of order 1, because1]tB-lT) = 1tp1 s: 
m. Then it follows from Lemma 7.1 that 6/etx converges to zero. Hence, in Yamashita's 
method, the component of -- B-l 1] decreases to zero and - B-le dominates asymptotically 
in the search direction, making a good contrast with the case of Iri and Imai's method. 

Now we give the asymptotic formula for the coefficient eo = et x/6. Due to (7.13) 
and Lemma 7.1, it follows that ctB-le is the order of IIDAII2 whereas (etx - etB-lT})2 is 
the order of IIDAII4. Then the asymptotically dominant term in 6 = 6(etx - ctB-11])2 + 
etB-le is etB-le, and hence, eo converges to etx/etB-le. Consequently, we can see that 
- (etx / et B-1e )B-le is the asymptotic displacement vector of Yamashita's method. 

8.Conclusion 
We have studied the loeal convergence properties of the iterative formulae related to 

some of the new interior point methods for linear programming. In particular, the iteration 
by the search direction of the dual affine scaling method dAF and the iteration by the 
negative centering direction - de were analyzed in detail under the assumption of the 
uniqueness of the optimal solution. The quadratic convergence property of - de was 
demonstrated as well as the linear convergence property and the centering property of the 
dual affine scaling method. Furthermore, the local convergence properties of Iri and Imai's 
method and Yamashita's method were studied in detail. It was shown that the search 
direction of Iri and Imai's method approaches the negative centering direction, while the 
search direction of Yamashita's method approaches the direction of the dual affine scaling 
method. The quadratic convergence of Iri and Imai's method was also demonstrated. 

There still remain several questions unanswered on local and global behavior of the 
interior point methods applied to degenerate problems. Their difficulties seem to arise from 
degenerate faces. In this paper we give a way to analyze the behavior of the methods near 
degenerate vertices. Developing the viewpoint and the techniques presented here, we can 
obtain further convergence results on the interior point methods for degenerate problems 
[9,10]. 
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Appendix 
We are concerned with the minimum point of the function 

G(j3 ) = n:=l (1 - p,(3,,) 
,p, (_",k (32)k 

1 P, L..",,=l " 
(A.1) 

on the set 

(A.2) 

where fl is fixed to be a constant in the interval (0,1). We prove the following lemma. 
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Lemma A. 1. The function G(j3, 1') has the unique minimum at the point 13 = lAI k on 
the set T. 

Proof: We deal with the function logG(j3,l') and find its critical point on T. The 
Lagrangian function for this problem is 

k k k 
I: log(l - 1'13,,) - k log(l - I' I: j3~) - 'x(I: 13" - 1) (A.3) 

,,=1 

and a critical point 13 = j3t satisfies the equations, 

__ 1' __ + 2kl'j3k" _ \ __ 0 ( k) /\ I\, = 1, ... , . 
1 - 1'13" 1 - I' 'Er=l j3i-

(A.4) 

Multiplying both sides of the equation by (1 - 1'13,,) and taking the summation, we have 

k k 

- kl' + 2kl''E''=L j3,,(lk -1'13,,) -,\ I:(1-l'j3u) = kl' - (k -I'),x = 0, (A.5) 
1 - I' 'Er=l 13;' u=l 

since 2::=113" = 1. Thus we have ,X = kl'l(k -1'). Then the relation (A.4) implies 13 > o. 
Substituting the expression of ,X into (A.4) and dividing the I\,-th equation by 1'13", we obtain 
the following equations: 

where 

2k 1 8 
l' == ~-I'U = 13,,(1 _1'13,,) + 13" (I\, = 1, ... , k), 

,,=1 

k 
8=--. 

k-I' 

(A.6) 

(A.7) 

Note that 8 > o. A critical point j3t is a solution of the equation (A.6). In order to show 

j3t = lAI k, let us take a pair of indices {<7, T} where <7 i- T. Subtracting the T-th equation 
from the <7-th equation of (A.6), we have 

(A.8) 

We already observed j3t > 0 and 8 > o. Since 0 < I' < 1 and j3ttlA = 1, the second factor 

of the left hand side of (A.8) is strictly greater than zero, which implies j3J = j3l. Thus, the 

point j3t = lAlk is the unique critical point of G on T, at which G(lAlk) = 1. 
Since G is a continuous function on the compact set T, it has the minimum point on T, 

which is a critical point or a point on the boundary of T. In the following we give a lower 
bound for the value of G on the boundary of T. Since the inequality min~=llj3,,1 S; k- 1/211j311 
holds, G(j3, 1') is bounded from below as follows: 

G(j3 ) = n!=l(l-l'j3,,) > (1-I'IIj311)k-1(1 -l'k-1/211j311) (A.9) 
,I' (1 _ I' 'E!=1 j3~)k - (1 - I'llj3l12)k 

Therefore, when 111311 = 1, we have, for I' E (0,1), 

1 - I'k- 1/ 2 
G(j3, 1') ~ > 1. 

1-1' 
(A.10) 
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This shows that the value of G on the boundary of T is greater than 1, and f3 = lA/le is 
the unique minimum point of G on T. 
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