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Abstract This paper investigates a single-server priority queueing system with batch arrivals where an 
arriving batch is composed of multi-class customers. The main motivation for studying this type of priority 
queue is its potential applicability to communication switching systems. Preemptive resume and nonpreemp
tive (head-of-the-line) rules are considered. The queue length and waiting time distributions are obtained 
via the supplementary variable technique and delay cycle analysis. The conservation law approach is applied 
to find the mean delay formulas. 

1. Introduction 

We consider a single-server priority queue with P priority classes of customers. Cus
tomers arrive in batches so that the time between two successively arriving batches is expo
nentially distributed with mean 1/,\ and is independent of any other events in the system. 
We assume that a customer with a smaller index has precedence over a customer with a 
greater index (class 1 is the highest, and class P the lowest). Let J( == (J(l,J(2,···,J(p) 
be a random vector where component J(i signifies the number of class i customers in an 
arriving batch. The cumulative size of all class customers in an arriving batch is then given 
by J( 1 + J(2 + ... + J( p. The vector J( is assumed to have the identical joint distribution 
for individual arriving batches. The joint probability distribution of the batch size vector 
K, a(k1' k2,···, kp ) == P[J(l = k l ,···, J(p = kp] (kj :::: 0,1 :::; j :::; P) is arbitrary. It is 
convenient to assume that a(O, 0,· .. ,0) = ° and to denote the vector with an under-bar, 
say Is.. == (kl' k2 ,···, kp ). We will refer to this priority as "structured priority," as in Sidi, et 
al. [15]. 

The special case of independent batch arrivals, as in Hawkes [4] and Meister [12], is 
represented by a distribution in which the only non-zero probabilities are of the form 
a(O,· .. , kj, ... ,0) for some j(1 :::; j :::; P). The case of independent single arrivals, as in 
Jaiswal [5, 6], is represented by a distribution in which the only non-zero probabilities are of 
the form a(O, ... , 1,· .. ,0) for some j-th component. Structured priority queues then imply 
the ordinary independent arrival priority queues. 

The generating function of batch size vector J( is now introduced by 

G(Zl,···, zp) == G(~) == L a(k1' k2,···, kp)Z}lZ~2 ... z~p. 
kJ~O(l::::j::::P) 

The mean and the i-th factorial moments of the class p batch size (1 :::; P :::; P) are then 
given by 
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(i) _ [aiG(.~.)] (' ) 
9p = ~ .!=l' 1=2,3,··· 

p 
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where 1 == (1.··,1). We let 9iJ' == [~2GJz)]Z=1 for j =I- i(1 :::; i,j :::; P). Note that the arrival 
Zt z, - -

rate of the class p customers is then given by >"9p. 
Ordinary priority queues with independent single or batch arrivals (where gij = 0 for 

j =I- i(1 :::; i,j :::; P); see Remark 4.1) have been extensively studied in the literature [2, 7]. 
However, there are few studies on the structured priority queue. A discrete-time structured 
nonpreemptive priority queue has been analyzed by Sidi, et al. [14~ 16] under the assumption 
that the service time is constant (invariant) for individual priority classes. A continuous~time 
structured priority with a service process different from that in this paper has been treated 
in [17]. We will treat a continuous~time structured preemptive~resume and nonpreemptive 
priority queues, which generalize the ordinary independent arrival priority queues analyzed 
in [1,4,5,6, 12, 18, 19,20]. 

Structured priority queues have a potential applicability to practical systems. For in
stance, a telephone call which is assumed to arrive at a switching system according to a 
Poisson process with rate>.. requires a few of priori1;y tasks. The arrival processes of individ
ual class tasks at the system are not necessarily independent of each other in this example. 
The telephone call corresponds to a batch (group of customers), and the task corresponds to 
a customer in queueing terminology. It is an important but heavy job to identify or estimate 
the joint generating function G(.~.) in the telephone switching system. The second example 
is a data communication system [17] where a message is composed of packets. Each packet 
(in an arriving message at a switching node) requires two processing operations: validity 
checking (protocol processing) and routing processing for subsequent transmission. The for
mer operation has a higher priority than the latter operation. We assume a message arrives 
at a node according to a Poisson process with rate >.., and further assume that packets in 
a message arrive simultaneously as in [10, 11]. The message corresponds to a batch, and 
the packet corresponds to a customer in the queueing terminology. The packet switching 
system having such a batch input can be modeled by a special structured priority queue with 
G(ZI, Z2) = H(ZI· Z2) where H(z) is the generating function of packet length (the number of 
packets) in a message. In transportation engineering, which is the third example, containers 
of a variety of commodities arrive by tracks at a marshalling yard, and may be handled in 
the order of priority classes associated with comIllodities. Here, owing to the limited ca
pacity, the number of containers (customers) for p,ach commodity (priority) arc correlated. 
There are many similar situations where customers arrive in a batch from a vehicle of limited 
capacity. For other examples, see Stuck and Arthurs [17, Chapter 10] and Sidi, et al. [14~161. 

The following notation characterizing the service process is necessary. Customers are 
served one at a time with independent service times. The Laplace~Stieltjes transform (LST) 
of the distribution function (DF), the mean, and the i-th moment for each class p customer 

are denoted by B;(s), bp, and b~i)(i = 2,3·· .), respectively. The probability density function 
of the service times can be expressed as 

dB (x) (X -f;- = TJp(x) . exp{ - Jo TJp(Y )dy} 

by using TJp( x), age~specific failure rate in renewal theory. Service is first-come-first~served 
within each class, but a higher class has a preemptive resume or nonpreemptive (head~of~ 
the~line) priority over a lower class. 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



244 Y. Takllhashi & H. TakllKi 

Traffic intensity for class p is denoted by Pp == >.gpbp, and traffic intensity for lumped 
class {1,2, ... ,p} by pt, i.e., 

p 

Pt == L Pj (1 ~ p ~ P). 
j=1 

We also use the notation 

and 
p== pp 

which is assumed to be less than unity for stability. 

2. Queue Length Distribution 

It seems complicated to formulate our structured priority queue with general P classes 
via the supplementary variable technique [7, 8]' so we restrict ourselves to the case of P = 2, 
the same as in Hawkes [4], laiswal [5, 6] and Sidi [14, 16]. We sill see that the approach taken 
here requires a solution to a two-dimensional functional equation in this case (P = 2) and 
that the joint generating function for the queue lengths distribution is obtained. The queue 
length, here, is defined as the number of customers in the system (including the server). For 
the sake of convenience, we introduce the vector notation 

Q == (0,0); 

k8 == (k1 , k2 ),l4 == (0, k2),k~ == (k}, 0); 

and 
li1 == (1, 0),li2 == (0,1). 

2.1 Preemptive resume priority rule 

When a customer being served is interrupted by a higher priority class customer under the 
preemptive resume rule, the interrupted customer enters into "limbo," a term introduced by 
Wolff [20]. The supplementary variables are chosen as the elapsed service times of customers 
in service and limbo. To be exact, we define the following probabilities: 

Ql (k, X, y, t)dxdy == the probability that at time t there are kj class j customers in 
the system (1 ~ J ~ 2), the elapsed service time on the customer under service 
(of class 1) lies between x and x + dx, and the head of the class 2 customers was 
preempted earlier (a class 2 customer is in limbo) when its elapsed service time was 
lying between y and y + dy; 

PI (k, x, t)dx == the probability that at time t there are kj class j customers in the 
system (1 ~ j ~ 2), the elapsed service time on the customer under service (of class 
1) lies between x and x + dx, and none of the class 2 customers was preempted earlier 
(no one is in limbo); 

P2 (k&, x, t)dx == the probability that at time t there are no class 1 customers and kz 
class 2 customers in the system, the elapsed service time on the customer under 
service (of class 2) lies between x and x + dx; 

Po (t) == the probability that the system is empty at time t; 
and 

Ql (Q, x, y, t) == Ql uJ, x, y, t) == QI (~, c, y, t) == 0, PI (.kli, x, t) == P2(~' x, t) == O. 
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To obtain the difference-differential equations for the state probabilities, we follow Keil
son and Kooharian [8] relating the probabilities at time t + dt to those at time t. These 
arguments lead to 

Ql (1£, x + dt, y, t + dt) = Ql (1£, x, y, t){ 1 - (A + 1]1 (x) )dt} 

+A I: Ql(Il,x,y,t)a(1£-Il)dt+o(dt), 
a::;!!::;! 

P1(Js., x + dt, t + dt) = P1(ls., x, t){1 - (A + 1]1 (x))dt} 

+ A I: PI (Il, x, t)a(1£ - Il)dt + o( dt), 
a::;!!::;! 

P2(k6,x + dt,t + dt) = P2(k6,x,t){1 - (A + 1]2(x))dt} 

+A I: P2(rrB,x,t)a(k6-Il6)dt+ lo'X'Ql(k6+Y,\xa,x,t)1]I(xa)dxadt+o(dt). 
a<nJ<kJ 0 -.!!:.O-.:.:.o 

Taking the limit of the above equations as dt ---4 0 yields the basic equations 

oQl(k,x,y,t) + oQl(k,x,y,t) -t'(A+ ())Q (k t) ot ox 1]1 x 1 _, X, y, 

=A I: Ql(Il,x,y,t)a(k.-Il), 
0::;21::;1;. 

oPi(k~-I, x, t) OPi(ls.~-l, x, t) _ (A .( ))P(ki - 1 ) 
ot + ox -t + 1]. x • -0 ,x, t 

(2.1 ) 

= AI: . Pi(~-\x,t)a(~-I-~-l)+ fo'X! Qi_l(~-l+yi-l,xa,x,t)1Ji_l(xa)dxa, (2.2) 
a::;21~-J ::;!;,-J 

(l~i~2) 
where Qa(k, x, y, t) is assumed to be zero. Similarly, for the empty state, we have 

d
d Pa(t) + APa(t) = t [00 Pi(yi, x, t)7/i(X)dx. 
t i=1 la 

(2.3) 

These equations are to be solved under the following boundary conditions: 

Ql(k,O,y,t) = 10
00 

Ql(k+yl,x,y,t)1]l(X)dxtA I: P2(Il6,y,t)a(k-Il6), (2.4) 
a::;EJ,::;g 

Pi(~-I, 0, t) = t 10
00 

Pj(~-1 + yj, x, t)1]j(:r )dx + APo(t)a(~-I) (1 ~ i ~ 2). (2.5) 
j=1 0 

The initial condition is assumed to be Pa(O) = 1, i.e., we start with an empty system. 
We define the generating functions as 

fm(X,y,z2,t) == I: z2'Ql((m,n),x,y,l), 
n~1 

F(x,y,£,t) == I: I: zFz2'Ql((m,n)J~,y,t) = I: zFfm(x,y,z2,t), 
m~1 n~1 m~1 

hm(X,z2,t) == I: z2'P1((m,n),x,t), 
n~1 

H1(x,£,t) == I: I: zFz2'P1((m,n),x,t) = I: zFhm(x,z2,t), 
m~1 n~1 m~1 
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and 

Multiplying equations (2.1) and (2.2) with appropriate powers of Z1 and Z2, we have 

Similarly the boundary conditions (2.4) and (2.5) become 

F(O,y,,&,t) =.~ {DO F(x,y,,&,t)r/1(x)dx _ (DO h(X,y,Z2,t)TJ1(X)dx 
Z1 lo lo 

+ >'[G(,&) - G(O, z2)]H2(Y, Z2, t), 

H1(0,,&, t) = ~- {DO H1(x,,&, t)771 (x)dx - (DO h1(x, Z2, t)711(x)dx 
Zl la lo 

+ >'[G(,&) - G(0,Z2)]PO(t), 

and with the help of (2.3), 

(2.6) 

(2.7) 

(2.8) 

We now take Laplace transforms with respect to t and denote them by stars (*), so that, 
for example, 

F*( x, y,,&, s) == 1DO 
e- st F( x, y ,,&, t)dt (Re( s) > 0). 

Equations (2.6) through (2.8) then become 

of* 
ox + P(l - G(.~.)) + s + TJ1(x)}F* = 0, (2.9) 

oH* 
ox1 + P(l - G(,&)) + s + TJ1(x)}H; = 0, (2.10) 

0f:x2 + P(l - G(O, X2)) + s + TJ2(x)}H:; = 1DO 
fi(xo, x, Z2, s)TJ1(xo)d:ro. (2.11) 

The boundary conditions become 

F*(O,y,,&,s) = _~ {DO F*(x,,&,S)TJ1(X)dx _ (DO fi(xo,X,Z2,S)TJ1(XO) dxo 
<:1 lo lo 

+ >'[GC~') - G(0,z2)]H2(y,Z2,S), (2.12) 

H;(O,,&,s) = ~ {DO H;(x,,&,S)TJ1(X)dx _ (DO hi(x,Z2,S)TJ1(X)dx 
Z1 lo lo 

+ >'[G(l) - G(O, Z2)]P;(S), (2.13) 
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and making use of the initial condition Po(O) = 1, 

-[A(1- G(O, Z2)) + s]PQ'(s) + l. (2.14) 

The solutions of (2.9) and (2.10) are given by 

F*(x,y,~,s) = F*(O,y,~,s)exp{- fox "ll(y)dy - [A(l- G(~)) +s]x}, (2.15) 

H;(x,~,s) = H;(a,~, s) exp{ - foz T/t(y)dy - [A(1 - G(~)) + s]x}. (2.16) 

It remains to determine F*(O,y,~,s),Hi(O,~c,s), and H2(X,Z2,S). Substituting (2.15) 
and (2.16) into (2.12) and (2.13) gives that 

F*(O,y,~,s){1 - B;[A(1 - G(~)) + .,]/zr} 

= A[G(~) - G(0,z2)]H~(y,z2,8) - fooo R(X,y,z2,S)"lI(X)dx, (2.17) 

H;(O,~,s){1 - B;[A(I- G(~)) + s]/zr} 

= A[G(~) - G(0,Z2)]PQ'(S) -fooo hi(x,Z2,S)1]I(X)dx. (2.18) 

By applying Rouche's theorem (see Appendix), it is easy to show that there exists the unique 
root ZI == Zl (Z2, s)( I ::11 < 1) of the equation: 

for Re(s) > 0 and IZ21 ::; l. It follows now from (2.17) and (2.18) that 

fooc R(x,y, Z2, S)171 (x)dx = A[G(Zl' Z2) - G(a, z2)]H~(y, Z2,S), (2.L9) 

fooo hi(X.Z2,S)"l1(X)dx = A[G(Zl,Z2) - G(0,Z2)]PO'(S). (2.:20) 

Substituting (2.19) into (2.11) gives that 

a::} + {A(l - G(Zl, Z2)) + s + T12(X)}H~ = a, 

from which it follows that 

H~(X,Z2, s) = H~(a, Z2, s)exp{ -fox "l2(y)dy - [A(l - G(Zl, 22)) + s]x}. (2.21) 

Substituting (2.21) into (2.14), we get from (2.20) that 

H *(O ) _ 1 - [A{l - (;(Zl, Z2)} + sjPO'(s) 
2 ,22, S - 1 . 

1 - z;-B2[A(1 - G(Zl, Z2)) + s] 
(2.22) 

It follows from (2.17) through (2.20) that 

(2.23) 
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*( ) .\{G(~) - G(ZI,Z2)} P,*() 
HI O,~,s = 1- :!;-Bil'\(l _ G(~)) + s] 0 s . (2.24 ) 

Thus F*(x,y,~,s),Hi(x,~,s), and Hi(x,Z2,S) are determined by (2.15), (2.16), and (2.21) 
through (2.24) except for Po (s). To determine Po( s), we observe that HHO, Z2, s) is regular 
for 1 z21 < 1 and therefore 

Po (s) = { C Cl ) - )} .\ 1 - G ZI Z2, S ,Z2 + S 
(2.25) 

where Z2 == Z2(S) is the unique root of the equation: 

Z2 - B:i [.\(1 - G(ZI (Z2' s), Z2)) + s] = O. 

The existence and uniqueness of Z2 follow from the similar argument to that employed for 

Now if II(~, t) is the joint probability generating function for the queue lengths at time 
t, its Laplace transform is given by 

II*(~,s)= 1000 1000 

F*(x,y,~,s)dxdy+ 1000 

Hi(x,~,s)dx+ 10
00 

H2(S,Z2,S)dx+Po(s). 

The equilibrium distribution of queue lengths is 

rr(~) == lim rr(~,t) = limsII*(~,s), 
t-oo s-o 

provided that the first limit exists. Similarly, the limit of the Laplace transform multiplied 
by s as s -+ 0 will be denoted by omitting the star (*), for example, 

Po == lim sPo(s). 
s-o 

Assuming that the equilibrium distribution does exist, we have 

where 

and 

F(~) == lim.5 {OO (OO F*(x,y,~,.5)dxdy 
s-o lo lo 
G(~) - G(ZI,Z2) 1- Bi[.\(l - Gk))] . H (Z?) 

1 - G(Z) 1 - :!;-Bil'\(l - G(~))] 2 ~, 

HI(~) == lim.5 (OO Hi(x,~, .5)dx 
s-·o lo 
G(~) - G(ZI,Z2) 1- Bi[.\(l - Gk))] p, 

1 - G(~) 1 - :!;-Bil'\(l - G(~))]' 0, 

H2(Z2) == lims (OO H:i(X,Z2,S)dx 
s-o lo 

= (-1). 1 - B2[.\(l - G(ZI' Z2))] . Po. 
1- ~Bi[.\(l- G(ZI,Z2))] 

Here, Zl == Zl (Z2) is the root of the equation: 

(2.26) 

(2.27) 
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The normalizing condition TI( 1,1) = 1 implies that 

Po = 1 - PI - P2· 

The moments of the queue lengths can be det.ermined from (2.26). The mean number of 
class 1 customers in the system, E[LI], is 

E[L ] = ~TI( ) 1 _ = + A2gib~2) + PI9~2) /91 
I (JzI ~ £-1 PI 2(1 - PI) 

(2.28) 

The mean number of class 2 customers in the system, E[L2], is given by 

8 
E[L2] = 8Z2 TI(~) 1.&=1 

= ~ + A92P92b~2) + AgP)bi + A9Ib~2)} 
1 - PI 2(1 - pI)(l - PI - P2) 

(2) 
+ P2g2 + Ag12 bI 

2(1 - PI - PZ)g2 1 - PI - pz 
(2.29) 

Remark 2.1. 

We consider a preemptive resume priority queue with an arriving batch being composed 
of a single class, arrd a single customer only. This model has been treated by Jaiswal [5]. 
We denote by Ap the arrival rate for class p (p =: 1,2). We have for a single independent 

arrival model G(~) = (APl + A2Z2)/ A, from which it follows that g12 = [rCJ£)]Z=1 = o. 
Zl Z2 - -

It is seen that equations (2.28) and (2.29) are consistent with Jaiswal's formula [5, (34), 
(35)]. Meister [12] analyzed an independent batch arrival preemptive resume model via the 
imbedded Markov approach, but evaluated only the waiting time of the first customer in a 
batch (a supercustomer). It is seen that Meister's formula follows from the above equations 
(2.28) and (2.29) by using a result in Section 4. D 

2.2 Nonpreemptive (Head-of-the-lil1e) priority rule 

As remarked in Jaiswal [5], the nonpreemptive (head-of-the-line) priority is compara
tively easier to solve because of the absence of the preempted time variable required to make 
the process Markovian. Under the nonpreemptive priority rule, we do not have to consider 
a customer in limbo [20]. It is enough to define the following probabilities: 

Pi (is.., x, t)dx ;= the probability that at time t there are kj class j customers in the 
system (1 ~; j.~ 2), the elapsed service time on the customer under service (of cla.ss 
i) lies between x and x + dx; 

Po (t) == the probability that the system is empty at time t; 
and 

Pi (Q, x, t) == PI (is..~, x, t) == Pz(Js..5, x, t) == o. 
An argument to derive the basic equations (2.1) through (2.3) under the preemptive 

resume rule is now applied similarly under the nonpreemptive priority rule. We have 

8Pi(is.., x, t) 8Pi(is.., x, t) '\ ())P. (k ) 
8t + 8x + 1,/\ + TJi X i _, x, t 

= A L Pi(n., x, t)a(is.. .- n.)(1 ~ i ~ 2), 
o:S!l:S! 

(2.30) 
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.!!:.-Po(t) + )..PO(t) = t (OO P;(Ji,x,t)1];(x)dx. 
dt ;=1 io 

These equations are to be solved under the following boundary conditions: 

The initial condition is assumed to be Po(O) = 1. Again, we start with an empty system. 
We define the generating functions as 

f;m(x, Z2, t) == L z2' Pi((m, n), x, t), 

Fi(X,±,t) == L L zf'Z2' Pi((m,n),x,t) = L zf'ft(X,z2,t). 
m2:1 n2:1 m2:1 

Multiplying equation (2.30) with appropriate powers of Zl and Z2, we have 

OFi oFi { ( )} (. Tt + 8-; + )..(1 - G(±)) + 1]j x Fi = 0 1:::; z :::; 2), 

Similarly the boundary conditions (2.31) become 

Taking Laplace transforms, we have 

and 

of* 
o~ + {(I - G(~)) + 1];(x) + s }F;* = 0(1 :::; i :::; 2), 

(s + )")P~(s) = ~laoo Pi (y/,x, s)1];(x)dx + I, 

FnO,±,s) = 2- (oo[Ft(x,±,s) - zdf*(x,Z2,S)]1]1(X)dx 
zl io 

+ ~ (oo[F2(x,±,s) - F2(x,~,S)]1]2(X)dx + )..P;(s)[G(±) - G(~)], (2.32) 
Z2 io 

F;(0,±5, s) = 2- {OO F;(x,~, s)1]2(x)dx + {OO ff*(x, Z2, s}1]l(x)dx 
~h h 

+1 - {s +).. - )"G(~)}P;(s). 

The solution of (2.32) is given by 

F;*(x,±,s) = F;*(O,±,s)exp{-la
x 

1]j(y)dy - [)..(I- G(±)) + s)]x} (1:::; i:::; 2). (2.33) 
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Recall that P2Ck, 0, t) = 0 for all kl > 0 from the definition of the nonpreemptive priority 
rule. It then follows that Ft(O,~, s) = Ft(O, J, s). Almost the same derivation as under the 
preemptive resume rule leads to 

F*( 1 ) _ 1 - ['\{1 - G(ZI, Z2)} + s]Pij(s) 
2 O,~, s - 1 [ , 1- Z;Bz .\(1- G(ZI,Z2)) + s] 

(2.:34) 

F*(O Z s) = 1 - [.\{1 - G(g:)} + s]Pij(s) 
1 ,-, 1 - iBil.\(l - G(~)) + s] 

1 1 - -f-B2[.\(l - G(z)) + s] 
- F*(O z s) 2 -

2 ,~, 1 - iBj[.\(l - G(.~)) + s]' 
(2.:35) 

where ZI == ZI (Z2, ,~) is the unique root of the equation: 

(See also Appendix.) Note that Po(s) is given by equation (2.25), since Po(s) is invaria.nt 
under the work-conserving rule [20]' and since the preemptive resume and nonpreemptive 
priority rules are work-conserving. 

The equilibrium distribution of queue lengths is given by 

2 lOO II(~) == lim II(~, t) = lim sII*(~, s) = lim s{L: F;(x,~, s)dx + Po(s)}, 
t-.oo 8-.0 8-.0 ;=1 0 

provided that the first limit exists. Assuming that the equilibrium distribution does exist, 
we have 

where 

2 

II(~) = L: Fi(~-I) + Po, 

Fl (~) == lim s [00 Ft(x,~, s )dx 
8-.0 lo 

;=1 

_ -R). 1 - Bil.\(l - G(~))] 
- ( 0 1 - i Bi[.\(1 - G(~))] 

R 1 - G(ZI, Z2) 1 - Bi[.\(1 - G(~))] 1 - -f;B:i['\(1 - G(~))] 
+ o· 1- G(z) . 1- iBil'\(1 - G(~))] 1- -f;Bi['\(1 - G(ZI,Z2))]' 

F2(~) == lim s [00 F2(X,~, s)dx 
8-.0 lo 

= (-Po) . 1 - G(ZI, Z2) . 1 - B2[_\(1 - GC~))] . 
1 - G(~) 1 - -f;Bi['\(1 - G(ZI, Z2))] 

Here, Po = 1 - PI - P2, and ZI == ZI(Z2) is the root of the equation (2.27). The moments 
of the queue lengths can be determined from the above moment generating function II(~). 
The mean number of class 1 customers in the system, E[Ld, is 

(2.:l6) 
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The mean number of class 2 customers in the system, E[L2]' is given by 

(2.37) 

Remark 2.2. 

Consider a nonpreemptive priority queue with an arriving batch being composed of a 
single class only, which is treated by Hawkes [4]. As in [4], denote by >'p and Kp(zp) the 
arrival rate of batches and the generating function of batch size for class p (p == 1,2). We 
then have 

>'1 r >'2 r 

G(&) = ;;-/\I(zI) + ;;-/\2(ZZ), 

from which it follows that 912 = [fcJ-!)]Z=1 = O. Equations (2.36) and (2.37) are seen to be 
Zt Z2 - -

consistent with Hawkes' formula [4, (25), (26)]. 0 

3. Waiting Time Distribution 

3.1 Preliminaries 
We consider an arbitrary class p customer who will be called as a class p "tagged" 

customer (1 :s: p :s: P). The batch to which the class p tagged customer belongs will be 
called as the (class p) "associated" batch. It is verified that the class p associated batch sees 
time averages (1 :s: p :s: P). This is because if Poisson arrivals with rate>. are independently 
selected with probability 1 - G(lop), the selected arrivals also form a Poisson process with 
rate >.(1- G(lop))· Here, lop signifies the vector where the i-th component (i =f. p) is equal 
to unity but the p-th component is equal to zero, i.e., lop == (1,··.,1,0,1,···,1). 

Let Wp be the waiting time of the class p tagged customer. All the customers already in 
the system at the arrival of the tagged customer who are to be served before his service are 
refereed to as "senior" customers. The senior customers consist of two types: 
under PR; 

1) the customer already in service whose priority index is less than or equal to p when 
the tagged customer arrives at the system, 

2) the customers already in the queue and in limbo of classes {I, 2, ... , p} when he 
arrives; and under N P; 

1) the customer already in service when the tagged customer arrives at the system, 
2) the customers already in the queue of classes {I, 2, ... ,p} when he arrives, 

where the abbreviations PR and N P stand for preemptive resume and nonpreemptive pri
orities. Let Tp be the time required to serve all the senior customers. 

The sequence of customers served during Wp is generally complicated. For example, 
the higher class {I, 2, ... , p - I} customers who arrive during Wp might get ahead of the 
senior customers. To simplify the argument, we adopt the following resequence as in Fujiki 
and Gambe [3, Chapter 12.2]. The senior customers are firstly served, all the higher class 
{I, 2, ... , p - I} customers who subsequently arrive during the delay cycle generated by the 
higher class customers with an initial delay of Tp are secondly served, all customers in the 
associated batch who have precedence over the tagged customer are thirdly served, and all 
the subsequently arriving higher class customers who precede the entrance into service of 
the tagged customer are finally served. Note that vVp is invariant after this resequence, since 
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the resequence covers all the services to be done during Wp (see [3, p. 379]). In Sections 3 
and 4, we will employ the resequence tacitly. 

A key observation is the fact that the waiting time Wp is the summation of two inde
pendent random variables Wg,p and Tp, where 
Wg,p : the delay cycle generated by the higher class {1, 2, ... ,p - 1} customers with an 

initial delay of Tp , 

Tp : the delay cycle generated by the higher class {1, 2" .. ,p - 1} customers with an 
initial delay of total required service times to the customers in the associated batch 
having precedence over the tagged customer. 

From the definition of our resequence, Wg,p is the waiting time of the first customer (regard
less of class) in the class p associated batch, and Tp is the time from start of service to the 
first customer in the associated batch to start of service to the tagged customer. 

Henceforth, we will denote the LST of the distribution of a random variable by star (*), 
so that for example, 

W;(s) == 1000 

e-stdP(Wp ::; t) (Re(s) > 0). 

It follows from the definitions that 

E[Wp] = E[Wg,p] + E[Tp] (1 ::; p ::; P) under PR and N P, 

and 
W;(s) = W;,p(s)T;(s) (1 ::; p:::; P) under PR and N P. (3.2) 

For simplicity, we restrict ourselves to the case of P = 2 as in Section 2 to find the LSTs 
W;,p(s) and T;(s)(l ::; p::; 2). 

3.2 Waiting time for class 1 in the two-class priority queue 
Let 'p(i) be the probability that an arbitrary class p customer is served i-th within the 

same class in its batch (1 ::; p ::; 2). It is verified that 
00 00 00 00 00 

11(i) = L: L: a(kl,k2)/91i'2(i) = L: L: a(kl,k2)/92 = L: 12(kl,i), (3.3) 

where '2( kl' i) == Lk,=i a( kl' k2 )/ 92 denotes the probability that a class 2 customer is served 
i-th in its batch having kl class 1 customers. (See (4.1) in the subsequent section.) It then 
follows from (3.3) that 

T *( ) := ~ (')[B*( )]i-l = 1 - G(Bi(s), 1) 
1 s L..J 1

l lis [*( )] 
i=1 1 - Bl s 91 

under PR and N P. (3.4) 

The remaining work for us is to find W;,I(S). For the moment, we assume a modified 
model in which a batch of class 1 is considered as a single customer (called a supercustomer) 
with arrival rate of ).' == (1 - G(O, 1)) and the LST of service time distribution given by 

B~*(s) == [G(Bi(s), 1) - G(O, 1)l![1 - G(O, 1)]. For this modified model we use dashes (') on 
each of the corresponding functions. Note that W;*(s) = W;,I(S) under PR and NP. The 
derivation of W;,1 (s) under PR is straightforward. In fact, it follows from the well-known 
Pollaczek-Khintchine formula that 

W;,I(S) = W;*(s) 
_ (1 - ).' E[Bms 
- s-).'[l-B~*(s)J 

(1 - pI)s 

s - ).[1 - G(Bi(s), l)J 
under PR. (3.5) 
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It becomes complicated to derive W* 1 (s) under NP, since we cannot neglect class 2 
customers in service. We use V - cycle [9f; which is defined by the delay cycle generated by 
class 1 supercustomers with initial delay V. The LST of the waiting time distribution of a 
supercustomer of class 1 that arrives during V-cycle is given by 

*.. 1 - V*(s) (1 - >.'E[Bms 
Wg ,I(S I V - cycle) = sE[V] . s _ >.'[1 - B~*(s)] 

1 - V*(s) s(1 - pt} 
sE[V) s - >. + >.G(Bi(s), 1)" 

(3.6) 

(see Kella and Yechiali [9)). Let B~-cycle and B2-cycle be the V-cycle with V*(s) = B~*(s), 
and the V-cycle with V* (s) = BH s), respectively. Denote by Pk the probability that a 
supercustomer of class 1 arrives when the system is in B~ -cycle for k = 1, or in B2-cycle for 
k = 2. Since a supercustomer of class 1 arrives during Bi -cycle or during B2-cycle unless he 
finds the system empty, we have 

(3.7) 

Note that the number of times the system enters B2-cycle per unit time is >'g2 on the average, 
and that each cycle lasts lYz/(1 - p) on the average. We then have 

and from (3.7), 

b2 P2 
Pz =>.gz(l_p) = I-p' 

PI = PI (1 - p) . 
1 - PI 

Thus we finally have from (3.6) through (3.9) that 

W;,I(S) = 1 - P + PI W;,1 (s I Bi - cycle) + P2 W;,1 (s I B2 - cycle) 

(1 -- p)s + >'g2(1- B:i(s)) under NP. 
s - >. + >'G(Bi(s), 1) 

3.3 Waiting time for class 2 in the two-class priority queue 

(3.8) 

(3.9) 

(3.10) 

If the tagged customer is served i-th within class 2, and the associated batch has kl 
class 1 customers, the LST of the conditional delay time induced by the customers in the 
associated batch, T;lkl,j(s),-is obtained as 

We have from (3.3) that 

00 00 

T2(S) = L L T2(k1 , i)T2Ikl,j(S) 
k,=o j=1 

G(E>i(s), 1) - G(E>i(s), O2(s)) 
[1 - C2(s )]g2 

under PR and N P. (3.11) 

To find W;,2(S), we use the completion time for class 2, C2. The completion time C2 

is the time that elapses before next class 2 customer can receive service, see [3, 7]. Note 
that the conditional LST of the distribution of the time taken to clear the resulting class 
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1 customers is [8i( s)]i where 8i( s) is the LST of the busy period distribution of class 1 
customers, given that an arriving batch includes J class 1 customers. We t.hen have 

00 (A )n 00 00 

C2(s) = 2: e-sxe-'\x_x,_[ 2: L a(ktk2)8i(s)kltdB2(X) 
n=O n. k1=O k 2=O 

= B2[A(I - G(8i(s), 1)) + 8] 

under PR and N P rules. 8i(s) itselffollows by a similar argument replacing Bi(s) by Bi(s) 
in the above equation. Namely, 81(s) satisfies the following equation 

8i(s) = Bi[A(I- G(~1i(s),I)) + s]. 

We next consider the total unfinished work of classes 1 and 2, UT. Note that UT is identical 
to the waiting time in the M IG 11 queue where customers arrival rate is ,\ and the LST of 
the service time distribution is given by G(Bi(s),Bi(s)). Therefore, the LST of the total 
unfinished work Uy(s) is given by 

U*(s) _ (1 - Pt - P2)S 
T - s - A[I - G(Bi(s), B2(s»J' 

(3.12) 

from the Pollaczek-Khintchine formula. Following the derivation of Ci(s), we have that 

W;,2(S) = Uf[A(l - G(8i(s), 1)) + s] 

= 
(1 - Pt - P2)[S + A(I - G(8j(s), 1))] 

s - AG(8j(s), 1) + AG(Bt{s + A - AG(8j(s), I)}, B2{s +,\ - AG(8j(s), In) 
(3.13) 

under PR and N P. 
We can find the mean waiting times for individual classes from the LSTs (3.2), (3.4), 

(3.5), (3.10), (3.11) and (3.13) as in Section 2. In fact it can be seen that for 1 ~ P ~ 2, 

(3.15) 

and 
(3.16 ) 

See also Remark 4.1. As far as the mean waiting time only is concerned, a different approach 
from that in this section will be developed in Section 4, which enables us to treat general P 
class priority queue straightforwardly. 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



256 Y. Takahashi & H. Takagi 

4. Mean Delay Formula 

4.1 Mean waiting time 
To find the mean waiting time for a customer of an individual class, we will apply the 

approach used by Schrage [13J and Wolff [20J deriving a conservation law. We will see that 
this approach restricts us to dealing with only the mean performance measures of the system, 
but it is much simpler and more intuitive than the preceding approach. 

Recall that Burke [lJ treated a single class (nonpriority) batch arrival (Mx /G/1) queue 
and evaluated the probability that an arbitrary customer is served i-th in its batch. Applying 
the argument in [lJ to the multi-class batch arrival case, the probability that an arbitrary 
class p customer is served i-th (within class p) in its batch, Tp(i), is given by 

00 

rp(i) = L La(k1 ,00.,kp_ 1,I,kp+1,00.,kp)/gp (i = 1,2,00'). (4.1) 
kJ?O(jofp) 1=; 

The customer of class p who is served i-th within its class in its batch will be refereed to as 
"the i-th customer" of class p. It should be noted that under both the PR and N P rules, 
the i-th customer of class p in its batch must be deferred for the delay cycle generated by 
customers of classes {I, 2, ... ,p - I}, with a mean initial delay of 

p-l 

(i - l)bp + L kjbj, 
j=l 

if the batch size of class j is kj(l ~ j ~ p-1). This initial delay signifies the unfinished work 
to be served before the i-th customer's service, when the i-th customer of class p arrives at 
the system. From the definition of Tp (in Section 3.1), it follows that 

Changing the order of the summation, we finally find that 

(2)b L:p- 1 . b 
E[TpJ = gp p + + j=l gJ~ J under both PR and N P. (4.2) 

2gp(l - Pp-I) gp(l - Pp-I) 

We now consider the relationship between the unfinished work and waiting time as in 
[13, 19, 20J. For the time being, we will treat the N P rule. We introduce the following 
notation for class p( 1 ~ P ::::: P) : 

Qp: the number of class p customers in the queue (except for the server and limbo [20]), 
Up : unfinished work (load) for class p. 

Note that the expected unfinished work of class p in the server is the mean forward recurrence 

time of the service time b~2) /(2bp). Since the server is busy for class p with probability Pp, 
we have, 

b(2) 

E[UpJ = E[QpJbp + Pp {b .(1 ~ p ~ P) 
p 

The waiting time of the first customer in the associated batch, Wg,p, does not depend on the 
unfinished work of the lower class {p + 1"", P} customers except for that of a customer in 
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service. The total unfinished work to be served when the tagged customer arrives, denoted 
by Up(B), is then given by 

The waiting time Wg,p is the delay busy cycle generated by customers of the higher classes 
{I, 2, ... ,p - I} with an initial delay of the unfinished work Up(B). Therefore, we have 

E[W ] = E[Up(B)] 
g,p 1 - p+ 

p-l 
P P b(2) 1 

={LE[Q}]bj+~=Pj}b}'I_ + . 
j=1 j=d -} Pp-l 

( 4.3) 

It should be noted that (4.3) can be rigorously proven by using Brumelle's formula as in Taka
hashi [19]. From Little's formula E[Qp] = 'x'9pE[Wp], (3.1), and (4.3), we have a recursive 
scheme for E[Wp] as 

P (2) b s ",p-l . b p-l 
E[W] == _1_{~ '" ,X,b(2) + 9p p + 0)=19)p) + "'E[W]} 

p 1 _ p+ 2 L., 9}) 29 L., p) }. 
P }=1 P )=1 

Thus we find the mean waiting time for individual class p(1 s:; P s:; P) 

(4.4 ) 

where the empty sum (2::~=1' etc.) is assumed to be zero. 
Under the PR rule, we get E[Wp] by letting 9p+l = ... = 9P = 0 in (4.4). We finally 

have 

2::1' 'x'[9b(2) + 9(2) b~] (2:) b 
E[Wp ] = :.1=1 ~} }} + 9p _ . p + 

2(1 - pp_l)(1 - pt) 29p 1 - Pp-l 

p-l 2:: j - 1 b p-1 b 
+ L Pj' k+19k

j 
k + L t p 

p +) under PR. (4.5) 
j=2 9j(1 - pp_l)(1 - pt) k=19p 1 - Pp 

4.2 Other mean performance measures 
From (4.4), (4.5) and Little's formula, the mean number of customers in the queue is 

obtained as, 
( 4.6) 

under the PR and N P rules. Let Lp be the number of class p customers in the system 
(queue, server, and limbo). Since the mean completion time is bp/(I- Pt-I) (see Wolff [20]), 
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it follows from Little's formula that the mean number of class p customers in the server or 
in limbo is given by pp/(1 .- Pt-I) under PR. We then have for 1 :::; p:::; P, 

E[Lp] = Pp + + E[Qp] under PR, 
1 - Pp-l 

( 4.7) 

and 
E[Lp] = Pp + E[Qp] under N P, (4.8) 

which has been directly shown for P = 2 in Section 2. 
The mean sojourn time of a customer at the system, E[Sp], is obtained again from 

Lettle's formula, 
( 4.9) 

under the PR and NP rules. The delay time of a class p customer is, here, defined as the 
sojourn time at the queue and at limbo. The mean delay time E[Dp] is then obtained from 

(4.10) 

under both the PR and NI' rules. 

Remark 4.1. 

If P = 2, it is seen that the above mean formulas (4.7) and (4.8) are reduced to equations 
(2.28), (2.29) and (2.36), (2.37) obtained in Section 2. 

We now consider a priority queue with an arriving batch being composed of a single class 
only, which is treated by Hawkes [4], Meister [12], Takagi, et al. [18], and Takahashi [19]. 
We denote by Ap and Gp(zl') the arrival rate of batches and the generating function of batch 
size for class p(1 :::; P :::; P). We then have 

from which it follows that !lij = [~:~J;} ]±=! = 0, if i =f. j. It can be seen that equations (4.4) 
and (4.5) are reduced to the previous results by [4, 12, 18, 19]. In other words, denoting by 
E[Wp(I N)] the mean waiting time in an ordinary independent arrival queue considered in 
this remark, it follows from equations (4.4) and (4.5) that 

p-l ~j-l b p-I b 
E[Wp(ST) = E[Wp(1 N)] + L Pj· . L..k+19kj k + + L 9kp p + 

j=2 9)(1 - pp_l)(1 - pp) k=l 9p(1 - pp) 
(4.11 ) 

under the PR and NP rules (1 :::; p :::; P). Here, E[Wp(ST)] is the mean waiting time in a 
structured priority queue. Note that the second and third t.erms in the right-hand side of 
(4.11) represent the influence of the dependency between classes in a batch upon the mean 
waiting time. Since it is easily verified that 9ij :::: 0 (1 :::; i,j :::; P), we find under both the 
PR and NP rules 

E[Wp(ST) :::: E[Wp(IN)] (1 :::; p:::; P). 

This inequality is also valied between a couple of the above-derived mean performance 
measures in the ordinary independent arrival and structured priority queues. It should be 
noted that the mean performance measure of the highest priority class (class 1) customers is 
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independent of.1ij(1 :::; i,j :::; P) and so that we have for example, E[DI(5T)] = E[DI(lN)]. 
o 

We now consider a structured priority queue with G(£) having a special form as 
G(ZI, Z2,···, zp) = H(ZI . z2····· zp), 

where H (z) is the generaing function of a (discrete) random variable. This structured priority 
queue can be seen in a packet communication Hystem (see Section 1). In such a system, H(z) 
corresponds to the generating function of packet length (the number of packest in a message). 
Each packet in a message requires P operations. We assume that each packet makes P - 1 
copies of itself, and assume that each (original) packet belongs to class 1 and the copied 
packets belong to classes p (2 :::; p :::; P). The i-th original packet in an arriving message 
which is assumed to be of class 1 generates the i-th copied packets of the lower classes (class 
2, class 3, ... , and class P). One of the desirable performance measures in this example is 
the sojourn time of the i-th original and copied packets, i.e., the time that starts with the 
i-th original packet arriving at the system and ends when the i-th copied packet of class 
P departs the system. We denote by 5(i) the sojourn time of the i-th original and copied 
packets at the system. It follows that 

E[5(i)] = E[Wg,p] + i· b1'/(l - PP-I) under PR, (4.12) 

and 
E[5(i)] = E[Wg,p] + (i -1)· bp/(l - PP-I) + bp under N P. (4.13 ) 

Let {hd be the packet length distribution in an arriving message with mean h and the n-th 
factorial moment h(n), so that 

00 d dn 

h == L i· hi = -d H(z) Iz=1 and h(n) = -d n H(z) Iz=1 (n = 2,3,·· .). 
i=1 Z Z 

Applying Burke's result [1], the probability that an arbitrary customer is served i-th in its 
batch, r( i), is given by 

OJ 

r(i) = 2:= ht/h. 
i=,i 

The mean sojourn time of packets, E[5'], is gi ven by 

00 

E[5'] = L r·(i)E[5(i)]. 
i=1 

Substituting (4.12) through (4.14) into the above equation, we find that 

h(2) + 2h 
E[S'] = E[Wg,p] + bp·; +) under PR, 

21) - Pp-I 

and 
h(2) 

E[5'] = E[Wg,p] + bp· [1 + ( + )] 
2 1 - Pp-I 

under N P. 

5. Conclusion 

(4.14) 

We have derived the joint generating function of the queue lengths distribution and the 
LST of the waiting time distribution in a structured priority queue with two classes (P = 2). 
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We have also provided the mean waiting time formula for an individual class in the queue 
with general P classes. The results obtained here are shown to be reduced to the previously 
derived formulas [1,4, 5, 6, 12, 18, 19] as special cases. A structured priority queue with a 
general arrival process will be a future research topic. 

Appendix 

The root z = Zl of the equation: z - Bi[.\(l - G(z, zz)) + s] = o. 

We introduce the following functions of z for Re( s) > 0, Izzl :::; l. 
fez) == z, and 
g(z) == Bi[.\(l - G(z, zz)) + s]. 
It is obvious that fez) has one and only one zero inside the unit circle C == {z : Izl = I}. 

If we show If(z) > Ig(z)1 on C,f(z) and fez) - g(z) have the same number of zeros inside 
C from Rouche's theorem, i.e., fez) - g(z) has one and only one zero inside C. 

Now we have for all z E C, 

Ig(z)1 = 110
00 

exp{ -.\(1 - G(Z,Z2))t + st}dBI(t)1 

:::; 10
00 

exp{ -Re(s)t}dBI(t) 

< 1 = If(z)l, 

since Re(G(z, Z2)) :::; IG(z, Z2) :::; 1 and since Re(s) > o. This validates the existence and 
uniqueness of the root z = 21 (inside C) of the equation: z-Bil.\(1- G(z, Z2))+S] = o. 0 
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