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Abstract Competition in some telecommunication services has emerged in Japan since deregulation of 
telecommunication markets in 1985. As a model which can be used to analyze this competition, an extension 
of the Bass model, a competitive Bass model, is proposed. This model treats not only competition between 
two firms, but also competition among n firms. For the case of two firms, an equation which must be satisfied, 
concerning the sales of the two firms, is derived. For the case of n firms, a necessity condition which must 
be satisfied, concerning the sales of n firms, is formulated as an eigenvalue problem. The dynamics of 
the diffusion process corresponding to the values of parameters are analyzed. The diffusion process of a 
telecommunication service into which new common carriers have recently entered is also discussed. 

1. Introduction 

The Nippon Telegraph and Telephone Corporation monopolistically controlled Japanese 
telecommunication services up to 1985. Thereafter, competition in some telecommunication 
services began emerging. That competition has led to an interest at NTT in forecasting 
future demand under such competitive circumstances. 

A model for analyzing competition between two species is well known among biologists. 
This model is a n.atural extension of the logistic model. Among models which represent 
the innovation diffusion process, the Bass model is as well known as logistic models. The 
Bass model has been discussed and extended by many authors because it is very simple and 
explains the diffusion process qualitatively. In this paper, an extension of the Bass model 
which takes competition into account is proposed. 

2. Exising Modds and the Bass Model Which Takes Competition into Account 

The logistic model in the narrow sense is a well known model representing growth, the 
rate of which is given by the linear function, 

(dxfdt}f x = Cl - bx. (2.1) 

In a model treating competition between two species, which is an extension of the lo
gistic model [1], [9], the existence of a second species deters increases in the species under 
consideration, that is, 

dxfdt = x(a - hx - cy), 

dyfdt = y(d - fy - jx}. 

(2.2) 

(2.3) 

where x and y refer to two species, and this model involves the Lotka-Volterra model as a 
special case {e = Djd,j < D}. 

Bass [2] proposed a model in which the prohability, P(T), that an initial purchase will 
be made at T given that no purchase has yet been made is a linear function of the number 
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320 T. Ueda 

of previous buyers, Y(T), that is, 

P(T) = a + (b/m)Y(T), (2.4) 

where a and b/m are constants, a reflects the fraction of all adopters who are innovators, 
and the product b/m times Y(T) reflects the pressures operating on imitators as the number 
of buyers increases. Using the likelihood, f(T), of purchase at T, 

P(T) = f(T)/{l - F(T)}, (2.5 ) 

Y(T) = m foT f(t)dt = mF(T), (2.6) 

where 

F(T) = foT f(t)dt. (2.7) 

From Eqs. (2.4), (2.5) and (2.6), 

dY(t)/dt = {m - Y(t)}{a + (b/m)Y(t)}. (2.8) 

Various extensions of this model have been proposed. A parameter m, which is the total 
amount of purchasing during the period considered in the Bass model, is a function of time 
tin [13] and a function of prices in [8] and [11]. The second factor in Eq. (2.8) is a function 
of time t and/or quantity relating to information about goods, such as advertising costs in 
[4], [10], [ll] and [15]. Papers [14] and [5] introduce price, p(t), multiplicatively, that is, 

dY(t)/dt = exp{ -k· p(t)}{m - Y(t)}{a + (b/m)Y(t)}. (2.9) 

In these models there is no competition. 
In [6] and [7], competition between two firms is considered and the cumulative sales, Xi, 

of firm i is given by 

i=1,2;j:j:.i (2.10) 

where 
Pi = price of firm i, 
k = industry price-sensitivity parameter, 

(Xi = absolute advanta.ge of one product over another, 
I = consumers' perceived degree of substitutability of the two goods. 

In this paper, we study an extension of the Bass model applied to a competitive environ
ment. Considering that an extension of Eq. (2.1) is given by Eqs. (2.2) and (2.3), a natural 
extension of Eq. (2.8) to the case of competitive environment is 

dx/dt = (m - x - Y)(Pl + qlX - TIY), 

dy/dt = (m - x - y)(p2 + q2Y - r2x). 

(2.11 ) 

(2.12) 

We call this model the competitive Bass model and discuss the diffusion process in the 
following sections. This model can be extended to treat n services. 

In the Bass model, cumulative sales are treated and dY(t)/dt is positive. The number of 
subscribers, for existing firms, of such telecommunication services as automobile telephones, 
portable telephones, radio paging services and so on decreases when new competitors appear. 
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Competitive Bass Model 321 

For these services, x and y are the numbers of subscribers of an existing finn, A and a 
competitor, B at time t and are not the cumulative numbers of subscribers. dx/dt and dy/dt 
can be negative. 'Ne must note that parameters, PI and ql, may be different from ones, PlO 

and qIQ, in the monopolistic age. 

3. A solution of the Competitive Bass Model 
3.1 Two finns <:ase 

Equations (2.11) and (2.12) have the same orbit as the differential equation system, 

that is, 

dx/dT = PI + qlX - 7'IY, 

dy/dT = P2 + Q2Y - r2 x , 

(3.1) 

(3.2) 

(3.3) 

excluding singular points at which the right-hand sides of Eqs. (2.11) and (2.12) are both 
zero, 

If qlq2 - qr2 =f. 0, the above equations become to the homogeneous system 

where 
x = u + a and y = 11 + b, 

a = (Plq2 + P2 r t}/(rlr2 - QIQ2), 

b = (P2Ql + Pl r 2)/(rl r 2 - Q1Q2). 

The characteristic: equation of the system given by Eqs. (3.4) and (3.5) is 

A2 - (ql + q2)'\ + qiq2 - r17'2 = o. 

The discriminant of this equation is 

D = (ql + q2)2 - 4:(qlq2 - rlT2) 

= (ql - q2)2 + 4:7'17'2. 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

The system given by Eqs. (3.4) and (3.5) is classified on the line of [12] into five cases, where 

[I] Q < O(=} D > 0) 
[Il] Q > 0, D > 0 
[Ill] D < O,P =f. O(=} Q > 0) 
[IV] D = 0, P::/: O(=} Q > 0) 
[V] Q > O,P:= O(=} D < 0) 

For case [I] or for r2 ::/: 0 in case [11], the following relation between x and y holds: 

where 

(3.11) 

(3.12) 

(3.13) 
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322 T. Ueda 

and Zl and Z2 are the roots of equation 

and the general solution is given by 

U = ClZI exp(AIT) + C2z2exp(A2T), 

v = Cl exp(AI T) + C2 exp(A2T), 

where Al and A2 are the roots of Eq. (3.9) and 

and Ci, Cl and C2 are arbitrary constants. T is transformed into t by 

dt/dT = l/(m - :t' - y). 

For r2 = ° in case [11], the following relation between x and y holds: 

(3.14) 

(3.15 ) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

This relation is also obtained by the exchange of x and y with the same procedure used to 
obtain Eq. (3.12), if rl =/: ° in case [I1]. 
In case [Ill], the following relation between x and y holds: 

11 {( q2-ql)2 D} 2ql _12(1'2 Z +QI-Q2) 
- og z - --- +::;-::2 - -- tan 
2 r2 4r2 DI/2 _DI/2 

= -log Iy - bl + C3. (3.20) 

where 
Z = (x - a)/(y - b), 

and when D < 0,7'2 =/: 0. 
For 7'2 =/: ° in case [IV], the following relation between x and y holds: 

(3.21 ) 

For r2 = ° in case [IV), 
ql(X - a) = -rl(y - b) log Iy - bl. (3.22) 

In case [V), the following relation between x and y holds: 

(3.23 ) 

where 7'2 =/: ° because Q = --qr - 1'11'2 > 0. 
If ql q2 - rl r2 = 0, rl =/: 0, ql + Q2 =/: ° and ql + 7'1 =/: 0, 

where 
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For the case {qlq2 - qr2 = a and rl = 0, ql + q2 = ° or ql + 7'1 = a}, the relation which 
x and y must satisfy can also be obtained, but it is difficult to interpret the parameters 
qualita.tively, Since this case requires a la.rge amount of troublesome discussion, it will not 
be mentioned further. 

3.2 n firms case 

When considering competition among n firms, equations corresponding to Eqs. (211) 
and (2.12) become 

dx;fdt = (m - L Xj)(ai + L bijXj), 
j 

i = 1,2"", n, 

where bij(i =1= j) is usually negative. From this equation, 

dt(m - L Xj) = dx;f(ai + L bijXj), 
j 

i = 1,2", ·,n. 

(3.25) 

(3.26) 

In order to make the integration of the right-hand side in Eq. (3.26) easy, coefficients Vi 

are introduced so a.s to satisfy 

LVidx;f{Lvk(ak + Lbkjxj)} 
k j 

= L Vidx;f(c +,~ L VjXj). 
J 

This is formulated as an eigenvalue problem 

B'II = .A.v, 

where 

and the (i,j)-th element of B is bij. 
Let the eigenvector corresponding to an eigenvalue Ai be "i· When Ak =I=- Ah, 

IIk'dx/(II/,a + AkJ//,X) 

= lI~dx/(II~a + Ahllh'X), 

where 

Integration of Eq. (3.29) gives a simultaneous equation system 

(1/ Ak) 10g(lI/,a + Akll/,X) 

= (1/ Ah) 10g(II;.a + Ahll~X), 

in particular, if n = 2 and {7'lr2 - q)q2 =I=- a}, 

Ai = r2Zi + q); L = A!/{"Z(Z2 - zI}}; 

J( = A2/{r2(z2 - zI}} 

(3.27) 

(3.28) 

(3.29) 
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324 T. Ueda 

This gives the same relation as Eq. (3.12). 

4. Diffusion Process of the Competitive Bass Model 
In this section only cases [I] and [Il] are discussed and the following is assumed: 

and two firms, A and E, compete. Firm A is the first entrant and finn E is a follower. The 
diffusion process is analyzed, considering whether {qlq2 - 1'11'2} is positive or negative. 

From Eq. (3.12), if y i b, 

(4.1 ) 

and if y = b, 
( 4.2) 

where 
Z = (x.- a)/(y - b). ( 4.3) 

We can understand the difi'usion process of the competitive Bass model by giving various 
values to Z in Eq. (4.1). Let curves satisfying Eq. (4.1) be Ul. 

Singular points or equilibrium points where the right-hand sides of Eqs. (2.11) and (2.12) 
are both zero are 

{m-x-y=O} and {x=a,y=b}. 

Point {x == a,y = b} is an isolated singular point. If Ul and {m-x-y = O} have a crosspoint, 
P, the points on Ul around P go towards P. P is then called a stable equilibrium point. 

From Eqs. (2.11) and (2.12), 

(dx + dy)j.dt == (m - x - y){(Ql - 7'2)(X - a) + (q2 - 7'I)(y - b)}. (4.4) 

Thus, values x M and YM, of x and y which give the maximulll of {:r + y}, sa.tisfy 

(x - a)/(y - b) == -(q2 - 7'I)/(ql - 7'2) for y i b, 

x=afory=b (4.5) 

or 

x + y = m, 

If YM i b, Eqs. (4.1), (4.3), and (4.5) give 

ZM == -(q2 - 7'1l/(ql - 7'2), 

IYM - bl == C1IZM - zll-/{lzM - z21L, 

and 

4.1 The case where {qlq2 - 1'17'2> O} 

(4.6) 

(4.7) 

( 4.8) 

(4.9) 

In this case, the diffusion process of the competitive Bass Illodel with two competing 
firms has the following characteristics: 
(i) a, b < 0; L > 0, J( > 1; 7'I!QI < Z2 < Q2/7'2, 

(ii) If x and Y are positive, the left-hand side of Eq. (3.12) is Hot zero. 
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(iii) The {x,y} satisfying Eq. (3.12) draws two curves in areas divided by a straight line 

51 : x - a - Z2(Y- b) = OJ i.e. z = Z2. 

(iv) The signs, (+ or -), of dx/dt and dy/dt are determined by the area in which point 
(x,y) falls, where the first quadrant in the (x,y) plane is divided into six areas by 
three strai,ght lines: 

52 : m - x - y = 0, 

53: PI + ql X -7"11/ = Oji.e. Z = 7'J/ql, 

54 : ]J2 + q2Y - r2;~ = OJ i.e. z = Q2/7"2' 

Our concern is, however, three areas under 52 and where we must notice that the 
x-coordinate, {a - brJ/ qd, of a cross point between 53 and the x-axis is negative 
regardless of the sign of {qlq2 - 7"17"2} because {a - b7'J/ql = -pI/qd. (see Fig. 1). 

y 

m 

m 

Fig. 1 Symbols of dx / dt and dy / dt( ql q2 - r17"2 > 0) 

(v) 51 lies between 53 and 54. 
(vi) The diffusion process depends on the value, xo(> 0), which firm A takes when firm 

B is going to enter. 
(a) Consider the case {xo < a - bz2 }. 

dx/dt = 0 at (Xl,yI), where 

Xl = rl(YI - b)/ql -I- a; 

YI = CI(Z2 - rt/qt)L /(rt/ql - zt)K + b. 

If {XM + YM :5 m and y < yd,x and y increase, where XM and YM are given 
by Eqs. (4.7)-(4.9), 

XM + YM = {I - (q2 - rJ)/(qI - r2)}(YM - b) + a + b 

and we must take account of the sign of {YM - b} as seen in Eq. (4.8). 
If {x M + Y M :5 m and y > yd, x decreases and Y increases. 
If {x M + Y M > m}, x and Y increases until reaching Y = Y2 where Y2 and 
Y3(Y2 < Y3) are the v-coordinates of crosspoints between 52 and Ul. The point 
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326 T. Ueda 

corresponding to {y = Y2} is a stable equilibrium point. 
(b) Consider the case {xo > a - bz2 }. Let the x-coordinates of cross points 

between VI and 52 and between VI and 54 be Xn and X24. 
Let X24 < X22. If x < X24, x and y increase, or if X24 < x < X22, x increases and 
y decreases. 
Let X22 < X24, then x and y increase until x reaches X22. 
The point corresponding to {x = X22} is a stable equilibrium point. 

. If {a - bZ2 < O}, the above mentioned (b) is the only possibility considered in the 
range {xo > O}. 

[Example 1] In the competitive Bass model 

dx/dt = (100 - x - y){5(x + 46.25) - 15(y + 13.75)} 

and 
dy/dt = (100 - x - y){7(y + 13.75) - (x + 46.25)}, 

a = -46.25, b = -13.75, Zl = -3, Z2 = 5, f{ = 1.25 and L = 0.2~). 
When Xo = 20, 

Cl = 275.3,Xl = 58.3,Yl = 21.1,xM = 50.7, and YM = 34.7. 

The above mentioned (vi)-(a) is the diffusion process of this model because {a-bz2 = 
22.5 > xo}. (See Fig. 2) 

y 

100 
Cl=275 

80 

60 

40 

20 

x 

z-:::1(S4) 

Fig. 2 Diffusion process of Example 1 

4.2 The case where {Ql1J'2 - rlr2 < O} 

In this case, the diffusion process has the following characteristics. 
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(i) a,b> OjL < 0,0 < J( < IjrI/ql > Zz > qz/rz. 
(ii) The range of {x,y} satisfying Eq. (3.12) is divided into four areas by straight lines 

SI and 
T1 : x - a - Zl(Y - b) = Oji.e. Z = Zl. 

(iii) (The signs of dx/dt and dy/dt) are shown in Figs. 3 and 4, where the first quadrant 
in the (."y) plane is divided into seven areas by S2, S3, and S4, but our concern is 
four areas in Fig. 3 and three areas in Fig. 4 under S2. 

m 

y (S4) 

m 

Fig. 3 Symbols of dx / dt and 
dy / dt( ql q2 - rI rz < 0, a + b < m) 

m 

y 

m 

Fig. 4 Symbols of dx/dt and 
dy/dt(qlq2 - 7'Ir2 < a,a + b < m) 

(iv) SI lies between S3 and S4. 
(v) The diffusion process depends on a value, Xo 

which firm A takes when firm B is going to enter. 
(aI) Consider the case {xo < a - bzz and XM + YM ::; m}. If {y < yd,x and y_ 

increase, where 

If {y > vd, x decreases and y increases. 
(a2) If {xo < a - bZ2 and XM + YM > m},x and y increase until reaching y:= Y2 

where Y2 and Y3(Y2 < Y3) are the v-coordinates of crosspoints between 5'2 and 
Ul. The point corresponding to {y = Y2} is a stable equilibrium point. 

(bI) If {a - bZ2 < Xo < a - bq2/r2 and x < X4},X and Y increase, 
where 

X4 = qZ(Y4 - b)/r2 + aj 

IY4 - bl = CI(Z2 -- q2/r2)L /(q2/r2 - zt}K. 

If {a - bzz < Xo < a - bqz / rz and X4 < x}, x increases and Y decreases. 
(b2) If {a - bqz/rz < xo}, the monopoly continues. 
When {a - bzz} or {a - bqz/r2} is negative, conditions which involve them are 
neglected and only the area where 0 < Xo is relevant. 

[Example 2] In the competitive Bass model 

dx/dt = (100 - x - y){3(x - 85) - 15(y - 25)} 
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and 
dy/dt = (100 - x - y){5(y - 25) - 2(x - 85)}, 

a = 85, b = 25, Zl = -2.284, Zz = 3.284, J( = 0.859, and L = -0.141. When 

Xo = 70, Cl = 71.37, and a - bQ2/1'2 = 22.5 < Xo, 

then, the diffusion process is (v)-(b2). The x-coordinates of the crosspoints between 
U1 and the x-axis are X02 = 1.7 and X03 = 4.2, in addition to XOl = 70. As seen ill 
Fig. 5, when firm Y is going to enter the market, 

(i) if the value of Xo is XOl, firm B cannot enter, 
(ii) if the value of Xo is X02, firm B survives in the end, 
(iii) if the value of Xo is X03, firm A survives in the end. 

y 

100 

C1=71.37 

80 

60 

40 

20 

20 40 60 80 100 

Fig. 5 Diffusion process of Example 2 

x 

5. Application Example 
The diffusion process of a telecommunication service, into which new common carriers 

(NCC) have recently entered, is discussed. Let the number of subscribers at the end of 
the fiscal year in which NTT began to offer its service be the unit of measurement. Until 
the NCCs entered, the growth rate of subscribers was nearly constant for about ten years, 
excluding the first several years, and we estimated the total demand to be 850, using another 
method. These facts gave the following model: 

(5.1 ) 

where Xt and Yt are the number of subscribers for NTT and the NCCs in year t. This model 
is both a logistic model and a Bass model which does not have any innovation efl'ects. 

We can use only 12 months' worth of data, since the NCCs entered the market, i.e., 
XT and YT (month T = 1,2,···,12), for NTT and the NCCs, respectively. This gives the 
approximation, 

Xt+l - Xt = 12(XT+l - XT), 
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Yt+l - Yt = 12Ch+l - YT). (ti.2) 

Set 
5T = XT + YT· (ti.3) 

If the same growth continued before and after the entrance of the NCCs, from Eqs. 
(5.1)-(5.3), the rela.tion 

(5T+l - 5T)/5T = 2 x 10-4 (850 - 5T)/12 (S.4) 

would hold approximately. As seen in Fig. 6, the value of the left side of Eq. (5.4) tends to 
be larger than that of the right side. The entrance of the NCCs may create new demand. 
Taking into account all these facts, the relation 

DT == (5T+l - 5T)/5T = 2.6 x 10-4 (1000 - 5T)/12 (~,.5) 

DT 

0.20 -

0.15 

0.10 

x 
X X 

x 

X 

>c: 

x 

X 

~ 
Eq.(S.4) 

Eq.(S.S) 

X I 
X 

>< Realized value 
~-________ -L __________ ~ ________ -L____ ST 

200 210 220 

Fig. 6 Realized values and estimates of DT 

is assumed to be the model of the total growth rate. The growth rate of XT is much less 
than the rate of }~r. Thus, we can let {mp2 - 1'2Y ~ cl. Let {(Yr+l - }'T)/(1000 - 5T)} 
be an explained variable and {a + bYt} be a regression function. Estimating a and b by the 
least squared procedure, we can obtain 

(YT+l - YT)/(1000 - 5T) = 0.0026 + 6.4 x 1O-5YT. (5.6) 

Let YI = YT = 0 and Yt+l = YT+12. If we estimate Yt+l by 

Yt+l = Yt + 12(1000 - 5 t)(0.0026 + 6.4 x 1O-5yt} 

= 12(1000 - 5T) x 0.0026 

= 25, 

Yt+l < YT+12 = 30.3. 
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Considering this, 

From Eqs. (5.3), (5.5), (5.1") and (5.8), 

XT+I - XT = (2.2 x 10-5 XT - 0.0032 - 0.83 x-5 YT) 

x (1000 - XT - YT) 

X!+I - :Z:t = (2.6 x 1O-4Xt - 0.038 - 1O-4Yt) 

x (1000 - Xt - yd. 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

For the purpose of comparison, parameters ai and bi of the most generalized quadratic 
form 

A 2 2 
XT+l = XT + aO + aIXT + a2YT + a3XT + a4YT + asXTYT, 

YT+l = YT + bo + b1XT + bZYT + b3XT
z + b4YT

2 + bSXTYT, 

parameters Ci and di of the competitive Bass model 

XT+I = XT + (co + CI X T + c2YT)(m - XT - YT), 

YT+l = YT + (do + dIXT + d2YT)(m - XT - YT), 

and parameters ei and fi of logistic form 

XT+I = XT + XT(eo + el X T + eZYT), 

YT+I = YT + YT(JO + hXT + hYT), 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 

were estimated by the least squares procedure. The estimation error for these equations, 
where 

is shown in Table 1. This shows that Eqs. (5.7) and (5.9) give satisfactory accuracy. In Eq. 
(5.7), PI < o. This value is different from the standard cases in Sec. 4. The paper [14J shows 
the possibility of negative innovation effect, that is, {PI < O} which results from bottlenecks 
on the supply side. The same reason may hold true for our example because this service was 
given for onl!, limited areCLS. 
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Table 1 Estimation errors 

Eq. No 
rn fx fy 

(5.13) 0 4.206 0.7969 
(5.14) 850 4.173 0.8335 

1000 4.174 0.8315 
1500 4.176 0.8283 

(5.11) (5.12) ~1.998 0.5003 
(5.18) (5.19) a58.6 0.8162 
(5.7) (5.9) EU57 4.559 

From Eq. (5.5), 

where 
St = Xt + '!it· 

Differential represeIltation of Eqs. (5.8) and (5.17) is given by 

dst/dt = 2.6 X 1O-4st(1000 - st), 

dyt/dt = (0.038 + 3.6 x 10-4Yt)(1000 - st). 

331 

(5.17) 

(5.18) 

(5.19) 

We can solve Eqs. (5.18) and (5.19) explicitly, differing from the general case of Secs. 3 and 
4. The solutions are 

St = 1000/[1 + 3.425 exp{ -0.26(t - 1)} I, 
Yt = 0.07468:.385 

- 105.6, 

Xt = St - Yt. 

( 5.20) 

(5.21) 

( 5.22) 

where SI = 226 and Yl = 30. This result shows that the NCC's share will become larger 
than NTT's in several years time. 

6. An extension of the Competitive Bass Model 

If Pi, qi, and rj in Eqs. (2.11) and (2.12) are independent of rn, the right side of Eq. (3.3) 
is also independent of m. Then, even if m is a function of time, the same relation as that of 
Eqs. (3.1) and (3.2) holds. However, notice that the time-derivatives of x and Y depend on 
m. 

If m,pi, qi, and ri in Eqs. (2.11) and (2.12) are constant parameters during each time 
interval, that is, they are given by step functions of time, the competitive Bass model can 
be applied during ea,ch time interval. 
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Another extension is tbe introduction of brand switching effect. If the number of sub
scribers switching brands is proportional to the number of subscribers, Eqs. (2.11) and (2.12) 
can be corrected by 

dx/dt = (m - x - y)(pl + qlX - rlY) - qx + e2Y, 

dy/dt := (m - x - y)(p2 + q2Y - r2x) + elx - e2Y. 

(6.1 ) 

(6.2) 

In this differential equation system, the same equations as Eqs. (4.4) and (4.5) hold. If 
el > e2, the number of subscribers of the existing firm is decreased by the competitor. 
Therefore, if the value, xo(> 0), which firm A takes when firm B is going to enter is smaller 
than a - bz2 , a similar process to that in case (vi)-(a) in Sec. 4 is experienced at a higher 
speed than Eqs. (2.11) and (2.12), where a,b and Z2 are the same quantities as those in Sec. 
4. If Xo > a - bZ2 and el (> e2) is not larger than ql, a similar process to that in case (vi )-(b) 
in Sec. 4 is experienced, except for the neighborhood of {m - x - Y = O}. (See Fig. 7 where 
el = 1, e2 = 0.1 and other parameters are the same as Example. 1.) If Xo > a - bZ2 and 
el(> e2) is much larger than ql, a similar process to that in case (vi)-(a) rather than that 
in case (vi)-(b) is experienced. (See Fig. 8 where el = 30,e2 = 3 and other parameters are 
the same as Example. 1.) 
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Fig. 7 Diffusion process (1) of Eqs. (6.1) and (6.2) 
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Fig. 8 Diffusion process (2) of Eqs. (6.1) and (6.2) 

Singular points in Eqs. (2.11) and (2.12) are given by 

{m - x - Y = O} and {x = a,Y = b}, 

but a singular point in Eqs. (6.1) and (6.2) is given by a crosspoint of two second-order 
curves relating to a and b when the coordinate of the singular point is (a, b).' The stability 
around the singular point can be discussed in the same way as in Sec. 4 by approximating 
linear system. However, since discussion using simple formulae may be impossible, it will 
not be mentioned further. 

7. Conclusion 
This paper proposed a competitive Bass model and showed its diffusion process. Bass 

[3J stressed the importance of simplicity, and this paper preserves the simplicity. However, 
to select good sales strategies according to forecasts of future demand, variables such as 
advertising cost, sales promotion cost and price should be represented in the model, thus 
the parameters Pi, qi and 1'i should be related to marketing mix strategies. In this paper, 
the parameter rn, which is the total amount of purchase during the period considered, is a 
constant, but models in which rn varies with time or market extension are being studied by 
the author. Another defect in this paper is insuHicient discussion of the case {dx / dt < 0 or 
dy / dt < O} and the brand switching effect. To consider the brand switching effect in detail, 
modeling different from Eqs. (6.1) and (6.2) may be needed. 

Telecommunication services in Japan have only recently experienced competition a.nd 
thus there is not sufficient data to show the effectiveness of the competitive Bass model 
or the need for more sophisticated models. We hope readers will discuss the merits a.nd 
demerits of the competitive Bass model in practical applications. 
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