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Abstmcl The hierarchical decision problem is a generic name of the problems whose common chara.cter-
ist.ics are: 

1. They contain two or more levels of decision making, 
2. Precise information about what will happen is not knowll a priori, 
3. As the level is increased, more information can h,e available. 

We introduce a new solution method refereed to as the randomized decision strategy for the hierarchical 
decision problems. 

Two well-known and practical situations, which are the hierarchical scheduling problem and the hierar
chical vehicle routing problem, are considered to illustrate this strategy. 

1. Introduction 

Several problems that we encounter in practical situations contain stochastic and combina
torial nature. 'Stochastic' means precise informa.tion about what will happen is not known 
a priori, and 'combinatorial' means the solution methods have to be enumerative. 

Most operations research literatures are concentrated either on the deterministic combina
torial optimization problems assuming precious information is available, or on the stochastic 
linear programming problem ignoring combinatorial nature. 

In many cases the deterministic combinatorial optimization algorithms can not be used 
because precious iinformation can not be available a priori, and classical stochastic program
ming approaches (see for example [31] ) can not be used because the practical problems are 
not linear. 

In order to bridge the gap between operation research practice and theory described 
above, we suggest. a new technique for the solution of the problems that have combinatorial 
and stochastic nature. Many problems have sequence of decisions over time and hierarchical 
structure. So we concentrate on this type of the problem called the hierarchical decision 
problem (HDP). The hierarchical decision problem is a generic name of the problems whose 
common characteristics are: 

1. They contain two or more levels of decision making, 

2. Precise information about what will happen is not known a priori, 

3. As the level is increased, more information can be available. 

We introduce the randomized decision strategy for deriving practical algorithms to the 
HDPs. Roughly speaking, the randomized decision strategy is a class of randomized algo
rithms (see for example Welsh [41], Raghavan and Thompson [34], Raghavan [35]) whose 
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336 M. Kubo & H. Kasugai 

common characteristic is to use randomness to overcome uncertainty. The general framework 
of this strategy is described in section 2. Two practical situations, which are the hierarchical 
scheduling problem and the hierarchical vehicle routing problem, are illustrated in section 3 
and 4, respectively. 

2 General Framework of the Hierarchical Decision Problem and the Random
ized Decision Strategy 

Several practical problems in operations research can be formulated as the HDPs. Several 
approaches to these types of HDPs have been considered by several authors [5), [6}, [14}, [17}, 
[23], [27]. 

We concentrate on the case where only two levels are recognized, and the decision problems 
occurring at each level are quite hard even when all data are known with certainty, i.e. they 
often belong to the class of NP-hard combinatorial optimization problems (see for example 
[19]), because many problems that we encounter in practice have such characteristics. The 
typical scenario can be described in the following way. 

A decision maker must do the first level decision, which often called the aggregate level 
decision, using probabilistic information about the future events, here and now and the 
second level decision, which often called the detailed level decision, must be done after 
knowing a realization of random events. In other words, the tactical or strategic decision 
for the medium or long time horizon has to be determined at the first level; the operational 
decision for the short time horizon has to be determined at the second level 

We cite some examples: the machine acquisition-job scheduling problem (the hierarchical 
scheduling problem) and the vehicle acquisition-routing problem (the hierarchical vehicle 
routing problem). In the job scheduling environment, the first level decision is the acquisition 
of the resources; the second level decision concerns about the allocation of resources to jobs. 
In the vehicle routing environment, the first level decision is the acquisition of the vehicles 
of several types; the second level decision concerns about the actual routes of the vehicles 
acquired. 

Our objective in this section is to suggest new technique, which we call the ra.ndomized 
decision strategy, for the solution of the general HDP. As a result, we can reduce the hier
archical decision problem to the easily solved one. This section is organized as follows. In 
subsection 2.1, we give a general framework of HDPs. In subsection 2.2, we review and unify 
the previous solution methods for the HDPs. In subsection 2.3, we introduce ne"'. solution 
strategy called the randomized decision strategy for the HDPs. 

2.1 Framework of the Hierarchical Decision Problem 

First, we give a general framework of the HDP. 
The HDP can be formally defined as follows. 
We denote the first level decision vector by 6, the set of feasible decisions at the first level 

by ::::1 and the direct cost associated with 6 by /1(6), where /1 : ::::1 --+ R is a real function. 
Probabilistic information of future events is represented by a vector w that comes from 

a sample space n and has distribution function F. If we are given a realization w of the 
random vector wand the S(!t of feasible decisions ::::2(6,w) at the second level, then the 
expected cost E[j2(6,w)] of the second level can be represented as 

(1) E[P(6,w)] = J[ !!lin g(6,6,w)]dF(w), 
e.E.:..Ie.,w) 
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where 9 : =1 x =2 x n -+ R is a real function that represents the cost associated with second 
level decision. 

Then our objective is to determine the first level decision 6 E =1 that minimizes 

(2) 

In ordinary hierarchical planing models, the second level problem is an NP-hard combi
natorial optimization problem. This means that finding an optimal solution of the second 
level problem in (1) is very hard task. Furthermore, the integrand in (1) is hard to evaluate 
because typical hierarchical problems have very large number of random variables. 

Several classes of algorithms can be induced by approximation of the expected cost at the 
second level. We review them in the next subsection. 

2.2 Previous \iVorl(S to the HDPs 

The previous works use the following approxima.tion: 

1. Monte Carlo simulation [6J, [17J: 
The expected cost at the second level is approximately evaluated by Monte Carlo 
Simulation. Several realizations of the random variables are randomly sampled from a 
sample space n and the expected cost of the second level problem is evaluated. This 
method is sometimes called random sampling method. 

Birtan and Hax [6J studied a hierarchical planning system in which each level is mod
eled as a separate deterministic planning problem and the overall system qualities are 
evaluated by Monte Carlo simulation technique. 

Ad hoc simulation method was used by Eilon et al. [17J for the solution of the traveling 
salesman facility location problem, i.e. the problem to find an optimal location for the 
service unit so that the expected distance traveled to satisfy the demand from customer 
with known probability distributions. 

If the second level decision problem belongs to the class of NP-hard problems, this 
technique is hard to adapt because we have to solve many hard problems to evaluate 
the performance of the hierarchical system and to determine the first level decision. 

2. Asymptotic analysis [14],[27J: 
In this approach, E[j2(6, w)] is replaced with an estimate EA and the first level deci
sion is determined optimally or heuristically, and a heuristic is used to solve the second 
level problem so that the solution value of the heuristic is asymptotically equal to the 
estimate EA in some probabilistic sense. 

Lenstra et al. [27] and Dempster et al. [14] proposed analytical evaluation procedures 
for the two-level hierarchical planning models. They modeled several practical prob
lems such as the vehicle routing and scheduling problems. Their algorithms are based 
on the asymptotically optimal heuristics sllch as a partitioning heuristic for the vehicle 
routing problem and list scheduling heuristics for the scheduling problem. 

3. Restriction of the solution space [5],[23]: 
In this approach, the second level decision is restricted so that the expected cost of the 
second level can be easily evaluated. Mor.e precisely, we replace =2(6, w) with the set 
~2( 6, w) of the restricted feasible solutions at the second level so that the expectation 

(3) 
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can be computed easily. 

This method has been used for the solution of the traveling salesman facility location 
problem (TSFLP) in which the first level decision is to determine the location point of 
the vehicle knowing only probabilistic information about the customer demands; the 
second level decision is to determine the route of the vehicle after knowing the actual 
~ustomer demands. Burness and White [8] and Berman and Simchi-Levi [3) proposed 
approximate algorithms in which the second level problem, the traveling salesman 
problem, is approximated by direct distances from node 1. The worst case bound of 
the latter algorithm is improved by Bertsimas [5]. Among several heuristics a priori 
strategy is most valuable. The idea of using an a priori tour was first proposed by J aillet 
[23] for the probabilistic version of the traveling salesman problem and extended by 
Bertsimas [5] for other combinatorial optimization problems. Berman and Si mchi-Levi 
[4] and Bertsimas [5] used the a priori tour strategy for the TSFLP, i.e. a service unit 
visits the nodes at a particular instance in the same order as they appear in the a 
priori (pre-determined) tour, instead of using the optimal traveling salesman tour at 
every instances. 

2.3 General Outline of Randomized Decision Strategy and Relation to Other 
Strategies 

Several researchers considered the restriction method of the solution space that we reviewed 
in the previous subsection. Instead of restricting the solution space, we rela..x it, i.e. the 
second level decision is relaxed so that the expected cost at the second level can be easily 
evaluated. More precisely, we replace =2(6,w) with the set 32(6,w) of the relaxed feasible 
solutions so that the expectation E[P((1, w)] in (2) can be computed easily. 

Among several relaxation methods of the solution, we adopt randomized rela.xation in 
which the second level decision is replaced with the randomized one so that the expected 
cost over the infinite time horizon is minimized. We call this technique the ra,ndomized 
decision strategy in the sequel. 

The randomized decision strategy is known to the mixed strategy in game theory ( see 
for example [25]). In game theoretical terms, the HDP can be seen as a three stage game 
in which only two players are recognized; one is a decision maker (player 1), a,nother is 
probabilistic future events (player 2). The rule of the game is as follows (see Figure 1): 

First, player 1 determines the first decision from a finite set =1 of the feasible decisions. 
Then player 2 uses the mixed strategy, i.e. the decision is determined by a coin tossing 
(randomly), at the second stage. At the third stage, player 1 determines the recourse decision 
via solving combinatorial optimization problems, and evaluates the expected solution value. 
Game value is the expectation of all possible solution values at the third stage. 

Our strategy is to use the mixed strategy instead of determining an optimal solution at 
the third stage Then the evaluation of expectation is much easier; we can determine the first 
level decision by evaluating the expected value of two mixed strategies at the second and 
third stages (see Figure 2). 

Derman and Klein [15] considered the Markov decision strategy for the traveling salesman 
problem with frequency constraints. In this contexts, the randomized decision strategy can 
be seen as the Markov decision strategy in which we determine transient probability so that 
the expected cost over the infinite time horizon is minimized. 

The objective of the randomized decision strategy is twofold: 

1. deriving a lower bound of the second level decision problem, 
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First Stage Second Stage Third Stage 

• : Decision Stage 
o : Probabilistic Stage 

Figure 1: Three Stage Game : The level hierarchical Decision can be represented as the 
three stage game. 

First Stage Mixed Strategy 

• : Decision Stage 
© : Combination of Two Probabilistic Stages 

Figure 2: Randomized (Mixed) Strategy: The second and third stages of the original three 
stage game are combined into the mixed stage. 
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2. giving a feasible solution (an upper bound) with a probabilistic guarantee. 

< Lower Bound > 
Since we relax the second level decision by the randomized one, we can get the following 
relation: 

(4) 

This indicates that the straightfoward application of the randomized decision strategy gives 
the lower bound of the second level decision problem. 

< Upper Bound > 
Since we relax the set of feasible solution in the randomized decision strategy, the solution 
obtained may not be feasible with high probability. We avoid this using the chance constraint 
method (see Charnes and Cooper [11]). Given a probability 0 < E < 1 that is determined 
by a decision maker, we modify the second level problem to give the feasible solut.ion at 
least with probability 1 - E. If the decision maker sets E small, the solution obt.ained by the 
randomized decision strategy is feasible with high probability, while if the decision maker 
sets E large, the solution obtained by the randomized decision strategy is infeasible with high 
probability. 

If we use randomized decision strategy 6 that is drawn from a sample space ~2 (6, w) 
and denote its distribution function by G, then the expected cost E[j2(6, w)] at the second 
level can be approximated as follows: 

E[P(6,w)] = J g(6,(2,W)dF(w) 

(5) = J J g(6,6,w)dF(w)dG(6)· 

Then our objective is to determine first level decision 6 E =1 and second level randomized 
decision ~2 simultaneously, that minimize 

(6) 

subject to 

(7) 

(8) 

This problem looks more difficult than the original one. But in several hierarchical plan
ning models, this problem can be replaced with more simply structured one as shown in 
section 3 and section 4. 

2.4 How to Use the Randomized Decision Strategy 

Relation between several strategies is summarized in Figure 3. 

In practice, the following combined strategy is useful to solve hierarchical planning prob
lems systematically. 

1. Use asymptotic analysis as a first cut of the problem. 

2. Use the randomized decision strategy or a priori strategy to get more information of 
the problem. 
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Easy First Cut 

Adaptability usag,~ 

Hard Detailed Analysis 

3. Use simulation analysis or the re-optimization strategy to analyze the problem in detail. 

We conjecture that the randomized decision strategy is another useful tool for probabilistic 
and hierarchical combinatorial optimization problems. To illustrate the randomized decision 
strategy, we will present a hierarchical scheduling problem and a hierarchical vehicle routing 
problem in the subsequent sections. 

3 The Hierarchical Scheduling Problem 

In this section, we consider a typical hierarchical planning scenario in the practical scheduling 
environment called the hierarchical scheduling problem (HSP) that can be defined as follows: 

Let M = {I, 2,"', m} be the set of machines and J = {I, 2,"" n} the set of jobs. 
Each job j E J has random processing time ft) that has distribution function F. If job j 
is processed at machine i, the processing cost d.) is incurred. Each machine i E M has the 
acquisition cost C" If the sum of processing time assigned to machine i is more than qi, 
the overtime penalty cost is incurred. At the first (aggregate) level, one must decide on the 
acquisition of several types of machines. At the second (detailed) level, one must decide 
on the assignment of jobs to the machines acquired at the first level. Our objective is to 
minimize the sum of the total acquisition cost, the processing cost, and the overtime penalty. 

Dempster et al. [14] considered the simple hierarchical scheduling problem; they assllme 
that machines are identical or uniform. The second level problem is solved by a list scheduling 
heuristic, while the first level problem is solved by a simple formula or a greedy heuristic. 
Under several assumptions, they prove that their combination algorithms of several heuristics 
give asymptotically optimal solutions. 

We may assume more general scheduling environment. But for comparison, our model is 
similar to theirs. Remark that our solution strategy is more general, so we can extend the 
result developed in this section to more practical and realistic cases. 
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This section is organized as follows. In subsection 3.1, we explain precious definition of 
our model. In subsection 3.2, an approximate solution method based on the randomized 
decision strategy is presented. 

3.1 Problem Definition of the HSP 

The HSP has two level decision stages; aggregate level and detailed level. At the aggregate 
level, we must decide on the acquisition of several types of machines. More precisely, the 
problem can be stated as follows: 
(ALP: Aggregate Level Problem) 

(9) 

subject to 

(10) 

mm L e.y. + J g(y, p)dF(p) 
'EM 

y. E {D, I} Vi E M. 

Given a realization p = (Pi, P2, ••• ,Pn) of random .vector p and the first level decision 
vector y = (YlJ Y2,· .. , Yrn), we can calculate the second level cost function g(y, p) as follows. 

(11) 
( ) f z·(y,p) ifz·(y,<I»i=oo 

9 Y,P = 'l penalty of overtime if ZO(y,<I» = 00, 

where ZO(y, p) is an optimal solution of the following second level decision problem: 
(DLP : Detailed Level Problem) 

(12) ZO(y, p) = min L L dijx'j 

'EM' }E} 

subject to 

(13) LX.} = 1 Vj E J, 
'EM' 

(14) L PjXij ~ qi Vi E M/, 
jE} 

(15) x'j E {D, I} Vi E M/,Vj E J, 

where M/ = {i E M I Yi = 1}. 

3.2 Randomized Algorithm for the HSP 

In this subsection, we use the randomized decision strategy to get an approximat.e solution 
method to the HSP. The reason we must use the approximation method is threefold: 

1. The overtime penalty cost is difficult to estimate. 

2. Since the number of the possible instances is exponentially large, the integrand in (9) 
is hard to estimate. 

3. The subproblem DLP is NP-complete; we can not solve the DLP many times. 
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The penalty of overload can be incorporated using the chance constraint method (see for 
example Charnes and Cooper [11]). Instead of minimizing the penalty function g(y, <1» in 
(11), we determine the first level decision so that the second level problem has a feasi ble 
solution with probability at least 1 - t. Furthermore, the second level decision is relaxed 
to the randomized one; the second level decision vector x is random variable drawn from 
distribution G. As a result, we get the following randomized decision problem: 
(Randomized Decision Problem) 

(16) mm L C.Yi + J L :[ diixiidG(x) 
'EM iEM ;EJ 

subject to 

(17) 

(18) 

Pr(LPjXii ~ qiYi, Vi E: M) ~ 1 - f, 

JEJ 

Yi E {D, I} Vi EM. 

If we assume randomized decision Xij at the second level and the processing time Pi are 
independent random variables such that D ~ xii ::; 1 and D ~ Pi ~ 1, the problem above can 
be approximated by the following problem: 
(Reduced Randomized Decision Problem) 

(19) min L CiYi + L L: E(dii)E(Xii) 

subject to 

(2D) 

(21) 

(22) 

iEM iEM iE.l 

L E(Xii) = 1 Vj E J, 
iEM 

L E(Pi)E(Xii) ~ giY. Vi EM, 
JEJ 

Yi E {D, I} Vi E M, 

where g. is determined as follows: 

(23) gi = qi + %1" - f.'1" + ~1"2 
and 

m 
(24) 1" = In -. 

f 

The problem defined above is essentially the capacitated location problem that has been 
extensively studied by many authors (see for survey [28]), and can be solved efficiently though 
the problem is known to be NP-hard [19]. 

Let the optimal solution vectors of the problem above be y and x. The first level decision 
is deterministic; if Yi = 1 then machine i must be acquired, while the second level decision 
is the randomized one; job j must be assigned to machine i with probability Xi;. 

When the deterministic information of jobs is available, we may re-optimize the second 
level decision problem. In this case, the second stage problem is essentially the parallel shop 
scheduling problem. We may assign jobs to the machines acquired at the first stage by the 
randomized decision strategy. This strategy gives an approximate solution of the second 
stage decision problem, but the solution is guaranteed to be feasible with high probability. 
We use the following lemma to analyze the worst case bound of our algorithms. 
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Lemma 1 (Hoeffding [22}, see also Angluin and Valiant [2}, Raghavan [35} ) 
If W 1, W2, ... , W N, are independent random variables such that 0 :s: Wt :s: 1 for i = 1,2,· .. , N. 

For 0 < f3 < 1 

(25) 

where 

(26) 

and 

(27) 

Q 
Pr(w ~ (1 + (3)S) < exp- 3 

To get the worst case performance of randomized decision strategy for HSP, we need 
scaling of random variables ,Iij • Without loss of generality, we can scale the problem instance 
so that the random variables dij for all i E M,j E J are less or equal to 1. If we adapt 
the randomized decision str.ategy after appropriate scaling of variables, we can get the worst 
case performance in a probabilistic sense as shown in the following theorem. 

Theorem 1 Let Zl = LiEM CiYi and Z2 = LiEM LiE} E(dii)Xii where Y and x are the 
optimal solution vectors of the reduced randomized decision problem (19)-(22). Assume that 
for 0 < E < 1 and for all k := 1,···, m, 

(28) • I m q" > 3 n-
E 

and 

(29) 
1 

Z2 > 3In-. 
E 

Then the randomized decision strategy gives a feasible solution whose objective function value 

is less than Zl + Z2 + ~n ~ with probability at least 1 - E. 

Proof: Consider a machine j. Observe that LiE} P/iij is the sum of random indepen

dent variables, we can adapt Lemma 1 with f3 in (25) being J t In ~. Since ti) > 31n ~, we 
get {J < 1. Since the expected value of the sum of the random variables is less or equal to 
tij, we can get 

(30) Pr(L: p;53 i j ~ (1 + (3)q;) :s: exp-fJ'ci;/3 . 
iE} 

This inequality means the probability that overload occurs is less or equal to ;; = exp-fJ'<i;/3. 
Consequently, we can get the probability with which all machines satisfy the production time 
constraints is at least (1 - ;;)m ~ 1 - E. 

Next we turn to prove the performance of the objective function value obtained by ran
domized decision strategy. We determine binary variables Xi for all i E M by coin tossing. 
Since the trials of coin tossing are independent and dijXij is less or equal to 1, we can adapt 

Lemma 1 with f3 in (25) being J!;ln ~. Remark that the assumption Z2 > 3ln ~ means 
f3 < 1. Thus we can get 

(31) Pr(L: L: dijXij ~ (1 + (J)za) :s: exp-fJ'.,/3(= E). 
iEM jE} 
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This inequality shows the objective function value obtained by randomization is less than 

Zl + (1 + f3)Z2 = Zl + Z2 + j3z21n ~ with probability at least 1- f. This proves the theorem. 
I 

We illustrated the randomized decision strategy using a simple scheduling problem. Our 
result can be easily extend to more practical variations of the hierarchical scheduling problem. 
Dempster et al. [H] described several extensions of the hierarchical scheduling problem such 
as the objective is to minimize the total or maximum tardiness when jobs have common due 
dates. Our algorithm is more flexible. We can extend our model to the case when jobs hiLVe 
different due dates or the general job shop case. 

4 The Hierarchical Vehicle Routing Problem 

In this section we consider a hierarchical vehicle routing problem (HVRP). This problem 
arises when we do not have exact information a.bout the demands of customers who are 
served by vehicles of limited capa<;ity from a common depot. 

The HVRP is composed of two decision levels: at the first level, decision to acquire several 
types of vehicles has to be made based on imperfect information about the actual demands of 
future customers, and at the second level, the route of each vehicle has to be determined to 
satisfy the demands of all customers. Our objective is to minimize the sum of the acquisition 
costs of vehicles and the sum of the variable costs of the routes. Of course, decision at the 
second level must be made after the exact locations and demands of the customers are known. 

We adapt the ra.ndomized decision strategy to the HVRP. Since the HVRP is more com
plex than the hierarchical scheduling problem, we must use several heuristics to develop an 
approximate algorithm for the HVRP. 

This section is organized as follows. In subsection 4.1, we briefly review the previous works 
for the HVRPs. In subsection 4.2, precious definition of the HVRP which we concentrate 
on is described. In subsection 4.3, the randomized decision strategy combined with several 
heuristics is used to the HVRP. Analysis of the heuristic is also presented. 

4.1 Previous "Torks to the HVRP 

The HVRP is an extended version of the classical vehicle routing problem (VRP), in which 
customers have to be served by vehicles subject to constraints on the total load in each 
vehicle under deterministic information about customer locations and demands. The VRP 
has been treated by many researchers. Bodin et al. [7] provides an overview and Christofides 
et al. [12] suggested a general framework for the VRP. 

Spaccamela, Rinnooy Kan and Stougie [37] considered a simplified version of the HVRP 
that can be defined as the following two stage decision problem. At the first level, the 
decision must be made about the number of vehicles acquired at a known identical cost to 
serve customers from a single depot. They assume the customers are uniformly distributed 
in a circle with the depot at its center. At the second level, the vehicles whose number mllst 
be decided on at the aggregate level must be routed to service customers to minimize the 
maximum route length assigned to a vehicle. They proposed a combination procedure of 
several heuristics and proved the asymptotic optimality of the algorithm. 

Several authors considered a stochastic version of the VRP in which the demand of e2LCh 
customer is a random variable whose value is unknown until the vehicle arrives that cllstomer. 
The objective is to minimize the expected daily costs that consists of the expected routing 
cost and the expected cost of servicing customers who could not be serviced. Dror and 
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Trudeau [16] proposed a heuristic algorithm based on the Clark and Wright saving method 
[13]. 

Jaillet and Odoni [24] considered the VRP with demands generated according t.o Binomial 
distribution. The problem is to determine a fixed set of routes of minimal expected total 
length, which corresponds to the expected total length of the fixed set of routes plus the 
expected value of the extra distance that might be required by a particular realization of the 
random variables. They proposed two strategies and analyzed them. 

4.2 Problem Definition of the HVRP 

To provide a precious statement of this problem, we introduce several notations. 
Let 

m be the number of vehicles, 

M be {1,2,"',m}, 

D be the depot, 

Vo be the customer locations, 

V be {D} U Vo, i.e. V be a set of nodes that are composed of customers plus the depot, 

c,,(k E M) be the acquisition cost of vehicle k, 

q,,(k E M) be the capacity of vehicle k, 

<1>i( i E Vo) be the random variable that represents the demand of customer i, 

F be the probability density function of the random variable vector <1> = (<1>1"'" <1>IVol)' 

!l>i(i E Vo) be the realized demand of customer i, 

dij(i E V, j E V - {i}) be the direct travel cost from i to j, 

z~ be the optimal value of the first level decision problem, 

zi(y,!l» be the optimal value of the second level decision problem, which is the function 
of the first level decision vector y = (YI>"', Ym) and the realized demand vector 
!l> = (!l>I>"', !l>lvol), 

g(y,!l» be the recourse function of the second level problem. 

Without loss of generality, we assume D ~ <1>i ~ 1 for all i E Vo. 
Using the notations above, the HVRP can be formulated as the following two stage 

stochastic integer programming problem: 
(First Level Decision Problem) 

(32) 

subject to 

(33) 

z;· = min L c"y" + J g(y, !l»dF(!l», 
"EM 

y" E {D, I} Vk E M, 
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(34) 

and 

(35) 
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1 if vehicle k is acquired 
o otherwise 

,r ,efl) = { z;(y,efl) if z;(y,efl)"# 00 

9 \Y penalty of overload if z;(y, efl) = 00, 
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where function Z;(lI, efl) represents the optimal value of the second level decision problem 
given the first level decision vector y and the realization of random vector efl. 

More precisely z~;(y, efl) is determined in the following way: Given a realization vector q) 
of random variables and the first level decision vector y, the second level decision problem 
can be defined as follows. 
(Second Level Decision Problem) 

(36) 

subject to 

(37) 

(38) 

(39) 

( 40) 

(41 ) 

where 

( 42) 

z;(y, efl) = min L L cli; L ~ijk 
ieV jev keM 

L L ~ijk = 1 Vi E Vc, 
;ev keM 

E~ijk = E~lik Vi E V,k E M, 
jev leV 

L L ~ijk ~I S I -1 VS ~ Vc, k E M 
ies jes 

E efl i E ~ijk ~ qkYk Vk E M, 
ieV ;ev 

~ijk E {O, I} Vi,j E 'V, k EM, 

if vehicle k visits node j immediately after visiting node i 
otherwise. 

The problem de15ned above is very hard one, because it has a stochastic nature and 
contains NP-hard problems. Thus, some approximation techniques must be used. In the 
next subsection, we develop an approximate algorithm based on the randomized decision 
strategy. 
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4.3 Randomized Algorithm for the HVRP 

We use three approximation methods that are 

1. Replace the routing (osts with the insertion costs to the seed customers, 

2. The overload penalty costs are approximated by chance constraints, i.e. the probability 
with which the overload occurs is at least, say <, 

3. Replace the deterministic decision with the randomized one. 

The second level problem is essentially a vehicle routing problem (VRP) under determin
istic information. Since routing decisions are very complex and we are not interested in the 
actual routes at the first level, we decomposed the second level decision problem into two 
decision problems, i.e. the vehicle allocation stage and the traveling salesman stage, and 
approximate the traveling salesman problem ( see Fisher and Jaikumar [18]). 

The second stage problem can be rewritten in the following way: 
(Second Level Decision Problem) 

( 43) 

subject to 

(44) 

( 45) 

( 46) 

where 

( 47) 

z;(y, ell) = min L hex) 
kEM 

L Xik = 1 Vi E 110, 
kEY 

L elliXik ~ qkYk Vk E M, 
iEV 

Xik E {O,l} Vi E V,k E M, 

{
I if vehicle k is assigned to customer i 

Xik = 0 otherwise 

and fk(X) is the optimal traveling salesman tour in Nk = {i I Xik = I}, i.e. the set of 
customers who are assigned to vehicle k. Since fk(X) is a very complex nonlinear function, 
we use the following linear approximation: 

( 48) fk(X) = L ~ikXik. 
iEV. 

To construct a linear approximation of fk( x), we begin with a set S of seed customers 
that are assigned to respective vehicles. The coefficient ~ik is then set equal to the cost of 
inserting customer j into the route in which vehicle k travels from the depot to customer ik 

and back directly, i.e. 

(49) ~ik = min{doi + dit - dot,diO + dti - dto}. 
tES 

We replace the second level decision with the randomized one so that the expected cost 
over infinite time horizon is minimized. In this case, the decision variable :iik represents the 
probability with which vehicle k is assigned to customer i. 
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The penalty of overload can be incorporated using the chance constraint method (see for 
example Charnes and Cooper [11]). Instead of minimizing the penalty function g(y, <1» in 
(35), we determine the first level decision so that the second level problem has a feasible 
solution with probability at least 1 - €. 

If we are given randomized decision vector x whose distribution function is G, then we 
can get the following stochastic programming problem. 
(Randomized Decision Problem) 

(5D) min L CkYk + J L I: t:..ikXikdG(x) 
kEM iEVo kEM 

subject to 

(51 ) Pr{L ~iXik ~ qkYk, Vk E M} ~ 1 - f, 

iEV 

(52) Yk E {D, I} Vk E M. 

Since the randomized decision problem defined above is too complex to solve directly, we 
use some approximation techniques. If we assume randomized decision variables Xi) and the 
demand of each cllstomer ~i are independent random variables sllch that D ~ Xi) ~ 1 and 
o ~ ~i ~ 1, the mndomized decision problem above can be approximated by the following 
mixed integer programming problem. 
(Reduced Randomized Decision Problem) 

(53) 

subject to 

(54) 

(55) 

(56) 

(57) 

where 

(58) 

and 

(59) 

z = min L CkYk + L L t:..ikE(Xik) 
kEM iEVo J:EM 

L E(Xik) = 1 'vi E Vo, 
kEY 

L E(~i)E(Xik) ~ qkYI, Vk E M, 
iEV 

Yk E {D, I} Vk E M, 

m 
'Y = In-. 

f 

The problem d€~fined above is essentially the capacitated location problem that has been 
extensively studied by many authors (see for survey [28]), and can be solved efficiently thol\gh 
the problem is known to be NP-hard [19]. 
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Let the optimal solution vectors of the problem above be y and x. First level decision is 
deterministic; if Yk = 1 then vehicle k must be acquired, while the second level decision is 
the randomized one; vehicle k must be assigned to customer i with probability Xik. 

When deterministic information of customer demands is available, we may re-optimize 
the second stage decision problem. In this case, the second stage problem is essentially the 
vehicle routing problem. 

We may assign vehicles acquired at the first stage to customers by the randomized decision 
strate'gy and solve the traveling salesman problem on the node set assigned to each vehicle. 
This strategy gives an approximate solution of the second stage decision problem, but the 
solution is guaranteed to be feasible with high probability. More formally, the performance 
of the randomized algorithm can be guaranteed by the following theorem. 

Theorem 2 Given an m disjoint partition Vl> V2 , •• " Vm of V that satisfies 

(60) L E(~i)E(Xik) ~ qk k = 1"", m. 
iEVl 

Assume that for 0 < f. < 1 and for a/l k = 1"", m, 

(61) . I m qk> 3 n-, 
f. 

the total demand does not exceed the capacity of every vehicle qk = qk + ~; In 7 with 
probability at least 1 - f.. 

Proof: Consider a vehicle k. Observe that LiEVl ~iiik is the sum of random indepen

dent variables, we can adapt Lemma 1 with f3 in (25) being J-l;ln 7' Since ih > 3ln 7, we 

get f3 < 1. Since the expected sum LiEVl E(~i)E(Xik) is less or equal to qk, we can get 

(62) 

This inequality means the probability that overload occurs is less or equal to ;; = exp-(32cjt/3 . 

Consequently, we can get the probability with which all vehicles satisfy the capacity con
straints is at least (1 - ~)m ~ 1 - e. I 

5 Concluding Remarks 

In this last section, we mention some extensions to other problems and describe several open 
problems in this area. 

The techniques derived in this paper are immediately extendible to the following problems: 

1. The Hierarchical Scheduling Problems. 

We derived a randomized algorithm to a simple parallel shop scheduling problem in 
section 3. Our techniques to derive randomized algorithms can be extended to more 
general environments, such as the scheduling problem with due dates, the maximum 
lateness minimization problem, the flow shop scheduling problem, the job-shop schedul
ing problem, etc. 
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2. The Hierarchical Vehicle Routing Problems. 
We derived a randomized algorithm to a st~ndard vehicle routing problem in section 
4. Our techniques to derive randomized algorithms can be extended to more general 
environments, such as the multi-depot vehicle routing problem, the time-constrained 
vehicle routing problem, the several problems that contain location decision, the three 
or more stage hierarchical vehicle routing problems, etc. 

We then summarize the major open problems in the area of the hierarchical decision 
problems. 

1. Deriving exact procedures to the hierarchical decision problems. 
Using the randomized decision strategy, we can get the lower and probably good upper 
bounds of the hierarchical decision problems. Furthermore, if we use the a priori 
strategy proposed by Jaillet (23] and Bertsimas (5], the valid upper bound can be got. 
Combining the lower and upper bounds results in the exact or fathoming procedure to 
the hierarchical decision problems. This combined procedure gives more information to 
the decision maker than the lower bounding procedure or the upper bounding procedure 
alone. 

2. Formulate and analyze other hierarchical decision problems in practical situations. 
We showed simple examples of the hierarchical decision problems such as schedu(ing 
and vehicle routing. Many problems are remaining to be analyzed and solved. 

Though the techniques suggested in this paper can be applied several other practical 
situations, we feel that the gaps between practice and theory are rather large; much rem;tins 
to be done. 
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