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Abstract An adaptive exponential smoothing method is proposed by use of the change detection statistic 
for random level change in exponential smoothing, where the mean, the variance, and the limiting distri
bution of the statistic are derived. The comparison results with Trigg and Leach's and the exponential 
smoothing method by simulation show that the proposed method gives the smaller mean square error than 
the exponential smoothing for almost all cases, while it performs better than Trigg and Leach's for frequently 
occurred large level changes. 

1. Introduction 
Exponential smoothing is onc of the simplest and most well known, forecasting meth

ods having been successfully applied for many years. There have been several articles 

concerning the method (Brown[2], [3]), the theory behind the method (Box and Jenk
ins[lJ, Harvey[9]), and the application of the method(Brown[3], Box and Jenkins[l]). 

It has been long known, however, that one of the deficiencies of the method is its 

inability to respond quickly to interYentions, to interruptions, or to large changes in level 

of the underlying process. To overcome such problems, there have been several methods 

proposing that the proportionality constant used in exponential smoothing depend on 

forecast error or recent realizations of the process (Van Dobben de Bruyn[4], Chow[5], 

Roberts and Reed[13]' Jun and Oliver[l1J and others). One such method and probably 

the most successful to date is to use a tracking signal defined as the absolute value of 
the ratio of exponentially smoothed errors to the exponentially smoothed absolute errors 

(Trigg and Leach[15]). 

In this pflper a new adaptive proportionality constant is proposed to monitor ex

ponenti<11 smoothing in case of repeated occurrences of random level change, using the 

test st<1tistic derived in the previous p<1per of Jun[9J to detect an occurrence of random 

If'vd ch<1nge in application of the exponential smoothing method. The statistic is the 

qll<1dratic function of the one-step-ahead forecast errors obtained by exponential smooth

ing, where the same discount factor used in the exponential smoothing method is applied 

to the forecast errors. The proposed proportion<1lity constant is based on the rabo of the 
change detection statistic using the exponential smoothing forecast errors to those using 

the absolute valnes of the errors. A simulation comparing this method with both Trigg 

11lld Le<1ch's[15J mf'thod and with the original exponential smoothing method shows the 

sllggestf'd md.hod performs better th<1n Trigg and Le<1ch's as the random level changes 
OCCllr mor!' fre(plPntly and the size of the change hecome's larger. 
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2. Change Detection Statistic 

The well known exponential smoothing forecast updating equation is given by 

ft := ft-l + (1 - a)et-l; et-l := Zt - ft-l (1) 

where the one-step-ahead forecast, ft-I, for the random variable, Zt, made at time 

t - 1 and el-1 defines the corresponding one-stcp-ahead forecast error. According to 

the updating equation, the exponential smoothing forecast geometrically discounts the 

previous observations by their ages, i.e. 

00 

ft = (1 - a) L aiZt_i (2) 
;=0 

Jun[9] formulates an occurrence of random level change in the underlying process 

following the simple dynamic linear model of Harrison and Stevens[8] by inclusion of a 

dummy yariahle, 6, representing a random lcwl change. The equations of motion for the 

random ohseryation, Zf, the unknown random Icn·l, Lt, a major lew·l change, 6., and the 

random noise terms, (It, b" are given by 

Zt+l := Lt+l + (It+l, 

L t+1 := Lt + bt+1 , 

t := 0,1, .. " n - 1 (3a) 

(3b) 

(3c) 

{(I t} and {hi} arc assumed to be serially uncorrelated Gaussian inputs with mean 0 

and known Yariances a~ and al, respectively. Lo, 6, {at}, {b,} and the random variable 

of t.he change point, !If, are also assumed mut.ually independent. 

Harrison[7] shows that the updating equation (1) gives optimal forecasts, meaning 

minimum mean square error, in the above model when there is no major level change i.e. 

6 := O. In .Jlln[10] a test statistic is derived to cktect a major level change, 6., occurring 

at. unknown time !If, after n observations for any giwn prior distributions of La, 6 and 

1\/. Assl1ming the diffuse priors of 6 and !If, it is also shown that the test statistic to 

detect an abrupt level change in exponential smoothing becomes 

S - e2 (e n -2 + O'e n _d2 
. . . (el + ae2 + ... + a n

-
2en _l ? (4) 

n - n-l + 1 + 0'2 + + 1 + a 2 + ... + a2n-4 ' 

where {et} are the one-step-ahead forecast errors from the exponential smoothing method. 

Exponential smoot hing sl1pplies aCCl1rate forecast.s with uncorrelat.ed small fOff'cast 

error when random lewls flllctllate within the uSl1allimits of the pert.urbation noise. In 

this case, the change detection statistic of equation (4) becomes small. vVhen a large level 

change OCCl1rs, hO\\,f'ver, t.he exponent.ial smoothing forecasts take time t.o adapt to the new 

kycl callsing large forecast. errors with a l"lm aftf'r the change. For f'xample, suppose that 

a large level change occurs hetwf'en Zt and Zt+ 1. Tlwn e" the first forecast error following 
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the change becomes very large and the next forecast errors decrease exponentially until 

the exponential smoothing forecasts adapt to the new level. Thus the quadratic term 

including Ct + O:Ct+l + ... + o:n-t-l cn _ 1 in equation (4) greatly affects Sn, allowing for 

detection of the change. Note that the same discount factor used in the exponential 

smoothing is applied to the forecast errors and each term in the change detection statistic 

represents the log·-likelihood ratio of an occurrence of level change to no change, i.e. L\ -=1= 0 

V.s. L\ = 0 in equation (3) at every possible change point. 

The null distribution of the statistic Sn in the above equation is not simple, except 

that S2 = ci with the chi-square distribution. The exact mean and variance of the 

statistic, however, can be calculated by equation (4). The derivation and the proof of the 

limiting distribution following the normality are shown in Appendix I. In addition, Sn 
can be transforml'd using a linear combination of i.i.d. chi-square random variables. The 

critical vctlues of the null distribution of the statistic might be calculated by numerical 

integration as in Sen and Srivastava[14]. 

3. Adaptive Exponential Smoothing 
The use of the data-independent proportionality constant in the forecast updating 

equation (1) of exponential smoothing gives appropriate forecasts when the random levels 

fluctuate within the usual limits. However, once an unusual large level change occurs, it 

can hardly adapt to the new level. 

Thus the construction of a truly adaptive proportionality constant using the change 

detection statistic is proposed as follows: 

where {e,} are the one-step-ahead forecast errors obtained by the original exponential 

smoothing. The adaptive proportionality constant consists of the ratio of the change 

detection statistic, S" the change detection statistic, has the same form as in equation 

( 4). Tt has the same functional form as St but uses the absolute values of one-step-ahead 

forecast errors obtained by equation (1). The adaptive proportionality constant, "t, is the 

ratio of S, to Tt and has a value between zero and onc. When the exponential smoothing 

produces accurate forecasts with uncorrelated small forecast errors, K.t becomes small so 

that the next forecast has a value close to the current forecast. On the other hand. once 

a large level change has occurred, t.he exponential smoothing needs enough time to adapt 
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to the new level. Thus {ed after the change become unusually large with a run until the 

exponential smoothing forecasts increase to the new level. The subsequent large value of 

the change detection statistic makes '"'t large and the next forecast reflects much of the 

current forecast error. 

4. Comparison with 'I'rigg and Leach 

Trigg and Leach[15] recognized the need for a truly adaptive proportionality constant 

which dcpf'nded not only on the time but also on the values of observations as they 

occurred. The algorithm can be summarized as follows. Construct a tracking signal 

based on the absolute ratio of exponentially smoothed one-step-ahead forecast errors to 

exponentialIy smoothed absolute values of one-step-ahead forecast errors. That is, 

It = It-1 + ,",t(Zt - It-1) 

IPt I 
Kt=--

Iqt I 
Pt = (1- O(Zt - It-1) + ept- I , 0 < e < 1, Po given 

Qt = (1- 0 I Zt - It-l I +eQt-l, Qo given 

(6a) 

(6b) 

(6c) 

(6c) 

The parametpr Kt is continuously adjusted and is data-dependent. Although the 

underlying theory of this model is not well understood, it has successfully stood the test 

of time. 

5. Simulation Results 
For pnrposps of simulation, we modifif'd Serif'S A of Box and Jenkins. Each yah\(' of 

Box and .Tf'nkins Sf'l"if's A is multiplif'd hy J5 making tlw yariance of spries in this papf'l" 

5 tim('s that of the one gin'n by Box and J('llkins. The series used in t.his paper consists 

of observat.ions 1 through 100 of the original Series A. 

Paramder f'stimation was based on a grid search using the first 60 observations (see 

.Tun and Oliyer[ll]; .Jun[lO]). Thp estimatps yielded Q = 0.775 for exponential smoothing 

and [ = O.D,Po = Qo = 0.1 as the best fit for Trigg and Leach's method. 160 = 37.6 was 

used for initial forecast for the last 40 ohservations (61 through 100) as used in Jun[10], 

.Tun and Oliyer[ll]. 

The following modification of the last 40 observations allowed a comparison. First, 

ch;mge points were randomly chosen with equal probability from the 62nd to the lOath 

and the number of changes occurring in the 3D periods was given by an odd number from 1 

to 9. Second, the different sizes of the level change were generated from Gaussian random 

variahles wit.h mean 0 and variances of 1, 5, 10, 15 and 20. These values were added to 

each observation from the change point t.o the end of t.he series. 

For each set of values of the numhpr of the changes and the change size, one humll"f'cl 

modified s('rips were genf'rated and forecasted hy the propospd m('thocl, Trigg aml Leach's 

and ('xponpntiaI smoothing. The average ratio of sum of sqllarf'd one-stpp-ahead forf'cast 
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errors from one hundred experiments for each case is given in tables 1 and 2. In table 

1, the ratios of mean square error(MSE) from the exponential smoothing to that from 

the proposed method are presented. From table 1, we see that, with the exception of the 

case of one level change of the smallest size, the proposed method performs better than 

exponential smoothing. From table 2 we see the proposed method performs better than 

Trigg and Leach's method as level changes occur more frequently and the size of change 

Increases. 

The paired comparison one-sided test for mean difference of MSE obtained by the 

three methods showed statistically significant differences among the three methods for 

most cases. For each set of values of the number of change and the change size given, the 

differences of the MSE obtained by each method for each trial of 100 experiments were 

calculated and the sample mean and standard deviation of those values were obtained, as 

shown on t.able 3 and 4. 

For illustration of the proposed met.hod, the series of Jun[10) was used. This is the 

same series used for the above comparison except that it includes one level change with 

size of 1.5 at the 71st observation. Figure 1 shows the series and the one-step-ahead 

forecasts made by the proposed mf'thod and by Trigg and Leach's. The proposed method 

spems to supply forecasts more quickly adapting than Trigg and Leach's to the level 

change artificially made at the 71st observation and to the suspected level change at the 

!)5th, and returning to the previous level after the suspected outlier occurred on the 64th 

observation. 

Appendix I: Limiting distribution of Sn 

For the simplicity of notation, we set E( cn = 1. 

Rearranging terms in equation (4) yields 

where 

Noting that 

n-l ( k 1 )2 
Sn = 'V"' cn-k + O'e n -k+1 + ... + a - en -l 

~ 1 + a 2 + .. ·a2k - 2 
k=1 

n-ln-1 

= L 2.: ojj(O')ejej, 
i=1 i=1 

min(i,j) 

Oij(O')= L 
k=1 

1 + 0'2 + ... + a2n-2k-2 . 

n-l 71-1 j-l 

Sn = 2.:aii(n)e;+2LLOij(0')eiej 
i=1 :;=1 j=1 

and, the uncorrelatedness of e; and eiej yields 

(1) 

(2) 

(3) 
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E(Sn) = (n - 1), 

and 
n-l n-l i-I 

Var(Sn) = 2)a;;(0))2(T -1) + 4 L L)a;j(0)}2, 
;=1 i=1 j=1 

where T = E(e1). 

and 

\Ve can find 111 < 00 such that 

From (5), wc hayc 

Therefore, 

n-l n-l 

L a;j(O')c7 = Le; + Op(1) 
i=1 i=1 

n-l ;-1 n-I ;-1 

L I::ajj(O')eiej = L L oi-jeiej + Op(1). 
i=1 j=1 ;=1 j=1 

n-I n-l 
Sn = L L oli-jleiej + Op(1). 

i=1 j=1 

Derivation of limiting distribution of Sn 

(4) 

(5) 

(6) 

Obsf'rYc that Sn = f.~Anf.n' whcrf' f.n = (el'···' en-I)' and An is an (n -·1) X (n -1) 
matrix whose (i,j) ckm('nt is oli-jl. LC'tting Un = A~/2f.n = (U I ,·· .,Un-d', whcre A~/2 
is an (n - 1) x (11 - 1) matrix satisfying A~/2 A~/2 = An. The covariance matrix of Un is 

An, which is thf' covariancc matrix of an AR(!) proccss with correlation eocffici('nt 0' and 

i.i.d. (0,1 - ( 2 ) scqucncc of noise. 

Therf'fore, thuc is a sequence of i.i.d. N(0,1 - ( 2 ) sequence {€;}~-oo of noisc such 

that 

Un =oUn- 1 +€n, n=···-2,-1,0,1,2,···. 

Tllf'rf{ore, 

and the limiting distribution of 11-1 Sn is the same as the limiting distribution of unad

justcd sample yariance of a first order AR(1) proccss. Hencc, und('r normalit.y of errors 

{en }, 
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See Fuller([6]' p.254). Also from (4) and (5), we can show 

Therefore, 

1
. Var(Sn) 
Im{ ( I 2}=1. n-+oo 2n l+(2 )1(I-a) 

Sn-(n-l) 

JVar(Sn) 
=> N(O,I). 
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Table 1: The Ratio of MSE from One Hundred Experiments by Exponential 
Smoothing to That by the Proposed Method 

# of changes 1 3 5 7 9 
change size 

N(O,l) 0.910 0.997 1.038 1.131 1.142 
N(0,5) 1.097 1.373 1.378 1.559 1.565 

N(O,lO) 1.161 1.533 1.672 1.691 1.734 
N(0,15) 1.264 1.675 1.782 1.785 1.805 
N(0,20) 1.530 1.885 1.962 1.880 1.942 

Table 2: The Ratio of MSE from One Hundred Experiments by Trigg and 
Leach's to That by the Proposed Method 

# of cha.nges 1 3 5 7 9 
change size 

N(O,l) 0.896 0.933 0.984 0.997 1.023 
N(0,5) 0.921 1.026 1.089 1.133 1.163 

N(O,lO) 0.943 1.056 1.135 1.182 1.204 
N(O,15) 0.952 1.078 1.152 1.201 1.220 
N(0,20) 0.969 1.115 1.172 1.199 1.250 
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Table :3: The Sample Mean and Standard Deviation of Each MSE by the 
Exponential Smoothing Minus the Corresponding MSE by the Proposed 
Method for One Hundred Experiments 

# of changes 1 3 5 
change size 

N(O,I) -2.3822- -0.0280 1.1161° 
(2.5255) (5.1650) (5.9357) 

N(0,5) 3.2365- 17.2040- 21.6841-
(10.7284) (23.3656) (24.1472) 

N(O,lO) 5.9402- 33.4479' 57.9092' 
(16.1254) (34.1657) (632040) 

N(O,L,)) 11.0847- 53.6636- 89.8398-
(24.1604) (51.377:1) (94.8549) 

N(0,20) 28.5673- 86.3778- 133.6199-
(50.0816) (90.5187) (151.4268) 

- denotes statistIcal dJ1ference at 1 % SIgnIficance level 
° denotes statistical difference at 5% signdicance level 
( ) denotes standard deviation 

7 9 

4.6092- 4.9681-
(10.3457) (8.8117) 

39.1881- 42.641 r 
( 41.5836) (38.2683) 

73.9488- 101.3740' 
(77.9015 ) (111.0934) 

114.4028' 15.'i.6021' 
(116.2482) (165.6708) 

168.1504- 225.6369-
(164.6463) (219.6084) 

Table 4: The Sample Mean and Standard Deviation of Each MSE by Trigg 
and Leach's Minus the Corresponding MSE by the Proposed Method for 
One Hundred Experiments 

# of changes 1 3 5 
change size 

1'1(0,1) -2.8510- -1.928:3- -0.5533° 
(I.4656) (3.067:1) (3.1354) 

\1(0,5) -2.5294- 1.199ao 5.0797-
(2.6912) (6.469!l1 (9.7060) 

N(O,lO) -2.0290' 3.548U* 11.6159' 
(3.2957) (9.903:11 (19.0098) 

N(0,I.5) -1.9401- 6.1369- 17.4680' 
(3.6995) (129862) (26.7668) 

N(0,20) -1.7426- 11.220~i- 23.8374' 
(4.7433) (17.8283) (29.9112) 

- denotes statistIcal dIfference at 1% SIgnIficance level 
° denotes statistical difference at 5% signillicance level 
( ) denotes standard deviation 

7 9 

-0.0937 0.8149 
(5.1973) (5.0564) 

9.2847' 12.2914' 
(15.7323) (146952) 

19.4891- 28.1838' 
(23.3178) (30.0127) 

29.2695- 42.6142' 
(34.0890) (434612) 

37.5854- 60.0328-
( 45.7776) (538075) 
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Figure 1. One-step-ahead forecasts by Trigg and Leach's 

and the proposed method 
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