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Abstract In this paper we first introduce effectivity functions and some of their properties, especially 
balancedness. By using a specific characteristic function which enables us to transform a game in the 
effectivity function form into that of the characteristic function form, we show that balancedness of the 
effectivity functions is sufficient for the stability, i,e" the existence of the core whatever preference ordering 
each player has. Our main result states that balancedness is a necessary and sufficient condition for the 
stability as long as the effectivity functions satisfy anonymity and neutraility. 

1. Introduction 
This paper deals with the problem of the existence of the core in a social choice theory. 

Consider a society N consisting of n players. Each player has a preference ordering 
over A, the set of m possible alternatives. A social choice function{SCF), which is a rule 
of aggregating the preference orderings of all players' to choose some alternatives socially 
desirable (e.g., the majority voting rule, the Borda voting rule, etc.) is given. 

Some players may form a coalition S in order to reflect their preferences in the group 
to the social choice when doing such a behaviour is more beneficial than acting by himself. 
Corresponding to each SCF, a mapping E from every coalition to a family of subsets of 
A, called an effectivity function, is defined. For every B, subset of alternatives B E 
E(S) implies that the coalition S can restrict the result of social choice within B. A triple 
(A, E, RN) is called an n-person cooperative g;ame in the effectivity function form 
- a game in which the society chooses some alternatives from A through the preference 
ordering of each player under the rule prescribed in the effectivity function. An alterna.tive 
a E A is said to be dominated by the coalition S if there exists B E E(S) such that ev.ery 
members of S prefers strictly any alternative of B to a. The core is the set of all alternatives 
which cannot be dominated by any coalition. 

An effectivity function is called stable when the existence of the corresponding core is 
guaranteed whatever preference ordering each player has. Demange [3] showed that any core 
of game with a strictly stable effectivity function, including convex one, is nonmanipulable 
in an optimistic sence. This implies that if the final social choice belongs to the core given a 
preference profile, then all players are convinced to accept it without complaint. Meanwhile, 
if there exists preference orderings under which the core is empty, the corresopnding SCF is 
considered to be incomplete. Therefore, it is important to show the stability of the effectivity 
function. Actually, several approaches to this problem has been attempted. The pioneering 
work was made by Moulin and Peleg [11]. They proved that an additional effectivity 
function is always stable. Peleg [12J showed that a convex effectivity function is also stable. 
Successively, it was shown that acyclicity is a necessary and sufficient condition for the 
stability of the effectivity function by Keiding [7J. Following this work, we shall try to 
investigate the relation between balancedness of the effectivity function and stability. 
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The concept of balancedness has been known as one of the typical conditions which gu
rantee the existence of the core in a game with a characteristic function. Indeed, in 1962 
Bondareva [2J found that balancedness is necessary and sufficient condition for the existence 
of the core of a game with side-payments by using the duality theorem of linear program
ming. Following this work, Shapley [14J derived the relaxed condition of balancedness from 
Bondareva's theorem. In 1967, Scarf [13J developed an elegant procedure to obtain an el
ement of the core of any balanced game without side-payments by applying the Lemke's 
complimentarity method. In this paper we shall extend these results to the game with an 
effectivity function. By considering a special type of the characteristic function used by 
Peleg in [12], we can easily transform a game in the effectivity function form into that of 
the characteristic function form. We first show that Scarf's theorem is applicable in general 
to our scheme, which enables us to obtain an element of the core of social choice problem 
systematically. Furthermore, we shall prove that balancedness is a necessary and sufficient 
condition for stability whenever our effectivity function satisfies anonymity and neutrality, 
of which precise definitions will be given in the succeding section. 

2. Notation 
Let N = {l, ... , n}, n ~ 2 be the set of players (called a society) and A = {aI, ... , am}, 

m ~ 2 be the set of alternatives. Any nonempty subset S of N is called a coalition. P(D) 
denotes a family of all nonempty subsets of D and P 2(D) = P(P(D)). Each player i in N 
is assumed to have a nonnegative real-valued utility function u i : A --+ n~ t1. U i denotes 
the set of all feasible utility functions of player i. A utility profile is a combination of all 
players' utility functions, written by UN = (u 1

, u2
,"', un) E UN, where UN = HiENU i is the 

Cartesian product of U i over the society. A social choice function(SCF) F : UN --+ P(A) 
is a mapping by which socially desirable alternatives are determined through the preference 
orderings of all players. Such a function is assumed to be given throughout the paper. 

3. Definitions and Basic Properties 
First, we shall introduce the concept of effectivity functions with some of their properties 

and next, define the core of an n-person cooperative game in the effectivity function form. 

Definition 3.1 An effectivity function is a mapping E : P(N) --+ P2(A) which satisfies 
the following conditions: 

(1) A E E(S) for every S E P(N), 
(2) B E E(N) for every B E P{A). 

An effectivity function which assignes to every coalition a family of subsets of alternatives 
must satisfy that (1) any coalition can enforce A, the set of all alternatives (which is same 
to say that it is always possible for every coalition to make no use of its power) and (2) the 
society as a collectivity can always enforce any subset of alternatives (namely, it has mighty 
power to exclude any undesirable alternatives). 

We shall call a triple (A, E, uN) an n-person cooperative game in the effectivity 
function form, where A is the set of alternatives, E is an effectivity function, and u is a 
given utility profile. (A, E, 'UN) is a game in which a society chooses some alternatives from 
A through the utility profile under the rule prescribed in the effectivity function. And every 
player can try to form coalitions if he thinks that it is more beneficial to him than acts alone. 
Such a game makes us possible to treat the topics about the core in a scheme of social choice 
theory. Next, let us define the core of the game (A, E, UN). 

f1n~ == [0, CXJ) 
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Definition 3.2 Let E : P(N) --+ P2(A) be an effectivity function and let a utility profile UN 

be given. Futhermore, let B E P{A) and a E A \Bt2. B dominates an alternative a via a 
coalition 5 E P(N), written by B dom( UN, 5)a, if B E E(5), ui(B) > ui( a)t3 for every i E;: 5. 

The core is defined as follows: 
C(A, E,uN

) = 

{a E A I there exists no 5 E P(N) and no B E P(A) such that Bdom(uN ,5)a}. 

Definition 3.3 A function E: P(N) --+ P2(A) is stable, if and only if 
for every UN E UN, C(A,E,uN ) =I- 0. 

An effectivity function is called stable when the existence of the core is guaranteed whatever 
utility function each player has. That is to say, the core corresponding to each logically 
feasible preference ordering over A should be nonemptyt 4 • 

Definition 3.4 A function E : P{N) --+ P2(A) it, called monotone, if and only if for every 
5,5' E P(N) and e)'Jery B, B' E P(A), 

BE E(5), B' =:J Band 5' =:J 5 =;. B' E E(5'). 

Monotonicity means that when some players join a coalition, the coalition maintains its 
previous power, and that every coalition is allowed to be not fully influencing the social 
choice. 

Definition 3.5 Let E : P(N) --+ P2(A) be an effectivity function. Let BE P(A), 5 E P(N) 
and B E E(5). Tht monotonic cover Em of E is defined as follows: 

B E Em(5)~, there exists B' and 5' such that B' c B,5' C 5 and B' E E(5'). 

It immediately follows that Em is a monotone effectivitity function. 

Theorem 3.6 (Peleg[12, Lemma 6.3.4.], 1983) Let Em be the monotonic cover of an tffec
tivity function E. Then, for every uN E UN, C(A, Em, uN) = C(A, E, UN). 

This theorem permits us to assume, without loss o[ generality, that E is monotone. Hereafter, 
instead of the effectivity function itself, we shall use its monotonic cover implicitly as long 
as the core of the game in the effectivity function form is concerned. 

4. Balancedness 
In this section, first, we shall briefly enumerate the definition of a cooperative game in 

the characteristic function form and discuss some related issues about its balancedness. 
Next, with these backgrounds, we shall define balancedness of an effectivity function and 
introduce a specific characteristic function VE,U

N 
which can be obtained from the effecti~ty 

function given and enables us to transform a game in the effectivity function form into that 
of characteristic function form. It will be shown that the balancedness of the effectivi~ 
function is equivalent to that of a game in the characteristic function form with vE,u . 

Finally, we shall prove that if an effectivity function is balanced, then it is stable, i. e., the 
core corresponding to any feasible preference profile always exists. 

Definition 4.1 An n-person cooperative game without side-payment is a pair (N, v), 
where N is a society and v : P(N) --+ n~t5 (called a characteristic function) which sat
isfies the following conditions: 

t2a E A\B <:} a E A and a ~ B 
Pui(B) > ui(a) <:} ui(b) > ui(a) for Vb E B 
t 4Let IAI == m and 1Nl == n, where IXI denotes the cardinarity of X. Assume that every player has a 

strict utility over A which admits no tie between any two different alternatives. Then, the total number of 
every possible utility profile is (m!)n and thus, the stabili t.y of the effectivity function requires that the same 
number of the cores bt: guranteed to exist. 

tsnZ denotes the nonnegative orthant of dimension n. 
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(1) v(S) =I 0 for every S E P(N), 
(2) v(S) is closed for every S E P(N), 
(3) x E v(S), yE nt' and X

S ~yS '* yE v(S), 
(4) for every S E P(N), v(S) = {X S I x E v(S)} is bounded. 

Note that X S is a vector obtained by projecting x E nt' onto the nonnegative orthant of 
dimension equal to the number of players in S, i.e., S = {i l , ... , is} '* X

S = (Xil"'" Xi.) E 

n! and v(S) = v(S) x n~\s. For x,y En!, x ~(» y means that Xi ~(» Yi for every i E S. 
Next, we shall define the core of (N, v). 

Definition 4.2 Let y E v(J\T). x dominates y via S, written by xdom(S)y, if there exists 
x E v(S) such that X S > yS. 

The core is defined as follows: 
C( N, v) = {x E v(N) I there exists no S E P( N) and no z E v( S) such that z do m (S)x }. 

Note that v(N) is the set of all feasible vectors for the grand coalition N. Thus, the core 
of (N, v) is the set of all undominated feasible vectors, i.e., x E C(N, v) means that it is 
impossible for any coalition to block x. 

Definition 4.3 S = {S;}JEK' K = {I, 2,···, k} is called a balanced collection, if it sat
isfies the following condition: 

there exists Ij E n~ such that L oJ = 1 for every i E N, 
JEK(i) 

where Ij = (01,"" Ok)yt6 and K(i) = {j E K liE SJ and SJ E S}. 
The concept of t.he balanced collection can be rewritten in the matrix version. Let e = 

(1,1, ... ,1)T E nt' and r := h'J)' i = 1,···, n, j = 1"", k such that 'YiJ = 1 if i E SJ 
and 'YiJ = 0 if i f/. SJ' Then, the above definition can be restated as the existence of an 
nonnegative vector Ij which satisfies r . I) = e. That is to say, e is spanned by ,1" .. "k, 
the column vectors of the matrix r and can be written as the nonnegative combination of 
such vectors. 

Definition 4.4 An n-person cooperative game without side-payment (N, v) is balanced, if 
the following is satisfied: for any balanced collection S = {S;}JEK' 

X
S) Eo:: v(SJ) for every SJ E S '* x N E v(N). 

Scarf proved that a sufficient condition for the existence of the core of an n-person cooperative 
game without side-payment (N, v) is balancedness. 

Theorem 4.5 (Scarf[13J, 1967) If (N, v) is balanced, then the core C(N, v) is nonempty. 

Lemma 4.6 Given E: P(N) -+ P 2 (A) and UN, define VE,U N as follows: 
E UN N N . . 

v' (S) == {x E n+ I there exists B E E(S) such that x' ~ min u'(b) for every i E S}. 
bEB 

Then, (N, vE,UN) is an n-person cooperative game without side-payment. 

Proof: Relations (1) to (4) of Definition 4.1 directly follow from our definition 
of vE,U N. Q.E.D. 

Lemma 4.7 (Peleg[12, Theorem 6.A.7.a.J, 1983) Given an n-person cooperative game in the 
characteristic function form without side-payments (N, vE,U

N
), 

C(N, vE,U
N

) =I 0 '* C(A, E, UN) =I 0. 

t6xT denotes the transpose of the vector x. 
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Definition 4.8 A function E : P(N) --+ P2(A) :is balanced if the following condition is 
satisfied: for any balanced collection S = (SJ)JEK and BJ E E(SJ)' j E K, 

n( U BJ)#0, 
iEN JEK(i) 

where K = {1,2,·.·. k}, K(i) = {j E K liE SJ and SJ E S}. 

An effectivity function is balanced when there exists at least one alternative which any player 
in the society can commonly enforce through some coalition to which he belongs. 

Lemma 4.9 A function E : P(N) --+ P 2 (A) is balanced, if and only if for any utility 
profile UN, a game (N, vE,U

N
) is balanced. 

Proof: (Necessity.) Take an arbitrary balanced collection S = {SJ}JEK and let 
x N E VE,U

N 
(SJ), for every SJ E S. Then, from Lemma 4.6, for every j E K, 

there exists BJ such that minbEEJ ui(b) ~ x' for every i E SJ' Hence, 
min ui(b) ~ x' for every i E N. (1) 

bEUJEK(i) E J 

From the definition of balancedness of the effectivity function, we can take an 
alternative (say a) which belongs to the term of the right-hand side of Definition 
4.8. Then, for every player i, a E UJEK(i) Br Hence, 

min u'(b) ~ ui(a) for every i E N. (2) 
bEUjEK(i) E J 

From (1),(2) and Definition 3.1, N is effective over any subset of alternatives, 
and thus, we can get 

there exists {a} E E(N) such that ui(a) ~ xi for every i E N. 
We obtain the desired result, x N E VE,U

N (N). 
(Sufficiency.) Assume, on the contrary, that there exists a balanced collection 

S such that niEN(UJEK(i) BJ ) = 0. Then, the following is satisfied: 

For every a E A, there exists ia E N such that a fi U BJ • 

JEK(ia) 
Set lA to {ia I a E A}. And let uia satisfy uia(UJEK(ia)BJ) > uia(a) for every 
ia E lA' Then, 

min u'a(b) > uia(a), for every ia E lA' 
bEUJEK(ia ) E J 

Define x N as follows: 

x
N = { 

This vecter satisfies the condition X Sj E vB,U
N 

(SJ) for every Sj E S. But for 
every a E A there exists ia such that xia > uia(a), and therefore x N fi VE,U

N (N). 
Thus, the game (N, VE,U

N
) is not balanced. Q.E.D. 

Theorem 4.10 A function E : P(N) --+ P2(A) 1S stable if E is balanced. 
Proof: E is balanced if and only if for every UN, (N, VE,U

N
) is balanced. Then, 

for every uN, C(N, VE,U
N

) is nonempty from Theorem 4.5 and so does C(A, E, 
uN) from Lemma 4.7. From Definition :l.3, E is stable. Q.E.D. 

Theorem 4.10 makes us possible to use Scarf's algorithm for obtaining an element of the 
core by considering the specific characteristic function obtained from a balanced effectivity 
fundion t7 . We showed in Theorem 4.10 that if an effectivity function is balanced, then it 

FIn [9] we were given a simple example how to utilize Scarf's algorithm to obtain the elements of the core 
of the game in the effectivity function form. 
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is stable. But, in general, the reverse does not always hold true. The example given below 
treats the case where the effectivity function is stable, but not balanced. 

Example 4.11 Let N = {I, 2, 3, 4} and A = {a1, a2, a3, a4}' Define an effectivity func
tion as follows: E(N) = peA}, E({1,2,3}) = {ad+, E({1,4}) = {a2,a3}+, E({2,4}) = 
{a2,a4}+, E({3,4}) = {a3,o4}+, E({1,2,4}) = E({1,4})UE({2,4}), E({1,3,4}) = E({1,4} 
) U E({3,4}), E({2,3,4}) = E({2,4}) U E({3,4}) and otherwise, E(S) = {A}, where 
B+ = {B' I B' E peA), B' =:J B}. Peleg[12, Example 6.3.16.j showed that it is stable. 
Take Sl = {1,2,3},S2 = {1,4},S3 = {2,4} and S4 = {3,4}. Then, S = {Sl,S2,S3,Sd 
is a balanced collection with nonnegative weights d1 = 2/3, d2 = d3 = d4 = 1/3. Let 
B1 = {a1}, B2 = {a2' a3}, B3 = {a2, ad and B4 = {a3, a4} sY,ch that BJ E E(SJ), j = 
1,2,3,4. Then, UJE K(1)BJ := B1 U B2 = {al,a2,a3}, UJE J(2)BJ = Bl U B3 = {al,a2,a41, 
UJE K(3)BJ = B1 UB4 = {a[,a;),a4} andUJEJ(4)BJ = B2 UB3 UB4 = {a2,a3,a4}' Then, 
niEN(UJEK(i) BJ) = 0. Thus, the effectivity function is not balanced. 

5. A Necessary and Sufficient Condition for Stability 
The example given in the previous section motivates us to search for conditions guaran

teeing that an effectivity function is balanced whenever it is stable. In this section we shall 
introduce some concepts and related properties of an effectivity function which is indispens
able for our proof. 

Definition 5.1 A function E : peN) - P2(A) is anonymous, if and only if for every 
SE peN) and every B E PIA). 

BE E(S), S' E peN) and IS'I = ISI ~ B E E(S'). 

Definition 5.2 A function E : peN) -- P2(A) is neutral, if and only if for every S E 
peN) and every B E peA), 

BE E(S), B' E peA) and IB'I = IBI ~ B' E E(S). 

In the former definition, not identity but number of the players in a coalition matters only 
and in the latter, number of a subset of alternatives. 

Definition 5.3 Let E : P(N) -- P2(A) be a neutral effectivity function. The veto function 
is defined in the following fashion: 

VE(S) = m - eE(S), where eE(S) = min IBI. 
BEE(S) 

Let eE(0) = m + 1 and, then v(0) = -1. Given E and S, eE(S) indicates the minimum 
number of alternatives which S can enforce. Thus, the veto function reflects the power of 
the coalition S, i. e., the maximum number of alternatives that it can block. 

Definition 5.4 For every S E peN) the proportional veto function is to be defined as 
follows: 

v(S) = [mISI] _ 1, 
n 

where [x] is a upper G aussian number of x, i. e., the smallest integer z such that z ~ x. 

If the given effectivity function E satisfies the following a proportional condition concerning 
the power of each coalition: IBI = m + 1 - [mISI/n] for every S E peN), then we directly 
have VE = v. It is easy to extend this relation between VE and v. Indeed, VE(S) ~;v(S) holds 
for every S E peN), if and only if the SCF corresponding E does not permit proportional 
power to each S in the sense that IBI ~ m+ 1- [mISI/n], or equivalently IBI > m(n-ISD/n. 

Theorem 5.5 (Moulin[lO], 1981) Let E : peN) - P2(A) be an effectivity function with 
anonymity and neutrality. Then E is stable if and only if v E (S) ~ v( S) for every S E P( N), 
where v E is the veto function and v is the proportional veto function. 
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Finally, we reach the last thresh-hold of our main theorem through the complicated chains 
of definitions, lemmata and theorems. And our last work is to prove the proposition that an 
effectivity function is balanced whenever it is stable. 

Lemma 5.6 (Ichiishi[6]' 1988) If S = {5) LEK is a balanced collection, then S = {S) LEI\ 

is also a balanced collection, where 5) = N\5). 

Theorem 5.7 Let E : P(N) --+ P2(A) be an effectivity function with anonymity and neu
trahty. Then E is balanced if and only if it is stable. 

Proof: Necessity comes from Theorem 4.10. It remains to prove sufficiency. 
From Theorem 5.5, it is enough to show that an effectivity function is balanced 
if IBI > m(n -151)/n for every B E E(5) and every 5 E P(N). Suppose that E 
is not balanced. Then, there exists a balanced collection {5) LEK which satisfies 
the following condition: 

Thus, 

there exists B) E E(5)),j E K; n ( U B)) = 0. 
iEN )EK(i) 

for every a E A, there exists i EN; a E B) ::::} i E 5). 
Let us define an m x k matrix:::: = (~i)) such that ~i) = 1 if ai E B) and ~i) = 0 
if ai fj. Br From Lemma 5.6, we know that there exists a nonnegative weight 
vector 6 such that 1'·6 = etB. Then, for every al E A, there exists i E N such that 
7'~~1 for every I = 1,···,m, where 7i = C'Yil,···,'Yik) and ~l = (~11,···,6k). 
As 1 = 7i . 6~; ~ I . 6, for every l = 1, ... , m, :::: . 6 ~ e. Then, by multiplying both 
sides of the latter inequality relation by eT, we can get L)EK IB) 15j ~ m. From 
the assumption 

2: IB)15j > 2: m(n -15)1)5) =!!!: 2: ISjI5), 
)Ek )El{ n n )El{ 

we can get L) El{ IS) 15) < n. On the other hand, from the fact that eT . r· 6 = 

eT. e, L)EK I~;')I ~ = n and a contradiction occurs. Thus, E is balanced. Q.E.D. 

6. Concluding Remarks 
We showed that if an effectivity function is balanced, then it is stable and if it is anonymous 

and neutral, then the balancedness of the effectivity function is a necessary and sufficient 
condition for it to be stable. 

Including the majority voting rule and the Borda voting rule, most of actual voting rules 
have anonymous and neutral effectivity functions. This implies that balancedness is equiv
alent to stability in a usual social choice scheme. Though we have been discovered no 
algorithm to check whether or not the given effectivity function is balanced yet, if we obtain 
an algorithm, we can find whether or not it is stable at once. 

Related to the sta,bility of the effectivity function, we can refer to the recent development by 
Mizutani, Hiraide and Nishino [8]. They showed that the problem to check the unstability 
of the effectivity function belongs to NPC with respect to the computational complexity. 
This suggests that the problem to check the balancedness of the given effectivity function is 
intractably hard to solve. 

j8r = ('Vij),i = l,···,n,j = l,···,k such that 'Vij = 0 ifi E 5 j and 'V. j = 1 ifi rf. 5 j . 
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