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Abstract In this paper, we consider to apply a primal-dual proximal point algorithm to the multicom
modity network flow problem. A remarkable feature of the algorithm consists in how to find an approximate 
saddle point of the augmented Lagrangian of the problem. In particular, at each iteration, an approximate 
solution of the subproblem always satisfies the flow conservation equations for all commodities. This prop
erty often turns to be very useful in practical applications. We show some results of numerical experiments 
and examine the effectiveness of the proposed algorithm. 

1. Introduction 
The multicommodity network flow problem is an important class of network optimization 
problems, in which arcs are shared by several commodities and the flow of each commodity 
must be conserved at every node. Applications can be found in such diverse areas as data 
communication systems, transportation systems of crops, goods or vehicles and production 
lines of resources and products. 

Let C = (N, A) be a directed graph, where N = {I, 2, ... ,m} is the node set and 
A = {I, 2, ... ,n} is the arc set. We consider a multicommodity network flow problem on C 
having K distinct commodities. To formulate the problem, we introduce some notations: 

Xkj E R: the flow of commodity k on arc j, 
Xk = (Xkl' Xk2, ... ,xkllf E Rn: the vector of flows of commodity k, 
x = (Xl, X2,' .. ,:1:n) E RnK: the vector of flows for all commodities, 

K 

Yj E R: the total flow on arc j, i.e., Yj = E Xl'j, 
k=l 

Y = (Yl, Y2, ... ,Ynf E Rn: the vector of total flow, 
!k : Rn -t (-00, +00]: the cost function associated with flow of commodity k, 
9 : Rn -t (-00, +00]: the cost function associated with total flow, 
E E Rmx,,: the node-arc incidence matrix of graph C, 
bki E R: the requirement for commodity k at node i, 
bk = (bkl , bk2 , ... , bkmf E Rm: the vector of requirements for commodity k. 

We assume that, for each commodity k, the total demand equals the total supply, i.e., 
m 

E bki = O. We also assume that the cost functions !k and 9 are closed proper convex. 
i=l 

Now we formulate the multicommodity network flow problem as follows: 

K 

P: minimize E !k(xt} + g(y) 
k=l 

subject to EXk = bb k = 1,2, ... ,K, (1.1 ) 
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298 S. Ibaraki & M. Fukushima 

(1.2) 

Constraints (1.1) are the flow conservation equations for individual commodities, whereas 
(1.2) is a coupling constraint that links together the flows of all commodities. In particu
lar, the latter constraint hampers straightforward decomposition of problem P into single 
commodity subproblems. 

Note that problem P explicitly contains equality constraints only. Inequality constraints 
such as arc capacity constraints may be regarded as a part of the cost functions 1k and g, as 
shown by the following two important examples of multicommodity network flow problems. 
In these examples, we assume that the functions 1k and 9 are separable, i.e., 

n 

1k(Xk) = 'L1kj(Xkj), for all k = 1,2, ... ,K (1.3) 
j=l 

and 
n 

g(y) = 'Lgj(Yj). (1.4) 
j=l 

When the cost functions are separable, the algorithm proposed in this paper is particularly 
effective, as will be shown in Section 3. 
Example 1 (Linear multicoIllIllodity network flow problem [1, 2, 15]): 
Let 

1,( .) - {akjXkj if 0 ~ Xkj ~ Ckj, 
k] Xk] - +00 otherwise, 

for all k = 1,2, ... , K,j = 1,2, ... , n, and 

() { 
0 if 0 ~ Yj ~ dj, 

gj Yj = +00 otherwise, 

for all j = 1, 2, ... ,n. Then problem P is rewritten as 

minimize 

subject to 

K n 

'L'LakjXkj 
k=l j=l 

EXk = bk , k = 1,2, ... , K, 
K 

'L Xkj ~ dj, j = 1,2, ... , n, 

k=l 

o ~ Xkj ~ Ckj, k = 1,2, ... , K, j = 1,2, ... , n. 

In this problem, Ckj is the capacity for the flow of commodity k on arc j, while d j is the 
capacity for the total flow on arc j. 
Example 2 (Traffic assignment problem [6, 18]): 
Let 

( ) 
_ { 0 if 0 ~ Xkj ~ Ckj, 

hj Xkj - +00 otherwise, 

for all k = 1,2, ... , K, j = 1,2, ... , n. Let the functions gj be given by 
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where 9j : R ----'> [0, +00) is an arc travel cost function which is nonnegative, increasing and 
convex. Then the traffic assignment problem may be formulated as 

minimize 

subject to 

" L gj(Yj) 
j=l 

EXk = bk , k = 1,2, ... , K, 
K 

Yj = L Xkj, j = 1,2, ... , n, 
k=l 

o :::; Xkj :::; Ckj, k = 1,2, ... , K, j = 1,2, ... , n. 

In this problem, it is often assumed that Ckj := +00 for all k and j, in which case the 
Kuhn-'IUcker conditions for the problem represent the well-known user optimal principle in 
a congested traffic network [6]. 

Various methods have been proposed to solve nonlinear multiconullodity network flow 
problems, including the traffic assignment problem. For example, linear approximation 
methods [4, 5], the Frank-Wolfe method [7, 18] and gradient projection methods [3] be
long to the class of algorithms that take advantage of the network structure. In addition, 
dual approaches have also been studied extensively in conjunction with various optimization 
techniques, e.g., a subgradient method [8], descent methods [9, 11] and relaxation methods 
[19,24]. Note that all of the above mentioned methods except [11] deal with the Lagrangian 
dual problem obtained by relaxing both the coupling constraints and the flow conserva
tion equations, while the method of [11] utilizes the Lagrangian dual problem obtained by 
relaxing the coupling constraints only. 

The purpose of this paper is to present a primal-dual proximal point algorithm for 
the convex multicommodity network flow problem P. The proximal point algorithm and 
its variants have been studied extensively [13, 21, 23, 25]. In particular, the algorithm 
proposed in this paper is closely related to the one presented by the authors in [13], which is 
tailored to the linearly constrained convex programming problem. The method of [13] uses 
the ordinary Lagrangian dual problem obtained by relaxing all linear constraints, while the 
method of this paper deals with the Lagrangian function formed by relaxing the coupling 
constraints (1.2) only. Note that the dual optimality is attained when the primal feasibility 
is satisfied, i.e., the relaxed constraints of the primal problem are satisfied. In practice, 
however, we cannot proceed the iteration of the algorithm infinitely, so that an obtained 
solution usually satisfies the feasibility conditions only approximately. Nevertheless, such an 
approximate solution still satisfies the flow conservation equations (1.1) for all commodities, 
because they are not relaxed when forming the Lagrangian function. This property often 
turns out to be very useful in such practical applications as telecommunication networks 
and road traffic networks, where the flow conservation equations (1.1) are hard constra.ints 
while the coupling constraints (1.2) are soft constraints imposed to take into account the 
congestion effect. 

In Section 2, we present the primal-dual proximal point algorithm based on [13] and 
discuss its convergence property. The convergence results do not depend on the separability 
of the objective function of problem P. In Section 3, we apply the algorithm to the separable 
problem and specify the details of the algorithm. In Section 4, we report some results of 
numerical experiments. Finally we make concluding remarks in Section 5. 
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2. Primal-Dual Proximal Point Algorithm 
Let f~ : Rn -> (-00, +00] be defined by 

f" ( ) - {fdxd if Exl.; = bl.;, 
I.; Xk - +00 otherwise. 

Then problem P is reformulated as 

K 

llllmmlze L il.;(Xk) + g(y) 
1.;=1 

subject to 

(2.1 ) 

For this problem, let p denote the vector of Lagrange multipliers and define the Lagrangian 
L: RnK X Rn X Rn -> (-00,+00] by 

K K 

L(x, y,p) = L ik(XI.;) + g(y) - (p, L Xk - y), 
k=l k=1 

where (', -) denotes the inner product. 
Now we may define the dual of problem P as follows: 

D: maximize 'ljJ(p) , 

where the dual objective function 'ljJ is given by 

'ljJ(p) = i~f L(x, y,p). 
xERnh ,yERn 

(2.2) 

For (x, y) to solve P and p to solve D, it is necessary and sufficient that the following 
Kuhn-Thcker conditions hold: 

pE oil.;(xd, k = 1,2, .. . ,K, 

-p E og(y), 
K 

Y = LXI.;, 
k=l 

where 0 ik and og denote the subdifferential operators of ik and g, respectively. These 
conditions imply that (x, y,p) is a saddle point of the Lagrangian L. When problem P 
has an optimal solution (x, V), the existence of a multiplier vector p satisfying the above 
Kuhn-Thcker conditions is guaranteed, provided that P is strongly consistent, i.e., there is 
at least one feasible solution in the relative interior of the effective domain of the objective 
function [20, p. 300]. 

The primal-dual proximal point algorithm [13, 21, 23, 25] is an iterative method that 
generates a sequence of points converging to a Kuhn-Thcker point of the problem. Each 
iteration consists of finding an (approximate) saddle point of a convex-concave function, 
which is obtained by augmenting the Lagrangian by quadratic terms of both primal and dual 
variables. For problem P, the augmented Lagrangian L(p,) : RnK X Rn X Rn -+ (-00, +00] 
at the IL-th iteration is given by 
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where ,Ut) is a positive constant and 'I . 1 denotes the Euclidean norm. Note that L(p) is 

strongly convex and strongly concave with modulus ,~) in (x, y) and in p, respectively. 

There are two strategies to find an approximate saddle point of LU,): One is that we 
first maximize LU') in p and then approximately minimize the resulting function of (x, y) 
[21,23], i.e., 

(2.4) 

and the other we first minimize L(p) in (x, y) and then approximately maximize the resulting 
function of p [13], i.e., 

(:r;(P+l),y(p+l),p(p+l)) ~ argmax{ min L(P)(X,y,P)}' 
pER" zER"li ,yER" 

(2.5) 

In the proposed algorithm, we adopt the latter strategy to find an approximate saddle point 
of L(p). The difference between the two strategies will be clarified in the following. 

In order to exa.mine (2.5) more closely, we define 

(x(p), y(p)) = arg min L(p)( x, y, p) 
zER" li .yER" 

(2.6) 

and 

L(p)(x(p), y(p),p) 

= m~n L(p)(x, y,p). 
xERnli .yER" 

(2.7) 

Note that (x(p), y(p)) is the exact minimizer of L(p) with p being fixed, which uniquely 
exists because of the strong convexity of L(p) in (x, y). In this paper, we assume that the 
exact minimizer can actually be computed for all p. Then, by the definition (2.1) of j~, the 
flow conservation equation for each commodity is always satisfied by (x(p), y(p)). Note also 
that 'I/;(p) is a closed concave function [20, Th. 12.1J. Since (x(p),y(p)) is uniquely obta.ined, 
the function 'I/;(p) is continuously differentiable [17, §8.5 Cor. 1] and its gradient is given by 

K 1 
"V'I/;(p)(p) = y(p) - :E Xj;(p) - W(p - p(I')). 

k=l , 

Using (2.6) and (2.7), the formula (2.5) can be rewritten as 

p(p+l) ~ argmax 'I/;(p)(p) 
pE:R" 

and 

(2.8) 

(2.9) 

(2.10) 

The above maximization of 'I/;(p) in (2.9) is an unconstrained smooth optimization problem, 
which may usually be solved iteratively. Since the function 'I/;(p) is continuously differentiable, 
we can use a gradient-based algorithm like a quasi-Newton method. The gradient "V'I/;Ut)(p) 
is obtained as a by-product of evaluating 'I/;(p)(p). For the iterations of maximizing 'I/; !it) , we 
may adopt one of the following two termination criteria: 

(2.11) 
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where f U,) are positive constants such that 

(2.12) 

and 

(2.13) 

where 8U,) are positive constants such that 

(2.14) 

Applying the results in [13, 21] to the algorithm (2.5), or equivalently (2.9)-(2.10), we 
obtain the following convergence theorem. Recall that the mapping T-1 is said to be 
Lipschitz continuous at the origin with modulus a 2: 0, if T- 1(0) is single-valued and there 
exists T > 0 such that Iz - 1'-1(0)1 ::; alwl for all z E 1'-1(W) and Iwl ::; T [21]. 

Theorem. Suppose that problem P is strongly consistent and has at least one optimal 
solution. 
(a) If the algorithm is executed under criterion (2.11) with a sequence bUd} bounded away 
from zero, then the sequence {(x(!') , y(!'l, pt!'»)} generated by (2.5) is bounded and converges 
to (x, y,p), where (.x, y) is optimal for problem P and p is optimal for problem D. 
(b) Let 1'L : RnK X Rn X Rn --+ RnK X Rn X Rn be the multifunction (point-to-set mapping) 
defined by 

{(u, v, w) IUk E 8Xk L(x, y,p), Vk, v E 8y L(x, y,p), wE -8p L(x, y,p)} 

{(u, v, w) IUk E 8fk(xk) - p, Vk, v E 8g(y) - p, w = E Xk - Y} . 

Assume that Ti1 is Lipschitz continuous at the origin with modulus a 2: O. If the algorithm 
is executed under criterion (2.13) with a non decreasing sequence {,,/I')}, then the sequence 
{(x(!'),y(I'),p(!'»)} is bounded and converges to (x,y,p), where (x,y) and p are the unique 
optimal solutions for P and D, respectively. Moreover, there exists an integer p, such that 

l(x{!'+1),y(!'+1),p(!'+l») - (x,y,p)1 ::; e(!')I(x(!'),yU'),p(!'») - (x,y,p)l, VI-£ 2: p" 

where 

3. Algorithm for Separable Problems 
In this section, we assume that the cost function of problem P is separable, that is, the 
functions fk and g in problem P are given by 

and 

n 

fk(xk) = 'Lfkj(xkj), for all k = 1,2, ... ,K 
j=l 

n 

g(y) = 'L gj(Yj), 
j=l 

(3.1 ) 

(3.2) 
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respectively. (See (1.3) and (1.4).) We also assume that the functions ikj and gj are closed 
proper convex. 

We describe in some detail the proposed algorithm, which exploits the separability of 
the problem. From the separability of ik and g, it follows that the function L(/L) in (2.:3) is 
also separable in XI, and Yj when P is fixed. Therefore, the minimization of D/L) in (2.G) is 
carried out separately in Xk and Yj. Specifically, (x(p), y(p)) in (2.6) is evaluated as follows: 

Xk(p) = arg x~l~i}l" {~{ fkj(Xkj) + 2,~/L) (Xl:j - x~))2 - PjXkj }I EXk = bk} (3.3) 

for all k = 1,2, ... , K, and 

( ) _ . { () 1 ( (/L))2 } Yj Pj - arg ~~~ gj Yj + 2,(/L) Yj - Yj + PjYj (3.4) 

for all j = 1,2, ... , n. 
In (3.3), the computation of Xk(p) reduces to solving a single commodity network flow 

problem with a strongly convex separable cost function, for which a variety of methods are 
available to solve such problems [12, 16,22]. In (3.4), the computation of Yj(Pj) becomes a 
univariate minimization problem with a strongly convex objective function. The minimizer 
Yj(Pj) may often be expressed in a closed form, or it can at least be computed accurately 
enough by using an appropriate one-dimensional optimization technique such as the golden 
section method and Newton method. 

Recall that the maximization in (2.9) is a differentiable unconstrained optimization prob
lem whose objective function 'ljJ(/L)(p) and its gradient "il'ljJ(/L)(p) can be computed using :r(p) 
and y(p), which are obtained by (3.3) and (3.4), respectively. Since the minimization prob
lems in (3.3) and (3.4) are in general solved iteratively, the proposed algorithm may have a 
triple-loop structure. Namely, the outmost loop is the iteration of the primal-dual proximal 
point algorithm, the middle one is the iteration of maximizing 'ljJ(/L) to compute p(/L+11 by 
(2.9), and the inmost one is the iteration to compute x(p) and y(p). 

4. Numerical experiments 
In this section, we present some numerical results with the proximal point algorithm that 
uses the criterion (2.13) for approximate solution of sub problem (2.9). In particular, we 
examine how the performance of the algorithm is affected by varying parameter values. All 
codes were written in FORTRAN 77 and run in double precision on a FACOM M1800. 

4.1. Test problems 
All test problems are multicommodity network flow problems with separable costs: 

minimize 

subject to 

K n n 

EEfkj(Xkj) + Egj(Yj) 
k=1 j=1 j=1 
EXk = bk, k = 1,2, ... , K, 

K 

Y = LXk., 
k=1 
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where the components of bl.; are integers randomly generated from the interval [1,10] and 
the functions hj and 9j are respectively defined by 

for k = 1,2, ... , K, j = 1,2, ... , n, and 

for j = 1, 2, ... , n, where akj, qkj and Ckj are integers randomly generated from the intervals 
[1, a], [1, a] and [1,10]' respectively, and a is a positive integer. We shall denote this problem 
by P( m, n, K, a). Note that a represents the condition of the problem, i.e., the larger the 
value of parameter a is, the worse the condition of the problem. 

4.2. Solution of subproblems 
Computing pUL+1) by (2.9) amounts to maximizing the continuously differentiable concave 

function 1jJ(Il) approximately. To solve this unconstrained optimization problem, we used a 
quasi-Newton (BFGS) method coded by Fukushima [14, pp. 141-166]. To evaluate the 
functional value 1jJ(Il)(p) and the gradient value \l1jJ(I1)(p) at each trial point p, we have to 
compute (x(p),y(p)), which is the exact minimizer of the right-hand side of (2.6). (See 
(2.7) and (2.8).) Since the cost functions are separable in our test problems, (xl.;(p),Yj(p)) 
can be computed by (3.3) and (3.4) separately for k = 1,2, ... , K and j = 1,2, ... , n. In 
particular, (3.3) is a single commodity network flow problem with separable costs. To solve 
this problem, we used the method developed by the authors in [12]. 

4.3. Determination of parameters 
The algorithm contains two parameters ,(11) and b(Il), which we call the proximal and 

tolerance parameters, respectively. 
For the proximal parameters ,(11), we tested two strategies: one is to set ''1(1') to be a 

constant t > 0 for all J..L and the other is to update ,(Ill adaptively by 

",,(11) == {{3t,(1l-1
) if ,(1'-1) < t, 

I h' J..L = 1,2, ... , ot erWlse, 
(4.1 ) 

with an initial value ,(0) > O. 
Next, we consider the tolerance parameters b(Il). Theoretically, b(ll) has to tend to 0 as 

J..L ---> 00 by the condition (2.14). But it is usually impractical to use too small a value of 
b(Il), because then the criterion (2.13) becomes very severe and hence a lot of CPU time is 
required to attain (2.13). Here we simply set b(ll) = 10-1 for all J..L. 

4.4. Results 
We summarize the results of our numerical experiments in three tables. The data in 

each table are the average of four different test problems randomly generated. 
First, we examined the performance of the algorithm for various values of the proximal 

and tolerance parameters. Tables 1 and 2 respectively contain the results for test problems 
P(100, 500, K, 102

) and P(100, 1000, K, 102
) with K = 4,6,8, where 
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Table 1: Results for quadratic multicommodity network flow problems P(100, 500, K, 102
). 

P(100, 500, 4,102 ) P(100, 500, 6,102 ) P(100, 500, 8,102 ) 

rule #it #qn CPU (sec) #it #qn CPU (sec) #it #qn CPU (sec) 

a 154 155 168.4 163 164 265.5 162 163 322.1 

b 35 76 60.9 37 87 89.3 36 95 102.9 

c 7 104 113.9 7 88 76.8 7 97 124.9 

d 14 71 51.4 14 65 52.3 14 67 66.2 

Table 2: Results for quadratic multicommodity network flow problems P(100, 1000, K, 102
). 

P(100, 1000,4,102
) P(100,1000,6,102

) P(100, 1000,8,102
) 

rule #it #qn CPU (sec) #it #qn CPU (sec) #it #qn CPU (sec) 

a 141 141 320.8 138 139 381.9 138 138 448.2 

b 32 79 132.9 31 84 161.0 31 91 197.8 

c 6 80 108.3 6 82 125.8 6 83 143.6 

d 14 63 91.6 14 68 113.1 14 68 129.4 

Table 3: Results for problems P(100, 500,4, a) and P(lOO, 1000,4, a) with a = 

101,102,103,104 . 

P(100,500,4, a) P(100, 1000,4, a) 

a #it #qn CPU (sec) #it #qn CPU (sec) 

101 14 53 20.3 14 58 83.3 

102 14 78 47.1 13 64 99.6 

103 28 219 98.5 25 196 273.2 

104 170 819 365.7 63 411 623.1 
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#it: the number of major iterations, 

#qn: the cumulative number of quasi-Newton iterations in computing (2.9), and 

CPU: the CPU time (in second) spent to attain the following termination condition of the 
algorithm: 

We examined the following four rules of controlling the proximal parameters ,(1'): 

(a) ,(IL) = 2 for all f../" 

(b) ,(IL) = 10 for all f../" 

(c) ,(IL) = 100 for all f../" 

(d) ,(IL) are updated by (4.1) with (,(0),,8,7) = (1,1.5,100). 

Tables 1 and 2 indicate that it is effective to control the value of ,(It) using the rule (d). 
This phenomenon is common to other proximal-type algorithms [10, 13]. Furthermore, it 
may be worth mentioning that #it and #qn do not significantly depend on the number of 
commodities. 

We then examined how the conditioning of the problem effects the behavior of the 
algorithm. We solved two sets of problems P(100, 500, 4, a) and P(100, 1000,4, a), where 
a = 10\ 102

, 103
, 104

• Table 3 shows the results, where the parameters in the algorithm 
are determined by (,(0),,8,7,8(1'») = (1,1.5,100,10-1). We find that problems with larger a 
tend to require more iterations and CPU time. This indicates that the performance of the 
algorithm is substantially affected by the conditioning of the problems. 

5. Concluding Remarks 
In the paper, we have applied the primal-dual proximal point algorithm of [13] to the 
multicommodity network flow problem P. The essence of this algorithm consists in how 
to find an a})proximate saddle point of L(IL) defined by (2.3). As mentioned in Section 2, 
however, there is another implementation (2.4) for this computation, in which the order of 
max and min operations is reversed. In the following, we consider the possibility of applying 
the latter method, which is studied in [21] under the general setting, to problem P. 

Let us define 

and 

p(x,y) = argmaxL(IL)(x,y,p) 
pERn 

Then we may rewrite the formula (2.4) as follows: 

and 

(5.1) 

(5.2) 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Primal-Dual Proximal Point Algorithm 307 

Note that since p appears quadratically in L(/-'l, p(x, y) can be explicitly computed as 

K 

p(x, y) = p(/-') _,),(IL)(2: Xk - y}. (5.3) 
k=1 

Convergence ofthe algorithm is guaranteed if (xU'+lI, yli'+ll) in (5.2) is chosen to satisfy one 
of the following two termination criteria [21]: 

where E(IL) are positive constants such that 

and 

dist(O, 8<//1L) ( x(IL+lI, y(IL+1)}} 

6(1L) 
'S W I(X(IL+l),y(lL+l),p(X(IL+l), y(lL+l)}} - (xli'),y(IL),p(ILI}I, 

'Y 

where 6(1L) are positive constants such that 

Here, 8q/lL) (x, y} and dist(O, S) denote the set of subgradients of <p(IL) at (x, y) and the 
distance from the origin to a set S, respectively. (Note that the function <p(IL) is convex but 
is not necessarily differentiable because the objective function of problem P is in general 
nondifferentiable and even extended real valued.) 

On the other hand, from (5.1) and (5.3), we have 

1 1 
L(x, y,p(x, y)) + 2')'(1L) Ix - xUdl2 + 2')'(/-,) Iy - y(IL)1

2 

1 
'---Ip(x y} _ p(IL)1 2 

2')'(p) , 

L(x y p(IL)} + --Ix - x(IL)1 2 + --Iy - y(IL)1 2 + L 2: Xk - Y 1 1 (/-,) 1 K 12 
, , 2')'(1L) 2')'(1L) 2 k=l 

Unfortunately, this function is not separable with respect to x and y, and hence the mini
mization (5.2) of <p(!') cannot be decomposed into smaller problems involving each individual 
variable Xk or y only. This could be a drawback when applied to problems with many com
modities. 
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