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Abstract This paper evaluates cell-loss ratio in an output buffer of an ATM node based on the observed 
relative frequency of the number of cell arrivals during a fixed interval. The central issue of this evaluation 
problem is that the unique evaluation result of cell-loss ratio cannot be derived because the relative frequency 
of the number of cell arrivals does not completely describe the traffic characteristics of cell streams. Thus! 
this paper focuses on the derivation of the worst-case performance, that is, the cell-loss-ratio upper bound. 
Two cell-loss-ratio upper bounds are derived - one for when the cell streams are stationary, and one for when 
cell streams are stationary and ergodic. Numerical results show that cell streams with the same relative 
frequency of the number of cell arrivals can have quite different cell-loss ratios, and that the derived formula 
gives the actual upper bounds. 

1. Introduction 
In asynchronous transfer mode ( ATM) networks, the anticipated traffic characteristics of 

the connection are specified by a reduced set of parameters, called a source traffic descriptor 
(STD), with quality-of-service (QOS) requirements at the connection set-up phase. The 
network assigns network resources for the connection on the basis of the STD values and 
QOS requirements. If there are not enough network resources, the connection is rejected. If 
the connection is accepted, actual traffic characteristics are checked for conformity with the 
source traffic descriptor specified at connection set-up by monitoring the cell stream of the 
connection. To simplify traffic specification and monitoring, the STDs must be observable 
and manageable through conformance testing. Algorithmic or rule-based STDs currently 
being discussed in the ITU satisfy these requirements. Such STDs, however, do not simplify 
connection admission control and resource management. For instance, algorithmic STDs 
allow a wide variety of traffic patterns to enter the network, and the network must accept 
these patterns without violating the QOS requirements. 

Connection admission control (CAC) for sources characterized by algorithmic STDs has 
motivated the study of QOS evaluation for the "worst case" pattern of all possible patterns 
that are compliant with the STD. Doshi [6] formally addressed this problem for the case 
where users comply with their own leaky-bucket-based STD and showed that so-called 
on/off patterns, which are generally believed to be the worst traffic pattern, are not always 
the worst. Based on analysis of queue-length distributions, Yamanaka et al. [l81 gave a 
nonintuitive example in which on/off sources may not be the worst. Of all possible output 
processes from a leaky bucket, Lee [l21 identified the worst traffic pattern that maximizes 
the average waiting time. 

In this paper we consider this ~ r o b l e m  from a slightly different viewpoint: the traffic 
characteristics of the source are described by the relative frequency of the number of cells 
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arriving during a fixed interval, instead of by the STD. This relative frequency can be 
constructed from the STD values; it can also be estimated by direct measurement. A cell- 
loss-ratio (CLR) evaluation formula based on the relative frequency might be used as the 
basis of adaptive CAC, in which connection acceptance is based on the STD values and the 
cell-arrival-pro cess measurement. 

The relative frequency of the number of cells arriving during a fixed interval is not 
complete information about the traffic characteristics: the relative frequency of the number 
of cells is just steady state statistics, and higher-order statistics like autocorrelation functions 
are further needed to describe all the traffic characteristics precisely. System performance 
evaluation using insufficient information about traffic characteristics does not give unique 
evaluation results and, for conservative evaluation of system performance, the worst case 
performance should be identified. This paper attempts to derive the upper bounds of the 
cell-loss ratio based only on the relative frequency of the number of arrival cells. (To 
simplify the discussions, however, some basic traffic characteristics, like a stationary state 
or ergodicity, are further assumed.) 

Note that the relative frequency of the number of cells might depend on the observation 
conditions even if the underlying traffic characteristic is unique. More presicely, the relative 
frequency, which is a time-averaged quantity, might be a random variable on some prob- 
ability space (see Section 2), and thus it has sample-~ath dependency. Furthermore, the 
observed CLR itself has sample-path dependency even if the underlying traffic characteristic 
is unique because it is a time-averaged quantity. This requires some mathematical formu- 
lation that enables us to evaluate the sample-path-wise CLR from the relative frequency 
observed for each sample path. Such a formulation is very reasonable because, in principle, 
the QOS of an ATM network (e.g. cell-loss ratio or queueing delay) should be guaranteed 
for each user. The QOS should thus be defined by the long-term average quality for the 
sample path, although traditional queueing analyses generally evaluate QOS values based 
on their ensemble averages, assuming some ergodicity. The ergodic assumption, however, 
may not be valid in an ATM environment because some users are likely to transfer cells in 
periodic patterns. In this paper, we therefore propose the CLR upper bounds that hold for 
each sample path. 

Our results include and generalize those of related works regarding the cell-loss-ratio 
upper bounds [13, 14, 151: for instance, we derive the sample-path version of the formula in 
Ref. [13]. We also complete the proof of the cell-loss-ratio upper bound used in [l41 and give 
the sufficient condition under which it holds. After introducing the cell arrival process in 
Section 2, we derive two different cell-loss-ratio upper bounds in Section 3, without assuming 
that the traffic source is ergodic. In Section 4, we derive a different upper bound under an 
ergodic assumption and show that the ergodic assumption makes the bound tighter. In 
Section 5, we present numerical examples that confirm the tightness of the derived upper 
bound. In Section 6, the "effective bandwidth" for a bufferless model is derived based on 
the proposed cell-loss-ratio upper bound. The derived effective bandwidth is an extended 
version of that proposed by Kelly [g, 31. Finally, in Section 7, we summarize the key points 
of this work. 

2. Cell-arrival process 
The time axis is assumed to be divided into slots with lengths equal to cell transmission 

time L / C ,  where L is cell length and C is virtual path bandwidth. A cell arrives at  the 
beginning of a slot and is transmitted at the end of a slot. Each slot is sequentially numbered 
such that the 0th slot ends (the 1st slot starts) at  the time origin (Fig. 1). Let a ! "  be the 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



S. Shioda & H. Saito 

serial numbers 

<Ã‘Ã‘ 

LIC t =0 time 

Figure 1. Slot numbering on the time axis. 

(1) number of cells arriving during the 1-th slot; {a, }zoo is assumed to be a stochastic process 
defined on the probability space (0, F, P ) .  In (0, F), the time-shift operator {0,}, i E N, 
is as defined in [l], and P is ^-invariant for all i. Suppose that the stochastic process 

(1) { a  }:_ is stationary, that is [l], 

(2.1) 
(1) (1) a, (0, o W) = ai+,(w) for all W 6 0. 

We construct the definition period sequence on a time axis (Fig. 2): we denote a period 

Figure 2. Definition period sequence. 

of length r ( r  G .ZV) slots as a definition period and give each definition period a sequential 
number. The 1st definition period starts at the q-th slot (1 $: r )  $: r) .  (For example, 
in Fig. 2, r )  = 5.) We introduce two supplementary stochastic processes, and 

. . 

def (1) 
X = E Ui+$ and a('j71) ef n x;(n-l)+rf* 

j = O  

Here, &^ effectively corresponds to the number of cells arriving during the n-th definition 
period, whose length is equal to r L /C.  Obviously, {X:}'̂ _,, and {at"^};=-m are stationary. 
Let be the 0-field generated by { ~ : } 0 0 _ ~  and Qr be the set of A E Fa; defined by 

The following lemma guarantees that the relative frequency of {at'̂ };=-,̂ , can be defined 
for each sample path. For proof of this, please refer to a book on ergodic theory, e.g. [2]. 
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Lemma 2.1 (Ergodic Theorem) When { u ~ } ~ , , , ,  is stationary, 

The above means that the relative frequency, p(k; r, v) is a random variable measurable on 
G. 

3. Cell-loss-ratio upper bounds 
An ATM node consists of output buffers and a high speed switch (Fig. 3) ,  and the latter 

is nearly nonblocking because of advanced LSI technology. We therefore focus on the cell 
losses in an output buffer of an ATM node. Since the cell is usually served on a first-in-first- 
out (FIFO) basis and the cell length is fixed (53 bytes), an output buffer can be modeled by 
a G/D/ l /K+l  system with a FIFO service discipline, where K is the size of output buffer 

ATMswitch / output buffer 

transmission 0:) 
transmission 0 7 )  
transmission 0-1 

transmission F̂) 

high speed switch 

Figure 3. ATM switch. 

A busy period of this queueing model in which a t  least one cell is lost is denoted here 
as the lossy busy period (LBP). The LBP structure of this system is shown in Fig. 4. The 
1-th LBP starts at  the {(ns(l) - 1)r + (,(l) + (v - l)}-th slot (within the ns(l)-th definition 
period), and the last cell loss in the 1-th LBP occurs at  the {(ne(l) - 1)r  + ite(;) + (v  - l)}-th 
slot (within the ne(l)-th definition period). Let b(1) be the number of lost cells within the 
1-th LBP. The cell-loss ratio (CLR) is defined in terms of time average: 

number of lost cells during [O, r NI 
C L R e  lim 

N-+m number of cells arriving during [O, r N ]  

where [X, Y] means the range from the x-th to y-th slots. Let L ( N )  be the serial number of 
the latest LBP among those which have started by the end of the N-th definition period. 
Since 

L ( N )  

(3.2) number of lost cells during [O, r AT] 5 V b(l), 
1=1 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



S. Shioda & H. Saito 

definition period 

1 2  Is( \ )  

\ cell arrival t cell arrival and lost 

Figure 4. Example of lossy busy period (LBP) in the definition period sequence. 

we have 

(3.3) C L R S  lirn k1 
N+m E 

The values of parameters ts(l), te (l), ns (l), and ne (l) change when the definition-period se- 
quence is shifted along the time axis. If necessary, we use notation like ts (l; T ] )  or ns (l; T ] )  to 
express how the definition-period sequence is defined on the time axis. 

Theorem 3.1 For all T],  

Proof: The number of lost cells within the l-th LBP, b(l), is equal to the number of arriving 
cells during [(ns(l) - l ) r  + is(;) + (7 - l ) ,  (ne(l) - l ) r  +<.(l) + ( v  - I)]  minus the number of 
cells transmitted during [(ns(l) - l ) r  +ts(l) + (7 - l ) ,  (ne(l)  - l ) r+ te ( l )  + (T ]  - l)] and waiting 
in the buffer at the end of the {(ne(l) - l ) r  + te(l) + (T ]  - l)}-th slot. When ns(l) = ne(l),  

Here, a(IÂ£(i denotes the number of cells arriving during the ns(l)-th definition period within 
the l-th LBP. 

When ns(!) < ne(1), 
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where a\'̂ \ is the number arriving during the ne(l)-th definition period until the ie(l)-th 
slot. Equation (3.6) can be simplified as follows: 

(l,r,r]) (r,ri) 
(3.7) '(1) = (ans(1) + a n ~ ) + l  

(7.77) + a + a n e ~ ~ ) - l  + a%)) + (is(') - te(1) - r )  
-(ne(l) - ns(l) - l ) r  - ( K  + l) 

where 71 (r )  = min{r, ( K  + 2)/2}. For both cases, b(1) is upper-bounded by Eq. (3.7), and 
thus 

< lirn 
N+oo N 

a(rfq) 
n 

k n=l = lim N N+oo E X kl(a^) = k) 

The final version of the right-hand side converges with probability 1 and can be rewritten 
with the frequency distribution {p(k; r, V)} defined by Eq. (2.4). Consequently, 

For use in a later section, we here prove the following corollary. 

Corollary 3.1 For all T]  

C L R  < k + q(r, 7) P-a.s.7 

T, kp(k; r, T ] )  

where 

(3.11) 
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Proof: Equation (3.6) can be transformed into 

C L R  < 

5 

- 

+ lim 
N+oo N E 

lim n=l 
N+m N + lim ^ l  

N+oo N E a('yq) 
n 

a(rlq) 
n 

4. Cell-loss-ratio upper bound under an ergodic assumption 
In this section, we will derive the cell-loss-ratio upper bound under an ergodic assump- 

tion. First, we introduce the concept of ergodicity in probability theory [2]: 

Definition 4.1 The operator Ql is  said to be ergodic for (Sl, E,  P )  i f  all sets A E .Fy such 
that IA = loiA with probability 1 satisfy P ( A )  = 0 or 1.  

Lemma 4.1 

(4.1) 

Proof: We have 

1 
(4.2) lim - E ( t S ( l ;  v )  - v ) )  = lim X (E t s ( 1 ;  V )  - E t e ( ' ;  v ) )  = O. 

q=l L+c, ne ( L )  1=1 + W  n e ( L )  ,=l q=i q=l 

To derive the final equality, we use the following relationship: 
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Thus, we have 

1 L 
(4.4) min ri ,(r, 7) = min { L+rn lim n e ( L )  ̂ (($(l; l=l 7) - &(l; V) ) /  J_ kp(k; r7 71) 

k 

1 - 
1 

- lim E E{ts ( l ;  7) - 7 ) )  
r X kp(k; r, i l} L+m n ^ L )  l ; ,  q=i 

Lemma 4.2 Suppose that time-shift operator Or is ergodic for (H,.^, P ) .  Then, 
{p(k; r ,  I)}?!,, = {p(k; r, 2)}?_,, = . . = {p(k; r, r ) } g n  holds with probability 1. 

Proof: We first show that if 6,. is ergodic, 

(4.5) lA = IelA P-a.s. for all A E G,.. 

For this, observe from the definition of G,. (Eq. (2.3)) that Or being ergodic implies all sets 
A E G,. satisfy P(A)  = 1 or P (A)  = 0. For A E Gr satisfying P(A)  = 0, Eq. (4.5) clearly 
holds. For A C Qr satisfying P(A) = l, we have 

Similarly, we have Pr{w : lA(w)  < lÃˆIA(w) = 0. Therefore, Eq. (4.5) holds for all A 6 Qr 
From Lemma 2.1, for all A E Qr we have 

(4.7) p(k; r, 2) ~ ( d w )  = L ~ ( a i  7 2) = k) P(dw) 

= L  1(x i  = k) P(dw) for all A C G,. . 

Combining xi(w) = X',(@) and Eq. (4.5) yields 

By induction, we have 
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Since 0 E Qr7 from Eq. (4.9), we get 

This implies that P ( 0 )  = 0. Similarly, we have 

(4.12) Pr{w G H : p(k; r, v)(^) < p(k; r, l)(^)} = 0. 

This confirms that for all v 
(4.13) ~ ( k ;  r ,  v) = ~ ( k ;  r, 1) P-a.s. 

proving the desired result. 

Theorem 4.1 Suppose that time-shift operator Or is ergodic for  (H, P). Then, for all 

v 
y"[k - min{r, K + l} ]+p(k; r ,d  

(4.14) C L R  < k P-as.,  
Y, kp(k; r7 v) 
k 

where 
(4.15) ~ ( k ;  r, v) = ~r{a(r"') = k} for all 7 ,  

and 
(4.16) p(k; r, l) = - . = p(k; r, r) .  
Proof: Corollary 3.1 can be written in the following form. 

By Lemma 4.2, {p(k; r, v)}?Â¡- is identical for all 7 with probability 1 under the given ergodic 
assumption. Applying Lemma 4.1 to the above, we thus get 

C L R  < + min{q(r, 77)) 
11 

Since time-shift operator Or is now assumed to be ergodic, all sets A E Qr satisfy P ( A )  = 1 
or P ( A )  = 0. The  conditional expectation on Qr in Eq. (2.4) is therefore equal to the 
expectation on the whole set, fL that  is 

(4.19) p(k ; r ,q)  = E [ 1 ( a f d =  k)lQr] = E[l(af" ')= k)] =~r{a(r"" = k}. 

Theorem 4.1 implies that  Eq. (4.14) holds under the assumption that the stochastic process 
{a-[}:_ is ergodic for a time shift of length rL/C.  Since the o-field generated by {ail)}g-m 
includes the 0-field generated by {<}g_m { a , ' l } z m  being ergodic for a time shift of 
length r L / C  is also a sufficient condition under which Eq. (4.14) holds. It is easy to 
see that Equation (4.14) gives a tighter bound than Eq. (3.4) because min{r, K + l} >_ 
min{r, (K + 2)/2}. That  is, the cell-arrival process being ergodic makes the cell-loss-ratio 
upper bound tighter. 
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5. Numerical Examples 
To verify the tightness of the derived upper bounds, we tested several numerical exam- 

ples. Consider a definition period sequence on the time axis. The 1-st definition period 
is assumed to start a t  the 1st slot, that is 7 = 1. Cells are assumed to arrive according 
to two different arrival patterns (Fig. 5). In the first pattern, a batch of cells arrives at 
the beginning of each definition period. In the second pattern, a batch also arrives in each 
period, but the arrival alternates between occurring at the beginning and at  the end of each 
period. (In the even-number (odd-number) definition periods, the cells arrive at the end 
(beginning) of each definition period.) There are two batch sizes: bl (< r )  and b2 (2 K +  1). 
The size changes in accordance with the Markov chain. Let P = be the transition 
probability matrix where 

(5.1) piy = Pr{sn = b j ~ n - l  = hi}, 

and sn is the batch size in the n-th period. Transition matrix, P, which is given by 

is assumed to be common for both cell-arrival processes. Note that both cell-arrival patterns 
have a common relative frequency of the number of cells arriving during the definition period; 
it is expressed as 

+ t )  for k = b 1  

(5.3) + t )  for fc = 62 

otherwise, 

where t = alp.  

Pattern 1 

definition 
period 

sequence n- 1 n n+ 1 n+2 n+3 

Pattern 2 

sequence 
n- 1 11 n+ 1 n+2 n+3 

: batch arrival 

Figure 5. Cell arrival patterns. 

The first pattern satisfies the ergodic property discussed in Section 4 ( { X Z } ~ - ~  is ergodic 
for a time shift of length of the definition period). Thus, Eq. (3.4) and Eq. (4.14) are both 
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applicable. The second pattern does not satisfy the ergodic property, so Eq. (3.4) is only 
applicable to the second pattern. 

We can calculate the exact cell-loss ratios when cells arrive according to either of the 
two cell-arrival patterns at  a single-server queue with a finite buffer that serves cells under 
the first-in-first-serve discipline: if cells arrive according to the first pattern, 

(5.4) for K + 1 > r, 

qn(k)=(O,O) ( A ' + 2 - r < k < I - + l ) ,  

and for I< + 1 < r, 

where 

(5.5) 

and qn denotes the number of cells in the system just before cells arrive in the n-th definition 
period. If cells arrive according to the second pattern, 

q 2 n ( k ) = ( 0 , 0 )  ( K + 3 - 2 r < k = + l ) ,  

and for I(+ 1 < 2r - S ,  

where 

Using the above equations, we numerically calculated the stationary queue-length distribu- 
tion at  a batch-cell arrival epoch: 
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The cell-loss ratio can be obtained based on the queue-length distribution at  a batch-cell 
arrival epoch. 

0.2 I 1  1  1 1 1 1 1 1  I 1  1  1 1 1 1 1 1  , 1  1  1 1 1 1 1  l l l l I l l 1  

Upper Bounds (Pattern 2, q + l ) ,  

d 
M Exact cel l- loss ratios (Pattern 1 )  6 Exact cel l- loss ratios (Pattern 2) 

------ Upper Bounds (Patterns 1 and 2, q=l) 

Figure 6a. Comparison between actual cell-loss ratios and upper bounds: r = 50. 

Upper Bounds (Pattern 2 ,  q=k 1 )  

- Upper Bounds (Pattern 2, q=l)  

- 
Upper Bounds (Pattern 1 )  

Exact cel l- loss ratios (Pattern 1 )  

1 Exact cel l- loss ratios (Pattern 2) I 

Figure 6b. Comparison between actual cell-loss ratios and upper bounds: r = 100. 

Figures 6a and 6b compare the exact cell-loss ratios and upper bounds of the derived 
formulas while changing (3 from 0 to 1. The value of a was set so as to fix traffic intensity 
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p at 0.05, where p is given by 

Note that since p is fixed, t and therefore the relative frequency p(k; r ,  1) are also fixed while 
the parameters a and (3 change. We respectively apply Eqs. (4.14) and (3.4) to the first 
and second patterns to obtain the upper bounds of the cell-loss ratio. The batch sizes were 
respectively 2 and 150, and the buffer size was 128. Figure 6a shows the results for r = 50, 
where Eq. (3.4) and Eq. (4.14) give the same upper bound. The exact results approach very 
close to the upper bounds as f3 + 0. (Letting (3 + 0 corresponds to the case where the same 
batch size continues for an infinite time.) Figure 6b shows the results for r = 100, where 
Eq. (3.4) and Es. (4.14) give different upper bounds. The exact results for both patterns 1 
and 2 approach very close to the upper bounds as (3 -+ 0. These numerical results confirm 
that, even though specified by the same relative frequency, cell-arrival processes can have 
quite different cell-loss ratios and that the derived bounds give the true bounds. 

Concerning the second cell arrival pattern, the relative frequency of the number of cells 
arriving during the definition period depends on T ] :  the relative frequency when 7 # 1 is 
given by 

l 
112 for k = 0 
( l - f t t ) / { 2 ( l + t ) }  for k = 2 b l  

(5.10) r, T ] )  = P t / ( l  + t)  for k = b1 + b2 

(1 - ,B)t/{2(1 + t)} for k = 2b2 
0 otherwise. 

(The relative frequency regarding the first cell arrival pattern does not depend on 7.) The 
CLR upper bound therefore also depends on whether T ]  = 1 or not. The CLR upper bound 
when T ]  # 1 is also shown in Figs. 6a and 6b. This figure confirms that,  although the CLR 
upper bound depends on the value of T ]  (that is, measurement conditions), this upper bound 
certainly gives conservative system performance regardless of T]. 

While this example is rather artificial, it reveals the property of the upper bound very 
clearly. Other more realistic examples are found in [l 71. 

6. Multiplexed connections and effective bandwidth 
In this section, we discuss the "effective bandwidth", which is considered to be one 

promising solution for ATM resource assignment, based on the derived upper bounds. In 
particular, we derive the effective bandwidth formula in terms of the relative frequency of 
the number of cells arriving during a specified interval. For simplicity, we assume that the 
cell-arrival process is ergodic for a time shift of length r L /  C. Under this assumption, the 
relative frequency of the number of cell arrivals during a fixed interval can be replaced by 
the probability distribution of the number of cell arrivals, that is, 

From Theorem 4.1, the cell-loss ratio is bound as 

CLR < 
= { a y  = k }  

7 
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where we denote a"' as a '  for notational simplicity because the value of 7 makes no dif- 
ference in the following discussion. Consider the case where cells from different connections 
arrive at the output buffer in an ATM node. These connections are categorized into several 
classes in terms of their traffic characteristics: the connections categorized into the same 
class are assumed to have the same traffic characteristics. In such cases, 

J "1 

nk - mm{r, K + l } ] + ~ r { m  a f ) ( i , j )  = k} 

(6.3) CLR < k j=1 i=l 

J "1 

k P r { m  ay{,, j) = k} 
k=0 j=1 !=l 

Here, a t )  (i, j) is the number of cells arriving during the 1-st definition period from the i-th 
connection of class J/\ and n j  is the number of connections of class j .  Equation (6.3) can be 
written as 

00 

Chernoff's bound [l11 gives 

J nj J n, 

(6.5) P~{E E a p ( i , j )  2 k} 5 e-Ok II 11 E[exp(Oa^{i,j))] for all 0. 
j=l i=l 

We therefore have 

C L R  < 

E E E [afl(i ,  j)] (l - e-') 

J 

exp {fl(xnjCj j=1 (r, 0) - min{r, A' + I 1) 
J for all 0, 

n,A, ( r )  (e' - l) 
j=1 
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where 

By taking the logarithm of both sides of the above equation, we get 

J 

(6.8) log(CLR) 5 6 ( x  n jc j ( r ,  0) - rnin{r, K + l}) 
J= 1 

J 

- log(e9 - l )  - log(^ njAj(r)) for all 9 
J= 1 

Suppose that Q* is the value obtained in the infimum of the first term of the right-hand side 
of Eq. 

(6.9) 

It can 

(6.9), that is 

1 J 

-min{r ,K+ l}) = 6*'Z,(njCj(r,Q*) - min{r ,K+ l}). 
j= 1 

be seen that Q* is positive when ~ f = ~  xZl (i, j)] < min{r, K + l} (see Ap- 
pendix). Obviously, we have 

(6.10) log(CL R) < @*(c n j  C, (r, Q*) - min{r, K + l}) - log(e9* - 1) - l o g ( x  nj.4, (r)). 

The QOS requirement for cell-loss ratio, C RLqos7 is therefore satisfied if 

(6.11) X njCj(r,  Q*) ̂ , +, 

where 

Equation (6.11) can be interpreted as follows: each connection of class j "effectively" sends 
Cj(r, 0*) cells during r slots - in this sense C& Q*) is called the "effective bandwidth" of 
the connection. The cell-loss-ratio objective is approximately satisfied if the sum of the 
effective bandwidths of the multiplexed connections is less than the "effective link capacity" 

defined by Eq. (6.12) that  depends on the cell-loss-ratio objective and the statistics of the 
connect ions. 

Kelly derived two different relationships regarding the CLR, both of which are similar 
to Eq. (6.11). The first is based on the effective bandwidth for a bufferless model [g, 31 such 
that 

where 

1 J 

(6.14) n f  Q ( x  njc,(i, 0) - 1) = 0** E ( n J ~ J ( l ,  P+) - l ) .  
9 J=l I J  J=1 

The other is based on the effective bandwidth for the infinite-buffer case (slottedlbatch 
model) [g, 101: 

J 

(6.15) V njC,{r, C) < r, 
j=1 
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where 

(6.16) 

Equation (6.13) is very close to Eq. (6.11): the latter is an extended version of the former so 
as to be applicable still for the case where r # 1. By contrast, there is a more essential dif- 
ference between Eq. (6.11) and Eq. (6.15): Eq. (6.1 5) implies that the connection-acceptable 
region is linearly constrained in the space of n = (n l ,  n2,. - , nj) ,  and that call acceptance 
can be judged by simply comparing the sum of the effective bandwidths of multiplexed con- 
nections, {Cdr ,  ()}., and the link capacity. Because of its conceptual simplicity, the effective 
bandwidth for the infinite-buffer case has received much attention and many related works 
have been reported [3, 4, 7, 8, 51. (The effective bandwidth for the buffer-less model in Eqs. 
(6.11) and (6.13) is not as helpful as Eq. (6.15) for judging connection acceptance because 
the effective bandwidth Cj(r,  O*) depends on the number of the connections multiplexed in 
the same queue as well as on the traffic characteristics of the connection.) - Sum o f  effective banclwi(lt1-1~ for buffer-less model - Sum of effective banclwidths for infinite-buffer model 

A ----- 1" 

Number of M ultiplexed Connections (n,) 

Figure 7. Effective bandwidth and effective link capacity. 

Figure 7 quantitatively compares the sum of the effective bandwidths for the infinite- 
buffer model, zLi njCj (r, C),  and that for the bufferless model, xisl njC,{r, $*), while 
changing the number of multiplexed connections. We consider the homogeneous environ- 
ment (i.e. J = 1) where virtual channel connections with the peak bit rate = 10 MbJs and 
the average bit rate = 2 Mb/s are multiplexed on a 150-Mb/s virtual path. The number 
of cells arriving during a definition period from the i-th connection is assumed to have the 
following distribution: 

1 - A / R  for k = 0  
(6.17) ~ r { a f ' ( i ,  l )  = k} = for k = R  

otherwise, 

where A and R respectively denote the average and maximum number of cells arriving during 
a definition period. That is, R = flOr/1501 = [r/151 and A = 2r/150 = 7-175. Figure 7 
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shows the case where r = 128, A' = 128, and CLR,,, = 1.0 X 1 0 4 .  For comparison, P 
defined by Eq. (6.12) is also plotted. The number of multiplexable connections given by 
Eq. (6.11) is identified in Fig. 7 by the point where the sum of effective bandwidths for 
the bufferless model is equal to F ,  and it is 27. The number of multiplexable connections 
given by Eq. (6.15) is identified by the point where the sum of effective bandwidths for the 
infinite-buffer model is equal to r ,  and it is 57. The number of multiplexable connections 
is also obtained by using the upper bound formula Eq. (4.14) directly, and results in 33. 
(The CLR under n multiplexed connections is evaluated by taking n-time convolution of 
Eq. (6.17) and by substituting the resultant distribution into Eq. (4.14). The number of 
multiplexable connections is given by the maximum number of multiplexed connections 
such that the evaluated CLR is less than CLRqos.) Connection acceptance judgement by 
Eq. (6.15) therefore quite overestimates the number of multiplexable connections in this 

example. This is because Eq. (6.15) assumes that (a(")(i, j), a^\i, j), . , a^ ( i ,  j ) ,  - . .) are 
mutually independent random variables. The cell-loss ratio standard therefore is not always 
guaranteed by the effective bandwidth approach for an infinite-buffer model like Eq. (6.15), 
particularly when there is a positive correlation between the number of cells during the 
consecutive definition periods. 

Remark: the effective bandwidth for the infinite-buffer model can be modified so as to take 
into account the correlation between the number of cells during the consecutive definition 
periods (see [3, 4, 7, 81). Such an effective bandwidth formula is not, however, obtained 
only from the distribution of the number of cells during a given interval, and more traffic 
information about the correlation is required. 

7. Conclusion 
We have studied how to  evaluate the performance of a queueing system when there is 

insufficient knowledge of traffic statistics for the case where the relative frequency of the 
number of cells arriving during a fixed interval is the only available information on traffic 
characteristics. Insufficient knowledge of the traffic characteristics does not result in an 
evaluation that is not unique. We focused on the worst-case system performance, that is, 
the upper bound of the cell-loss ratio when the cell flows are input into a single-server queue 
with a finite buffer. Since this worst case approach might lead to an overly pesimistic result 
in some cases, evaluating the performance based on the most-probable behavior probably 
needs to be studied further. 

Appendix 
Define 

We first see 

( A 4  

J 

f (Q) kf Q(x n j ~ ~ ( r ,  Q) - min{r, K + l}) 
j=l 

J "i 

= V log f [ e x p ( 8 a 3 t , j ) ) ]  - 6 min{r, A- + l}. 
j=1 i=l 
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and 

where 

P . 5 )  ~ a x [ a f ) ( i , j ) ]  d=f max{k; k ~ r [ a ( " ) ( i , j )  = k] > O}. 

In addition, 

Therefore, d u d 6  is an increasing function for 0. In usual cases, df /d018=00 is positive because 
the first term of the right side in Eq. (A.4) is the maximum number of cells arriving during 
the definition interval. (If it is less than min{r, K + l}, clearly CLR = 0 and thus it is 
uninteresting.) Thus if df/dO\Q=o is negative, d u d 0  = 0 holds at O* > 0. Namely, the 
function f (0) takes its minimum value at Q* > 0 when 

When r < I< + 1, the above condition is equivalent to a traffic intensity that is less than 1, 
which is the usual stability condition of the queues. 
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