
Journal of the Operations Research 
Society of Japan 

Vol. 40, No. 3,  September 1997 

OPTIMAL SCHEDULING FOR AN AUTOMATED m-MACHINE 
FLOWSHOP 

Jin-Liang Cheng Hiroshi Kise Yoshiyuki Karuno 
Kyoto Institute of Technology 

(Received April 1, 1996; Revised November 18, 1996) 

Abstract This paper considers a scheduling problem of minimizing the maximum completion time (i.e., 
the makespan) for an automated flowshop manufacturing system such as FMS which consists of m machin- 
ing cells with sufficient buffers, an AGV (automated guided vehicle) and loading/unloading stations. For 
this problem we propose a heuristic algorithm based on a fuzzy approximation (called fuzzy scheduling), 
and a branch-and-bound algorithm with fuzzy inferences. Computational experiences show that the fuzzy 
scheduling can give optimal or near optimal solutions in very short time, and the branch-and-bound algo- 
rithm can efficiently give optimal solutions to problem instances with three-machines and up to 400 parts 
with high probability over 90%. 

1. Introduction 
Many flexible manufacturing systems (FMS's) have been implemented around the world. 

An FMS can be characterized as a set of flexible ma,chine tools connected by a rna,terial 
handling system and which is controlled by both computers and human operat,ors [2]. On 
the other hand, the efficient implementation of such FMS's presents a complex set of issues 
t,o be solved from both long- a,nd short-term perspectives and a hierarchical framework for 
these intractable issues has been proposed [23]. Among them are scheduling problems which 
optimally determine when and on what machine the parts are processed and how these parts 
are transported in the system. 

Quite a few analytical studies on the optimal scheduling of n parts for automated two- or 
more machine flowshops have been reported. Kise et al. 1141 have considered two-machine, 
one-AGV flowshop scheduling problems without Work-in-process (WIP) buffer, and given 
0 (n3) time algorithms based on the well known Gilmore-Gomory algorithm for finding opti- 
mal schedules. Kise [l51 has also considered a two-machine, one-AGV (or a robot) scheduling 
problem with sufficient WIP buffer at each machine and shown that the problem is a special 
case of the classical three machine flowshop scheduling problem (denoted 3-FSP), and NP- 
hard. Kise et al. [16] have proposed a branch-and-bound algorithm for the same problem, 
and dern~nstra~ted by numerical experiments that the algorithm ca.n exactly solve problem in- 
stances with up to 200 parts with high possibility in reasonable running time. Panwalker 1201 
has studied a two-machine, one-robot flowshop scheduling problem without WIP buffer a t  
the first machine, but sufficient WIP buffer at the second machine, and given a q~a~dra~t ic  
time optimal algorithm. Levner et al. [l91 have considered a two-machine robotic cell in 
the same configuration as that in Panwalker's except the non-negligible loa,ding/unloading 
operation times axe allowed., a,nd given an 0 (n log n)  time optimal algorithm. Cheng and 
Kise [4] have given optimal scheduling algorithms for a,utomated two-machine manufacturing 
systems with intermediate operations. Stern and Vitner [24] have dealed with a two-machine, 
one-robot scheduling problem with part-dependent transport times. They have shown the 
NP-hardness of the problem and suggested an approximation algorithm. Sethi et al. [22] 
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have studied a problem of sequencing parts and robot moves in a flow line manufacturing 
system without WIP buffer at  each machine. They have developed a cycle time formulas 
and obt,ained necessary and sufficient conditions for various robot cycles to be optimal in 
two alnd three machine cells for producing a single part type. They have shown that the 
problem of scheduling different kinds of parts for a specific sequence of robot moves in a 
two-machine cell can be formulated as a solvable case of traveling salesman problem. Hall 
et al. [7] have also studied robot move and part sequencing problems for the same system as 
Set hi et al.'s. They have provided an efficient algorithm that simultaneously optimizes the 
robot move and part sequencing for multiple part type problems in a two machine cell. For 
a three machine cell producing multiple part types, they have proved tha,t four out of the six 
potentially optimal robot move cycles for producing one unit allow efficient identification of 
the optimal part sequence. 

Kats [l21 has considered a problem of cyclic no-wait scheduling of identical parts on several 
sequential machines in a production line when the transportation of the parts between the 
machines is performed by a number of identical robots. He has found the minimal number 
of robots needed t,o meet a given schedule for all possible cycle lengths and given a,n 0 ( ~ n ~ )  
time optimal algorithm. Hitz [8] studied the input sequence problem of a dedicated flowshop 
with periodic demand. An optimal off-line scheme and a heuristic were developed. 

There are a number of studies on the scheduling of parts and AGV's in general FMS 
enviroments using simulation. Kimemia and Gershwin [l31 have used a simulation model to 
evaluate an off-line scheduling algorithm for the system simila,r t,o Hitz's except tha,t routimg 
flexibility was allowed. Their systems include four ma,chines and two part types, and they 
have considered machine brea,kdown and in-system storage capacity. Above st,udiesi however, 
have not considered the irnpa,ct of the makerial haandling system on the FMS scheduling 
problem. Sabuncuoglu a,nd Hommertzheim [21] have considered an FMS scheduling problem 
by using a sirnula,tion model. They have analyzed the rela,tive performances of machine 
and AGV scheduling rules against various due-date criteria. Ishii and Tala,va,ge [l11 have 
proposed a mixed dispatching rule for each machine based on discrete event ~imula~tion in 
FMS scheduling. Their system includes two loading/unloading stations, four machines, three 
AGV's and six part types. 

In this paper we deal with an automated flowshop manufacturing system such as FMS that 
consists of a loading station, m machining cells with unlimited WIP buffer, an unloading 
station and an AGV (or a moving robot) that sends at most one part a t  a time, and discuss 
an optimal scheduling problem that asks to minimize the makespan (i.e., the maximum 
completion time) of the n parts to be processed by the system. We can find many FMS's, 
FMCis or FTL's in real situations that can be modeled by this system (e.g., see [l]).  The 
above review, however, shows that there have so far been few algorithms that can efficiently 
give exact optimal solutions to such systems with 3 or more cells, due to  the baxrier of the 
NP-ha,rdness. This paper aims to develop a branch-and-bound (BAB) algorithm that could 
efficiently solve large problem instances with high pr~ba~bility. The config~ra~tion of this 
paper is as follows. 

Section 2 describes the problem in deta,il. Section 3 formulates the problem exactly. Section 
4 shows that the problem ca,n approximately be reduced to an (m + l)-machine flowshop 
problem, and proposes a heuristic algorithm (called fuzzy scheduling) based on the (m + 1)- 
rna,chine flowshop problem. Section 5 proposes a branch-a,nd-bound algorithm utilizing fuzzy 
inference for solving the problem exa,ctly. Section 6 provides computational experiences. 

2 Model Description 
Figure 1 shows the physical layout of a,n FMS for study in this paper, which has a. loading 

station SL; an unloading station Su, m (machining) cells (e.g., machining centers) with pallet, 
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storage carousel, an AGV and an automated warehouse. The cells, loading and unloading 
stat,ions are arranged along a loop track on which the AGV can travel in unidirection. For 
this system the following assumptions are made: 

Automated Warehouse 

Station I W 

1 Automated Guided Vehicle 1 

Figure 1: Shop configuration 

A set of n parts, J = {i\i = 1,2, - , n}, is available at time 0. 
Each of m cells, Ml (I = 1,2, . . , m), can process at most one part at a time, and is 
never interrupted during processing. 
Each part i E J is processed in the order of M\, M^, - , Mm and the sequences of 
processing the parts at cells Ml ( l  = 1,2, . , m) are the same. 
Loading and unloading stations, and m cells have buffers (pallet storage carousels) for 
pre- and/or post-process inventory. The capacity of each buffer is unlimited. 
The AGV can carry at most one part at a time. The AGV has constant traveling speed 
and fixed pickup and drop rates. 
A part is released from loading station SL to the shop every time the AGV leaves SL7 
then is carried to each cells, Ml (I = 1,2, - - , m) and leaves the shop at  unloading 
station Su. At each cell, the AGV stops to drop a part which should be processed on 
the cell and pick up a part which should be processed on the next cell. The AGV leaves 
each cell Ml (I = 1,2, . - . , m) without waiting there for M; to finish a part if there is 
no part in the buffer. 
The processing time of part i on M;, including set-up time, are known and represented 
by W )  (i C J, I = l , 2 , . . . , m )  . 
The times required for the AGV to carry a part from SL to Ml, from Ml to Ma, - + -, 
from Mm to Su and from Su to SL, including pickup and drop times, are known and 
represented by tO1, t12, - - - , tmm+1, tm+ilo, respectively. Such times are independent of 
the parts to be carried, thus, the time required for the AGV to travel a complete loop, 
tv == tO1 + tI2 + - - . + tv+\ + tm+1107 is constant. 
An optimal sequence of processing the n parts to be found is one that minimizes the 
makespan, that is, the total elapse time between the time when the first part is released 
from SL and the time when the last part is delivered to Su. 

Infinite \? Buffer 

Machining Cells 

'h: 
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The set-up time mentioned under assumption (7) may actually be dependent on the pro- 
cessing sequence. However, the variance in set-up times is insignificant relative to the pro- 
cessing times when the material handling is implemented by automated equipments such as 
automalted pallet changers (APC's), automated tool changers (ATC's), and/or robot ha,nds. 

Hereafter, this problem will be called the a,utomated flowshop scheduling problem (denoted 
AFSP). 

3 Formulation of Scheduling Problem 
The time when lWL finishes processing part i is represented by F; (i), and the time when 

AGV picks up part z from M, by X (2). Furthermore, the time when part z is released from SL 
and the time when part i is delivered to Su are represented by To(i) and F ( i ) ,  respectively. 
Then, the schedule of the A-th part jk in any sequence, S = (jl, j2, . , jn) ,  can be formulated 
as follows. 

By assumption (6), it can be seen that 

From assumptions (l)w(8), Mi can start processing part jk only after it has finished the 
processing part jkPl and part jk has been transferred to Mi by the AGV, so the time F,(jk) 
when MJ. finishes processing part jk is equivalent to the sum of the processing time Pi{jk) 
and the maximum between the time Fl(J'k_i)  when M; finishes processing part and the 
arrival time ( j k )  + tl-l,; of part ji, at Mi, i.e., 

where WO) = 0 (l = 1 ,2 , .  . . , m ) .  
Picking up part jk from M; must be after Mi finishes processing h, then 

where & is the minimal integer such that Eq. (3) holds, and tol = tO1 + . + + tl-l,l (l = 
2 ,3 ,  . - . rn. + l). From Eq. (3) we have 

where fa-] is the minimal integer greater than X. By assumption (S), the AGV can pick up 
jk from M], only after it picked up part jk-1 from M; and arrives at  M; again, i.e., 

where T /  (jo) = 0 (1 = 1,2, - , m), then from Eqs. (3) (5) we have 

The time when part jk arrives at Su is 

Thus the schedule can be computed by Eqs.(l), (2), (6) and (7), and the maximum comple- 
tion time Fmkx(s) under the sequence S is 

Hereafter, the optimal sequence that minimizes Fmax{s) is represented by S*. 
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4 Fuzzy Scheduling 
Problem AFSP is NP-hard, even for the case of m = 2 [15]. Thus, we need good heuristic 

algorithm for practical purposes. However, the above formulation that expresses ma,kespan 
Fmax through recursive equations (l), (2), (6), (7) and (8) makes us somewhat difficult even 
to have a,n insight for a good heuristic 

I11 order to overcome this difficulty, we here take the following approach. We firstly show 
that the AFSP approximately reduces to a classical flowshop scheduling problem (denoted 
FSP) that has no AGV. This approximation tell us that the fuzzy scheduling method that 
has already been developed, and demonstrated to be a good heuristic for the FSP [5], could 
also be good for our AFSP. That is, the sequence for the FSP obtained by the fuzzy heuristic 
can also be used as a sequence for the AFSP to obtain a good schedule. Later, this schedule 
will, furthermore, be improved by a branch-and-bound algorithm. 

4.1 An approximation of makespan 
We consider the following approximation of Fmax{s). 
In Eq. (6) we relax assumption (5) to the one that the AGV can simultaneously carry parts 

existing in a buffer except SL. Then the time when the AGV leaves cell Ml is given by 

e ( j k )  is a lower bound of Ti(jk) in Eq. (6). 
Let ki[jk) be the time when Ms finishes part jk, F[jk) be the time when part jk arrives 

a,t unloa,ding station Sy and Frnaa-(S) be the rnakespan, all of which are computed by Eq.(6)' 
instead of Eq.(6). Then we have the following. 

Lemma 1. For a given sequence S = (jl , , + . , jn) , 

Proof. See appendix A. 
Lemma 2. For a given sequence S = (jl, h , . . , jn) , the following upper bound UB(s) of 

FmaX(s) can be obtained. 

where 

C (S) = max { E t v +  E p i ( j ~ ) + . . . +  E Pm(jh)}, 
l<:q(O)<-<q(m-l) <n 

-1 h=q(O) h=q(m- l) 
(13) 

a,nd q(0), q ( l ) ,  - - , q(m - 1) are integers that satisfy 1 < q(0) < q(1) < - - - < q(m - 1) < n. 
Proof. See appendix B. 
Since ty and tym+1 are independent of sequence S, Lemma 2 means that minimizing U B ( s )  

is equivalent to minimizing C(s) . C(s) has the same expression as the makespan of a classical 
flowshop scheduling problem that has no AGV, but (m + 1) machines with processing times 
tv, P1(i}, . . . , Pm(i) for part i. That is, the original AFSP can be approximately reduced to 
the classical (m + l)-machine flowshop scheduling problem (denoted (m + 1)-FSP). 
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4.2 Fuzzy scheduling method 
The fuzzy scheduling method has been proposed to yield nearly optimal solutions for 

an m-machine FSP [5]. The basic idea of this heuristic is to use a membership function 
in the context of fuzzy inference for obtaining an approximate solution. The membership 
function represents a possibility that the dominance relation between parts holds even if its 
precondition does not hold. We describe it briefly below. 

For the above reduced (m + 1)-FSP of Eq. (13), let flow time of part. jk on the l-th machine 
(I  = 2, - . . , m + 1) for a partial sequence of the first k  parts, s k  E (jl, m . , jk), be defined by 

where FTi{jk} is the finishing time of processing part jk on the l-th machine in sequence s k  

for the (m + 1)-FSP. Similarly flowtimes FT; (sk, i) of part i in sequence (sk, i) adding i after 
s k  and FT](sk, 4 j) of part j in sequence (sk, 1, j) adding j after (sk, i)  are defined. 

Theorem 1. [S] Assume that two parts i and j are optimally processed immediately after 
partial sequence s h  pa,rt i optimally precedes part j if 

It is rare that precondition Eq.(15) simultaneously holds for all l's, but it is a sufficient 
condition for an optimal schedule, suggesting that if Eq. (15) approximately holds, then part 
i may precede part j in an optimal schedule with high possibility. We ta,ke ad~anta~ge of this 
possibility for searching a,n optimal schedule, a,nd represent it by a membership function in 
the cont,ext of fuzzy inference [25]. That is, let 

then the membership function tha,t represents the degree tha,t pa,rt i optimally precedes pa,rt 
j is given by 

where D(sk, i ,  j) = m1 al_lDl(s t , i , j ) ,  DmaX(sk) = maxu \D(sk, i ,  j)\ and a i , - - -  ,am (0 5 
~ ' 1 ,  , a.m < 1 and zl - 0.1 = 1) are real numbers to be appropriately determined (see 
Section 6). Then, the degree of dominance of part i over the remaining parts under partial 
sequence s k  ( k  = 0,1, . - , n - 1) is given by 

and part i *  sakisfying 

is then identified as the part that immediately follows SA., where Jr is the set of the remaining 
r(= n - k )  parts. 

The rule determining i* by this way is referred to as fuzzy rule and the scheduling based 
011 the fuzzy rule is referred to as fuzzy scheduling. We use a sequence obtained by applying 
the fuzzy scheduling to the FSP as that of the AFSP, and then compute its makespan ( by 
Eq.(6)), that will be used as an initial upper bound value of the BAB algorithm proposed 
next for the original AFSP. 
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5 BAB Algorithm 
It is assumed that the basic principle of BAB algorithm is well known (e.g., see 19, 101). 

Hence only the basic components of BAB algorithm are stated below. 

Let the sequence of the first k parts fixed be sk = ( j l ,  . . . , j k ) .  The problem of determining 
an optimal sequence of the remaining r(= n - k )  parts under the sequence sk is called a 
subproblem of depth k and is represented by P ( s k ) .  

5 .2  Lower bound 
Lemma 3. For a given sequence of the first k parts, sk (for V k  = 0,1,. - - , n - I ) ,  a,nd an 

arbitra,ry sequence of the remaining parts, = . . . , jn),  

where 

and Fo(jl l)  = t ,dh = 1, - a - , n), where q(u,), - - . , q(v - l )  a,re integers which sa,tisfy k < q(u,) <  ̂
. . . < q(v - 1) < n. 

Proof. See appendix C. 
Now we consider the minimization of each Ywu(sk) of Lemma 3 that yields a lower bound of 

Tv(jn} of Eq.(20), and leads to the one of the makespa.n F(jn.)  of Eq. ( 8 ) .  The minimi~a~tion 
of Yw(&) is reduced to an FSP with processing time P, (i) of part i on l-th machine. But 
it is NP-hard. Therefore, we consider the minimization of the following lower bound Ybv(sk) 
of Yuv(sk) instea,d of Y u v ( 3 k )  itself, which is obtained by only considering t,he ca,ses of k < 
q(u )  = q(u  + I )  =- - .  . = q(v - l )  < n in Eq.(21), i.e., 

're 

The minimization of Y,b,.(sk) is reduced to a. special %machine FSP where the first machine 
a,nd the third machine are separated by a non-bottleneck ma,chine with processing time 
zEJ+~ f i  ( j )  of pa,rt j [18]. Furthermore, 

asnd the problem of minimizing Z.uv(&) over all is reduced to a solva,ble 2-ma,chine FSP 
with processing a( i )  ==Â¥ yTz1 PL (i) on the first machine a,nd b(i} = -P/ (i) on the 
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second machine. Let Z;(sk) be its minimum value. Here we should note that processing 
the part on machine Mu can not be started before 

^Â (A) = max [F, (A)  + min A. (h) + tlU], 
l<Z<u k < h < n  o=z 

where A, (2) = max{P; (2) )  tv}, 1 <  ̂ I < m. Also Tv(jn) must be dependent on tv and the 
number of times the AGV goes around the loop track till Tv(jn) (see Eq.(3)), then it can be 
easily seen by Eq. (20) through Eq.(23) that 

is a lower bound of TV(&) for subproblem P(sk) .  Then, 

is a lower bound for subproblem P(sd. 
We employ 

as a lower bound for P(sk) .  Lower bound g(sk) for any subproblem P(sk) except P(@), (i.e., 
the original problem) can be computed in O(m2n) time and g(@), the lower bound of the 
original problem in O(m2n log n) time. 

5.3 Fuzzy scheduling and fuzzy search 
As mentioned before, we use the fuzzy scheduling for obtaining an initial incumbent solu- 

tion for the BAB that plays a role of an upper bound of optimal value. We adopt a depth-first 
search for the BAB that selects a subproblem with the smallest lower bound among the most 
recently generated ones, breaking ties by the fuzzy rule described in Section 4.2. We call 
such search method fuzzy search. 

6 Numerical Experiments 
In this section, performances of the BAB algorithm with fuzzy inference proposed here 

are evaluated by the way of numerical experiments. For each n (the number of parts), 
rn (the number of cells) and tv (the time required for AGV to travel a complete loop), 
30 problem instances have been tested. The processing times Pi (j) of the part j C J on 
MI (I  = 1,2, . , m) are given by uniformly distribut,ed random integers from 1 to 100, 
inclusive. For weights 0.1 (I = l, - - - , m) of membership function ,us(< j) in Section 4.2, 
three types of function were applied to each problem instance. They are: (1) a,rithmetical 
progression weights, 0.1 = 2l/m(m+ 1); (2) equal weights, 0.1 = 1/m; (3) inverse arithmetical 
progression weights, a; = 2 (m - I + l ) /m(m + 1) (I = 1, . - . , m) (Note thak El a; = 1 for 
all types). The best one of three kinds of schedule obtained is adopted as the initial solution 
in the BAB algorithm. In the fuzzy search of the BAB algorithm, only the arithmetical 
progression weights are used. 

All progra>ms were coded in FORTRAN, and run on a DEC 3000 (35MFLOPS) worksta- 
tion. The running time (CPU time) of the BAB algorithm was limited within 5 minutes, 
and a problem instance that could not be solved within 5 minutes has been identified as 
unsolved. 
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Table 1: Average relative errors(%) of fuzzy scheduling for n = 10 

Average 1.7 16.4 2.7 18.4 4.8 15.7 

Table 2: Average relative errors (%) of fuzzy scheduling for m = 3 and tÃ = 15 
(t../(m + 2)/Pmean = 0.06) 

*: Average CPU times in second. 

6.1 Performance of fuzzy scheduling 
The fuzzy scheduling presented above has been tested on a total of 630 problem instances 

with n = 10, m = 3,4,5, tv = (1 5)(m+ 2) (equivalently, ̂ / (m+  2)/Pmean = 0.02 - 0.10, 
where Pmean = 50 is mean processing time) and n = 10,20,30,40, 50,100, m = 3, tv = 15 
(tr,/ (m + 2)/ Pm- = 0.06), all of which were exactly solved by the BAB algorithm. 

Ta,bles 1 ~ 3  show results obtained, where RFs and RFC represent average relaiive errors 
of the fuzzy scheduling and the FCFS (First come first served) scheduling, respectively. The 
~ompa~rison of the fuzzy scheduling with the FCFS scheduling in Tables 1 and 2 shows the 
effectiveness of the optimization by the fuzzy scheduling. Table 2 also shows the influence 
of the number of parts, n on the performance of the fuzzy scheduling. As a result, solutions 
by the fuzzy scheduling are closer to optimal ones as n becomes larger. Table 3 shows how 
many problem instances can be optimally solved by the fuzzy scheduling. 

We can conclude from these results that the fuzzy scheduling is superior to the FCFS 
scheduling especially for problem instances with m = 3. 

6.2 Evaluation of BAB algorithms 
To examine the performance of the BAB algorithm with fuzzy inference, the following four 

kinds of BAB algorithms were implemented for the purpose of comparison. 
(1) A: BAB algorithm with fuzzy inference proposed here; 
(2) AI : BAB algorithm A without fuzzy search (i.e., the ordinary depth-first search method 

is adopted) ; 
(3) A2: BAB algorithm A without fuzzy scheduling (i.e., the initial incumbent value is set 

to m); 
(4) As: BAB algorithm Ag without fuzzy search (i.e., the one without fuzzy inference). 
The rates of problem instances solved by these algorithms are shown in Table 4 for m = 3 
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Table 3: Rate (%) of problem instances with n = 10 for which the fuzzy scheduling gives 
optimal solutions 

- 

Average 48 28 9 

and tv = 15. It is evident that Algorithm A is superior to AI, A2 a,nd Ay,. The comparisons 
of A with AI as well Ay, show the effectiveness of the fuzzy search on the performance of 
Algorithm A, and the comparisons of A with A2 as well As show the effectiveness of the 
fuzzy scheduling on the performance of Algorithm A. 

Tables 5 and 6 show the influences of the turnaround time of AGV, the number of parts 
and the number of cells on the solvability of Algorithm A. We can conclude from results in 
these tables that the BAB algorithm A can solve problem instances with 400 parts with high 
probability over 90% if the number of cells, m is restricted to 3. 

7 Conclusion 
In this paper we have considered a scheduling problem of minimizing the makespan for 

an automated m-machine flowshop such as FMS that consists of a few machining cells with 
sufficient buffers, an AGV and loading/unloading stations, and shown that the problem can 
be approximately reduced to a flowshop scheduling problem. Based on this reduction we 
proposed a heuristic algorithm called fuzzy scheduling, and a branch-and-bound algorithm 
with fuzzy inference. Extensive numerical experiments show that the fuzzy scheduling can 
give optimal or near optimal solutions in short time, a,nd the branch-and-bound algorithm 
wit h fuzzy inference can efficiently give optimal solutions to problem instances with three- 
machines a,nd up to 400 parts with high probability. These facts suggest that a,pproximate 
and/or exact algorithms proposed here can successfully be applied to real manufacturing 
systems such as FMS's, FTL7s and especially FMC's with a few machining centers. 

Other possible topics for future resea,rch include the use of multiple AGV's in automated 
flowshops as a means of reducing the waiting time of parts and the idling time of ma,chining 
cells. The scheduling of automated flowshops with limited buffer storage and the design of 
polynomial time approximation algorithms for such intractable problems are also important. 
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Appendix A. Proof of Lemma 1 

Proof. From Eqs. (l), (2) and (6)' 
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Table 4: Rate (%) of problem instances solved within 5 minutes by BAB algorithms (m = 3, 
tG = 15 (tv/(m + 2)/Pmean = 0.06)) 

Average 92 84 87 65 

Table 5: Average rates (%) of problem instances solved within 5 minutes by Algorithm A 
for n = 10 - 200 

t v/ (m + 2) / Pmean m = 3  m = 4  

Table 6: Rate (%) of problem instances solved within 5 minutes by Algorithm A for larger 

problems(m 3, tv = 15 ( t d m  + 2)/Pmean = 0.06)) 

Average 9 1 

?Average CPU times in second for solved instances. 
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Since we have the same equation as Eq. (28) for k replaced by (k - l), we have the following 
by substituting such equation into Fl of the right-hand side of Eq. (28), 

Fl(n) = max{(fc - l ) tv  + Pl(jt) + tol,(fc - 2) tu+  Pl(jt-l) + Pl(jt), 

F l U k - 2 )  + PI($-l) + Pl(jk)}. 

Repeating the above substitution for k - 2,. . - ,  1, we have 

Replacing \X] of Eq. (6) ' by (X + l), we have 

Subsituting Eq.(30) into Eq.(2), we have 

Since we have the same equation as Eq. (31) for k replaced by ( k  - l), we have the following 
by substituting such equation into Fi(jk-l) of the right-hand side of Eq.(31), 

Repeating the above substitution for k - 2, - 1 ,  we have 

Thus, from Eqs. (29), (33) and (30) we have Eqs. (g), (1 0) and (1 1). 

Appendix B. Proof of Lemma 2 

Proof. From Eqs. (10) and (1 1) 

uting Eqs.(9) and (10) into Eq.(34) for I = m - 1 , .  . . , l  repeatedly, we have 
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- - max 
l^q(m-2)<q(m-l)<n 

{ L - 2  ( jm-2)) + E p m - l  ( j h )  

h=q(m-2) 

< max { E t ,  + E pdh) 
Kq(O)<-<q(m- l )<n  h=l h=9(0) 

Thus, we have Eq. (12) and Eq.(l3). 

Appendix C: Proof of Lemma 3 

Proof. The proof is done by induction on I = 1,2, .  - - , m. Firstly, replacing fx1 by X and 
removing the term Z(jk-1) + tv in Eq. (6), we have the following, 

Now from Eq. (35) for l = 1 and k = n - 1, and Eq.(l) 

From Eq. (21) 

and 

Thus, from Eqs. (36) (38) we have 

In general, we have the following from Eq.(21) 

Eq. (40) can be rewritten as follows, 

Since we have the same equation as Eq.(40) for k replaced by (k + l), we have the following 
by replacing the right-hand side of Eq.(41) by such equation, 
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Also from Eq. (21) 

Eq.(43) can be rewritten as follows, 

Since we have the same equations as Eqs.(40) and (44) for k replaced by (k + l),  we have 
the following by replacing the right-hand side of Eq.(44) by such equations, 

Substituting Eq. (2) for I = 1 alnd k = n - 1 into Fi (jn-!) of the right-hand side of Eq. (39)) 
we have 

Replacing the right-hand side of Eq.(46) by Eqs.(42) and (45) for k = n - 2, we have 

Repeasting the a,bove substitution a,nd repla,cement for n - 3, n - 4, . . . , k, we have 

G (jn) 2 max{Fi (jt) + &l (it), (k - ].)L + Yoi (it) + tol}. (48) 

Now assuming that Lemma3 (Eq.(20)) holds for I 5: m - 1, i.e., 

From Eq.(35) we have 

Tm(jn) 2 max{Fm(jn-I), Tm-i(jn) + (m-,m} + Pm(,)n)- (50) 

Substituting Eq.(49) for l = m - 1 into Tm_l(jn) of the right-hand side of Eq.(50), we have 
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Substituting Eq.(2) for l = m a,nd k = n - 1 into un-l) of the right-hand side of Eq.(51), 
we have 

As a matter of convenience, we introduce a new notation Y:v(3k) as follows, 

Since we have the same equation as Eq.(49) for n replaced by i(> k), we have 

Substitut,ing Eq.(54) for i = n - 1 into Tm-i(jnPl) of the right-hand side of Eq.(52), we have 

Repeating the above substitutions for n - 2, n - 3 , .  . , k + 1, we have 
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From Eq.(21) we have 

= max[ max 
k<q(/)<--<q(rn-2)<k+l  { Z f i ( j h ) + . . . +  E Pm-l(jt)}+Epm(jh), h=k+l  h=q(m-2) k + l  

max 
f~<. :q (~)  <.--<q(m-2) <n { E Wd + . * .  + E k-l(jh)} + pm(jh)] 

h=k+l  h=q(m-2) 

Substituting Eq. (57) for l = 0,1, - - , m - 1 into the right-hand side of Eq. (56), we have 

Thus, Lemma 3 holds for I = m. This completes the proof of Lemma 3. 
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