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Abstract The eigenvalue method (EM), that is to find the principal eigenvector of a pairwise comparison 
matrix, is widely used and known to be practical in Analytic Hierarchy Process (AHP). However, the 
validity of EM has never been fully proved. In this article, we present an equilibrium model and four 
optimization models to  show the logical justification for using EM in AHP. By introducing two concepts, 
self-evaluation and non-self-evaluation, into AHP, the fundamental theorem (Frobenius' Theorem) for EM is 
interpreted as two optimization problems. From these two concepts, a noncooperative game with a pairwise 
comparison matrix is also formulated and its equilibrium solution is the principal eigenvector. We propose 
two discrepancy indices between self-evaluation and non-self-evaluation and formulate four discrepancy- 
minimization problems. An optimal solution for two minimization problems among them is equal to the 
principal eigenvector . 

1. Introduction 
Since Saaty [7] developed the Analytic Hierarchy Process (AHP) in the 1970s, AHP has 
been widely used and applied to decision problems in various situations such as business 
and social economic planning (see for example [13], [l51 and [l81 ) . 

Saaty [7] has developed the eigenvalue method (EM) in order to synthesize a pairwise 
comparison matrix A and to obtain a priority weight vector for several decision criteria and 
alternatives. Here an eigenvector of the matrix A is used for the priority weight vector. 
Two other methods: the logarithmic least square method (LLSM) [4] and the least square 
method (LSM) [3], are also proposed for their priority weight vectors. These methods are 
compared with EM in several literatures (see for example [6], [8] and [g]). 

In EM the priority weight vector is set to the right principal eigenvector W of the pairwise 
comparison matrix A. Hence EM is to find the maximum value X and its corresponding 
vector W such that Aw = \W. Saaty [8] and Harker and Vargas [6] assert that the priority 
weight vector of EM is given by 

Ake 
W = lim - 

k 4 c a  eTA%' 
where e is a vector of ones and the superscript "T" indicates a vector transpose. They 
interpret the priority weight vector as the convergent state (1.1) of the averaging process 
{(Ake/eTAke) 1 k = 1,2, . . .} by means of a directed graph. For a pairwise comparison 
matrix A = (a;,) of order n, the directed graph is formed by a node set I = {l,. . . , n} and 
an arc set { (i, j) \i G I, j G I and i # j } such that the arc (i, j )  from the node i to the 
node j is labeled as a^. From the graph-theoretical argument they conclude that EM will 
retain rank ordering in an inconsistent matrix (see for details [6], [B] and [IO]). 

As suggested in [Ill, if for an inconsistent pairwise comparison matrix A there is an 
unknown consistent matrix A such that A is slightly perturbed from the priority weight 
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vector of A will be considered an ideal weight vector of A and EM will give an approximation 
weight vector for the ideal weight vector. 

On the other hand, as described in [I], Ill] and [14], LLSM and LSM are based on the 
following optimization problems. With the input data of the pairwise comparison matrix A 
of order n, a priority weight vector W = (wi, . . . , w ~ ) ~  is set to a solution for one of the two 
optimization problems: 

n n 

min. I log aij - log(wi/wj) l 2  for LLSM and 
1=1 )'=l 

min. for LSM. 

It is because they assume the error models a,, = (wi/wj)eij for LLSM or a,, = (W&) + 
for LSM, where the error c,,- has some continuous distribution. 
The aim of this study is to give a logical justification for EM by means of optimiza- 

tion/equilibrium models. The study of AHP based on these models has the following two 
advantages : 

0 one can clarify the conditions of EM in terms of the model-based AHP, which are 
implicitly assumed in the convergence for the averaging process of (1.1) and 

o one can separate the three processes: modeling process for the practical problem, 
estimating process of a priority weight vector and analyzing process for the relationship 
between the priority weight vector and the pairwise comparison matrix or the structure 
of the model. Hence, for example, a priori constraints of priority weight vector will 
be incorporated in the model of AHP (see for example [16]). After solving the model 
and obtaining a priority weight vector, we could analyze the sensitivity of the priority 
weight vector for the pairwise comparison matrix A and the additional constraints. 

The structure of this article is organized in the following manner. In section 2 two new 
concepts "self-evaluation" and "non-self-evaluation" are introduced. Then the two well- 
known theorems, "Frobenius' Theorem" and "Perron-Frobenius' Theorem", are interpreted 
as the statements of a relationship between two optimization problems which are based 
on the proposed concepts. These two theorems guarantee the convergence of EM and the 
existence of its solution. Then we show in section 3 that our framework of AHP can be 
naturally interpreted as a noncooperative game, and that the priority weight vector of EM 
satisfies an equilibrium condition of the game. Section 4 introduces the discrepancy index 
between self-evaluation and non-self-evaluation, formulates some optimization problems for 
minimizing the discrepancy indices, and analyzes the relationship between the eigenvector 
and the priority weight vector for each optimization problem. Conclusions and further 
extensions of our model-based AHP are summarized in Section 5. 

2. Fundamental Theorems and Basic Concepts 
Consider the problem of comparing a set of n alternatives with respect to a single criterion. 
Then, the size of the pairwise comparison matrix A is n. Generally the number n of 
alternatives is not less than 3 and all pairwise comparisons between distinct alternatives 
are done with respect to either dominance, importance or preference. Here, we simply call 
them "value." Each entry aij of the pairwise comparison matrix A represents the ratio of 
the value of the ith alternative to one unit of the value of the jth alternative. This study 
assumes that a y  > 0 and an = 1 for all i ,  j E I. As described in [g], the observed value 
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in practice does not necessarily satisfy that a,, = I /a j i .  Therefore, we do not assume that 
a,, = l /a i i  for all i ,  j E I .  Hereafter the pairwise comparison matrix A is a positive matrix 
with the unit diagonal entry an = 1 for all i E I, but not necessarily reciprocal. 

Our model-based AHP supposes that every alternative evaluates itself, and that it gives 
itself a positive real number. Let W, be the positive real number given to the î alternative 
by itself. The value W, of the ith alternative is called the ith self-evaluation value. The value 
aijWj represents the evaluation value of the ith alternative from the viewpoint of the 
alternative 'when the jth self-evaluation value is wj . Averaging a ~ w ,  over j # i, we obtain 

aijwj/(n - l ) ,  which we call the ith non-self-evaluation value. 
Example 1 Let n = 4 and consider the self-evaluation vector W = (wl, w2, w3, w4)T and 
the pairwise comparison matrix 

Then 

The first 

The second 

The third 

The fourth 

non-self-evaluation 

non-self-evaluation 

non-self-evaluation 

non-self- evaluation 

We will introduce some mathematical 
theorems and lemmas. We denote the zero 

value = 
2w2+4w3+3w4 

3 

value = 
(1/3)wi + 3w3 + 2 ~ 4  

3 

value = (l/4)wi -l- (l/3)w2 + W4 

3 

value = 
(1/4)w1+ (l/2)w2 + W3 

3 

terminologies and notations used in the later 
vector by 0. A vector W whose elements are all 

positive is called positive and we denote it by W > 0. A nonnegative matrix A is called 
irreducible if the direct graph with a node set I and an arc set { (i, j )  1 au > 0 and i # j } 
is strongly connected. 

The following well-known theorem guarantees that a priority vector of EM is unique, 
and that it is positive. 
Theorem 1 (Perron-R-obenius' Theorem [12]) Suppose that A is an irreducible non- 
negative matrix. Then there are an  eigenvalue A and the corresponding eigenvector W satis- 
fying the following two conditions: 
(1) Aw = Aw, A > 0, W > 0 and A > .\a\ for every eigenvalue a of the matrix A. 
(2) A is a single root of the characteristic equation of A. 

We denote an eigenspace of the matrix A corresponding to the eigenvalue A by M(A : A), 
that is M(A : A) = { W \ Aw = Aw }. Note that dim M( \  : A) = 1 if the eigenvalue A is a 
single root of the characteristic equation of A. (When an eigenvalue is a single root of the 
characteristic equation of the matrix, it is geometrically and algebraically simple. see for 
detail [2].) An eigenvector W c M ( \  : A) corresponding to the simple A is called unique. 
From theses terminologies and notations we represent Theorem 1 as the following corollary. 
Corollary 2 Suppose that A is an irreducible nonnegative matrix. Let \max be the principal 
eigenvalue of A. Then, Amax > 0 and dim M(Amax : A) = 1. Furthermore for all nonzero 
vector W E M(Amax :A), W > 0 or W < 0.  
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Let a, be the ith row vector of A, then any eigenvector W of A corresponding to the 
eigenvalue A satisfies aiw = \Wi for all i G I. Corollary 2 implies that 

aiw - 
- - Amay for all i E I, 
W i 

where Amax is the principal eigenvalue of the irreducible nonnegative matrix A and W E 
^(Amax : A). The following theorem based on (2.1) describes some important properties of 
the principal eigenvalue and the corresponding eigenvector of the matrix A. 
Theorem 3 (Frobenius' Theorem [5 ] )  Suppose that A is a nonnegative matrix, and 
that Amax /is the principal eigenvalue of A. Then for every n-dimensional positive vector W, 

min { * , . . . ,  Amay < max 7 . . . 7  

W1 W n  W n  

Furthermore, i f  the matrix A is irreducible, 

l - . . 1  = Amax := rnin max , a . . ,  

W >o w>O 

where the two equalities i n  (2.3) hold for every positive eigenvector W G ^(Amax : A). 

Corollary 4 Suppose that A is an irreducible nonnegative matrix, and that Amax is the 
principal eigenvalue of A. A positive vector attaining the two equalities of (2.3) is a positive 
eigenvector of A corresponding to Amax, and vice versa. 

Proof: Suppose that a positive vector W attains the two equalities of (2.3). Then, Amax = 

a 1 G / w i )  = = (anW/wn). This means that Aw = Amaf i .  Hence, the positive vector W 

is an eigenvector of A corresponding to Amaxe 
It follows immediately from Theorem 3 that the positive eigenvector of A corresponding 

to Amax attains the two equalities of (2.3). D 

The following lemma implies that EM is to find a positive vector W such that Aw = Aw. 
Lemma 5 Suppose that A is an irreducible nonnegative matrix. Let Amax be the principal 
eigenvalue of A. Then, any positive eigenvector of A belongs to M(Amax :A). 
Proof: Let and A be a positive eigenvector of A and the corresponding eigenvalue, re- 
spectively. Then 

AS= h. (2.4) 

Suppose that 6 M(Amax :A). From Corollary 2, the eigenvalue \ is less than the principal 
eigenvalue Amay of the matrix A. Therefore, it follows from (2.4) that 

which contradicts (2.2) of Theorem 3. 

For a matrix A we define a matrix of order n 
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where E is the identity matrix of order n. In the similar manner to the matrix A, we denote 
the (i ,  j )  entry and the ith row vector of A by hi, and hi, respectively. Then we can represent 
the ith non-self-evaluation value as &W. Note that all diagonal entries of the matrix A 
are zero, and that hi, # (l/%,) for all i # j if A is reciprocal. 
Lemma 6 Suppose that A is a positive matrix whose diagonal entries are all unit. Then, 
A defined by (2.5) is an irreducible nonnegative matrix. 
Proof: hij = aij/{n - 1) > 0 for every i # j and h^ = 0 for all i E I. D 

Lemma 6 means that for the principal eigenvalue Amax of the matrix A there is a unique 
positive eigenvector W. Therefore, we see from Theorem 3 that for the matrix A 

1 . .. 7 = Am% = min max 7 - - . ,  
W >o Wn w>O Wn 

Note that the following two optimization problems underlie (2.6) 

min max { g , . . a 7  

W >o Wn 

Every term (hiw/wi) in (2.7) and (2.8) is the ratio between the î self-evaluation value 
wi and non-self-evaluation value &W. The optimization problem (2.7) is to maximize the 
least ratio between self-evaluat ion value and non-self-evaluat ion value. The optimization 
problem (2.8) is to minimize the largest ratio. From (2.6) and Theorem 3 we see that 
both optimization problems (2.7) and (2.8) have a common optimal solution that is any 
eigenvector W of the matrix A corresponding to the principal eigenvalue Lax. It follows from 
Corollary 4 that an optimal solution of the problem (2.7) or (2.8) is a positive eigenvector 
of M(\msx :A), and that vice versa. 
Lemma 7 Suppose that A is an irreducible nonnegative matrix whose diagonal entries are 
all units, and that A is defined by (2.5). Let Am= and Amax the principal eigenvalue of 
the matrix A and the principal eigenvalue of the matrix A, respectively. Then, a positive 
eigenvector W of A corresponding to Am= is a positive eigenvector W of A corresponding to 
Lax and vice versa. Furthermore, 

M(Amax : A) = M (Amax : A), 

and 

Proof: It follows from the definition of A that 

This means that W and (Amax - l)/(" - 1) are an eigenvector of the matrix A and the 
corresponding eigenvalue, respectively. Since W is positive, it follows from Lemma 5 and 
Corollary 2 that W = for some positive p. Dividing (2.10) by the positive number p, 
we have AW = (Amax - l ) / (^  - 1) W. Since Amax corresponds to the eigenvector W, it follows 
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that Amax = (Amax - l)/(" - l), and that the eigenvector W of the matrix A corresponds 
to the eigenvalue Amax. Hence W is an eigenvector of A corresponding to Amm. In the same 
manner, we can show that W is the principal eigenvector of the matrix A. 

Since dim Af(Amax : A) = 1, for every nonzero vector V E M(Amax : A) there exists a 
A A 

scaler p # 0 such that v = pw. Since W is an eigenvector of A corresponding to Amax, 

v = p is also an eigenvector of A corresponding to Amax- In the similar way, we can prove 
that every nonzero vector u E M{\ :A) is an eigenvector of A corresponding to /lmax- Hence, 
M(Amax 1 A) = M(Amax 1 A). D 

Theorem 8 A priority weight vector of EM is an optimal solution of the optimization 
problem (2.7), and vice versa. A priority weight vector of EM is an optimal solution of the 
optimization problem (2.8), and vice versa. 

Proof: Directly from Lemma 7. 0 

Note that every ratio of a self-evaluation value and the corresponding non-self-evaluation 
value is equal to the principal eigenvalue of the matrix A if and only if a vector of the self- 
evaluation value is an optimal solution of either the problem (2.7) or (2.8). 

We summarize some properties of the principal eigenvector of the matrix A as follows: 
Theorem 9 Suppose that A is a positive matrix with all diagonal elements an = 1, and that 
A is defined by (2.5). Let \max be the principal eigenvalue of the matrix A. Then, Amax > 0 
and there exists a unique positive eigenvector W of A corresponding to Amax. Furthermore, 
for every positive vector W $ hf(Amax :A), 

{<W,. . . ,  < Amay < max - 
Wn Wn 

For every positive vector w E M ( A ~ =  :A), 

Proof: The proof of (2.11) will be given by contradiction. Suppose that there exists a 
positive n-dimensional vector G $ hf(Amax : A) such that either Amax 5 (&#/Gi) for every 
2 E I or Am= 2 (hiw/wi) for every i E I. Let J = { i E I 1 Amax = (&w/wi)}. 

We now consider that Amax (Gi^/@) for every i E I. Since G $ hf(Amax : A), it 
follows from Theorem 3 that J # 0 and J # I. Therefore there exists an index l such that 
A 

Am= < (iilw/Gji) and we can choose a positive number e such that 0 < e < (iilw/Amax) - Gi- 
Let Wi = Gji for all i # I and 6 = Cl + E ,  then by the choice of e > 0 we obtain 

since 0,1, > 0 for all i # I and iiÃ = 0. This contradicts (2.2) of Theorem 3. 
In the other case where Amax >. (&@/Gi) for every i E I, we will lead to the contradiction 

in the same manner and complete the proof of this case. 
The validity of (2.12) is immediately followed from Theorem 3. 

Theorem 10 Let A and imax be a positive reciprocal matrix and the principal eigenvalue 
of the matrix A defined b y  (2.5), respectively. Then, 
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Proof: Since the principal eigenvalue of the matrix A is not less than n (see for details [7]), 
it follows from (2.9) of Lemma 7 that Anna 2 1. 

3. An Equilibrium Model Based on Game Theory 
In this section we will discuss our model-based AHP in terms of noncooperative game 
played by n competitive companies. All n companies develop the new products with the 
same functions individually and they will sell each product for the common market. The 
ith company plans to sell its product by the price W.. The consumers of the market have a 
common pairwise comparison matrix A = [aij] with respect to the brand preference of the 
existing products. They consider that paying wj for the jth company's product is indifferent 
to paying a ~ w j  for the ith company's product. Suppose that the brand preference table A is 
not affected by the price vector W = (wl, . . . , w ~ ) ~ .  The consumers will estimate the price of 
the î company's product as tiiw after knowing the prices of (n - 1) others' companies. The 
ratio (tiiw/wi) represents the gap between the price estimated by the consumers and one 
determined by the ith company. When the ratio (tiiw/wi) is greater than 1, the consumers 
consider that the ith company's product is relatively inexpensive, and they want to buy the 
product whose ratio is equal to max{ (hiw/wi) 1 i G I }. On the other hand, all companies 
want to determine the high price of each product as much as possible. Here, we define 

as the loss function of the ith company. Suppose that every company determines the price 
in order to avoid its loss quantity as much as possible. We denote this game by HA, L]. 

A price vector i i j  in the game HA, L] is called an equilibrium price vector if it satisfies 

for all wi > 0 and for all i G I. In other words, i i j  is an equilibrium price vector in HA, L] 
if no company can decrease strictly its current loss by unilaterally changing the funds. 

We will now translate the game HA, L] into our model-based AHP. The brand prefer- 
ence table and the price vector in the game F[A, L] correspond to the pairwise comparison 
matrix and the self-evaluation vector in our model-based AHP, respectively. Determining an 
equilibrium prices corresponds to evaluating the brand preference order of the consumers. 
The behavior criteria of each alternative is as follows: 

Each alternative wants possibly to receive the larger non-self-evaluation value in com- 
parison with its self-evaluation value. 
Each alternative considers that the distance from the ratio between its self-evaluation 
value and the corresponding non-self-evaluation value to the maximum ratio among 
all alternatives' is the degree of the misjudgment. 

Then it wants to decrease its misjudgment. Suppose that the ith alternative can not decrease 
its misjudgment degree whatever self-evaluation value it gives to itself under the fixed self- 
evaluation values of (n - 1) other alternatives. Then it will not change the self-evaluation 
value. When any one of all alternative can not decrease strictly the misjudgment degree by 
changing its self-evaluation value individually, we consider that the self-evaluation vector 
reaches an equilibrium state in our model-based AHP. 
Theorem 11 Suppose that A is a positive matrix with all diagonal entries an = 1. An 
equilibrium price vector of T\A, L] is an eigenvector of A corresponding to the principal 
eigenvalue, and vice versa. 
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Proof Suppose that G is an eigenvector of A corresponding to the principal eigenvdue. 
Then we see from Lemma 7 that G is also an eigenvector of A. It follows from Theorem 9 
and the definition of L i ( w )  that for all i E I 

for all wi > 0. 

This means that G is an equilibrium price vector of r[A, L ] .  
Suppose that a positive vector G is not an eigenvector of A corresponding to the principal 

eigenvalue. Then, we see from Lemma 7 that G is neither an eigenvector of A corresponding 
to the principal eigenvalue. It follows from Theorem 9 that there is an index k such that 

0 < hk(*) = max 

j ~ I a n d  tikw akw > max { max ( G l  j + / i  }j~}-z 

Hence ti~ is not an equilibrium price vector of P[A, L]. R 

Theorem 11 implies that an equilibrium price vector G is a solution of (2.12) and vice 
versa. Therefore we call (2.12) the equilibrium equation of r[A, L]. Let wi and iiiw be the 
ith country's input and output, respectively. Every F[A, L] with imax # 1 has an excess 
or a shortage of the total output over the total input A Gi for any equilibrium 
price vector @. On the other hand, for a game P[A, L]  with ,Amax = l, the total output can 
be balanced with the total input and each output can be equal to the corresponding input 
among all companies. We define = l in the equilibrium equation of P[A, L] as the ideal 
equilibrium value. 

4. Discrepancy-Minimization Models 
Comparing the self-evaluation value with the corresponding non-self-evaluation value, we 
h o w  whether the alternative evaluates itself well or it is underestimated/overestimated. 
Hence, we consider that the alternative evaluates itself well if the self-evaluation value is close 
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to the corresponding non-self-evaluation value, and that it is overestimated/underestimated 
if the self-evaluation value is much lesslgreater than the corresponding non-self-evaluation 
value. 

In this section we will find a self-evaluation vector W such that all alternatives possibly 
evaluate themselves well. We suppose that a desirable self-evduation vector has the 
following property. For all i E I ,  a self-evaluation value wi of the it' alternative is very close 
to the corresponding non-self-evaluation value hi@. 

In order to measure the degree of difference between a self-evaluation value and the 
corresponding non-self-evaluation value, we consider two discrepancy indices as follows: 

Both yi(w) and &(W) vanish when the self-evaluation value wi is equal to the corresponding 
non-self-evaluation value &W. In both indices (4.1) and (4.2), the unit '1' is subtracted from 
the ratios as an ideal value. Since (&W/W~) - yi(w) = l and ( & i ~ / ~ i ) ( l  + fii(w)) = l, yi(w) 
is the additive gap between the ideal value l and (hiw/wi), and bi(w) is the multiplicative 
gap between the ideal value l and (kiw/wi). (For the gap between the ideal value l and the 
reciprocal (W~/&W), yi(w) is multiplicative and 6(w) is additive. Hereafter ~ ~ ( w )  and bi(w) 
are called additive discrepancy and multiplicative discrepancy, respectively.) 

We first consider yi (W) as the ith discrepancy index. If the ith discrepancy T~ (W) vanishes, 
i.e., wi = &W, the ith alternative evaluates itself well. Let y(w) = ( ~ ~ ( w ) ,  . . . , yn(w)) and 
l l~(w)  = max{ lyl(w) l,. . . , Iyn(w) l}, then we define a discrepancy minimization problem 
P[A, 71 with index 7 as follows: 

In order to find a priority vector such that all the alternatives are evaluated well as much 
as possible, the problem P[A, y] minimizes the largest additive discrepancy. 
Theorem 12 Suppose that A is a pos2tzve m a t ~ x  with all diagonal e n t ~ e s  aii = l, and that 
A is defined by  (2.5). A positive eigenvector of A corresponding to the principal eigenvalue 
is an optimal solutzon of PIA, y], and vzce versa. 
Proofi Let Am= be the principal eigenvalue of A. Suppose that 6 is a positive eigenvector 
of A corresponding to the principal eigenvalue- It follows from Lemma 5 and Lemma 7 that 
6 is an eigenvector of A corresponding to Ama. Since P[A,y] is equivalently rewritten as 
minw>omax{ (&w/w~) - l, l - (iiiw/wi) 1 i E I}, each optimal objective function value of 
the two problems rni%>o max{ (&iw/wi) - l 1 i E I} and rninw,0 mm{ l - (hiw/wi) 1 i E 1) 
is a lower bound of P[A, y]. This means from Theorem 9 and Lemma 7 that 

max minmax {: - - l l i E I } , m i r  W>[ 

= max minmax - { : 
max{l-$1 i e  I}} 

- 1 i E I} = min i I ~ ( w ) l [ ~  wi w>O 
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A 

Hence we see that IAmax - 11 = rninW>o ~ l ~ ( w ) [ ~ o o  = l17(w)l lm,  and that W is an optimal 
solution of P[A,  71. 

Suppose that a positive vector fd is not an eigenvector of A corresponding to the principal 
eigenvalue. Then we see from Lemma 7 that ZZ does not belong to M ( A ~ ~  : A ) .  It follows 
from Theorem 9 that 

This means that 0 is not an optimal solution of P[A, 71. 

In order to measure the inconsistency of the reciprocal pairwise comparison matrix A, 
Saaty [7] has developed the consistency index (Amax - n)  / (n  - l ) ,  where Amax is the principal 
eigenvalue of A. 
Corollary 13 Suppose that A is a reciprocal positive matrix, and that the matrix A is 
defined by (2.5). Let Amax be the principal eigenvalue of the matrix A. Then the optimal 
objective function value of Problem P[A, 71 is Amax - 1, which is equal to the consistency 
index of the matrix A. 
Proof: Let Am= be the principal eigenvalue of the matrix A. Since A is a positive reciprocal 

A A 

matrix, it follows from Theorem 10 that 0 5 Amax - 1 = IAmax - 11. 
We see from the proof of Theorem 12 and Lemma 7 that 

A A A m a d  
- l =  L a x  - n min ~ ~ ~ ( w ) ~ ~ ~  = >max - 1 = Amax - 1 = 

W >o n - 1  n - 1  ' 

which is equal to the consistency index of the matrix A. 0 

We then consider the discrepancy index 6, (W).  If the ith discrepancy 6i (W) vanishes, 
i.e., wi = &W, the î alternative evaluates itself well. Let 6 ( w )  = (6i (W),  . . . , &(W)) and 

116(w) 1 1  = max{ 161 ( W )  1 ,  . . . , (W) l}, then we define a discrepancy minimization problem 
P[A,  6} with index 6 as follows: 

In order to find a priority vector such that all alternatives are evaluated well as much as 
possible, the problem P[A, 6} minimizes the largest multiplicative discrepancy. 
Lemma 14 Suppose that A is a positive matrix with all diagonal entries an = 1, and that 
A is defined by (2.5). Let Amax be the principal eigenvalue of the matrix A. Then, 
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Proof: Suppose that 3 is an eigenvector of A corresponding to the principal eigenvalue 
Amax. It follows from Lemma 6 and Theorem 9 that 

A h1w 
- - 0,nW &,W 

Amax = - .. . -  - - - = m i n m a ~ { ~ l  i E I,}.  
W1 Wn ""̂ D 

Since an optimal solution of maxw>o min{(wi/hiw) 1 i G I} is that of rninw>0 max{(hiw/wi) I i G 

I}, and vice versa, we obtain 

Theorem 15 Suppose that A is a positive matrix with all diagonal entries an = 1, and 
that A is defined by  the equation (2.5). A n  optimal solution of P[A, 61 is an eigenvector of 
A corresponding to the principal eigenvalue, and vice versa. 

Proof: Let Amax be the principal eigenvalue of A. Suppose that ID is a positive eigenvector 
of A corresponding ,. to the principal A eigenvalue. Then we see from Lemma 7 that a is also an 
eigenvector of A corresponding to Amax. Since the problem P[A, 6} is equivalently rewritten as 
rninw>0 rnax { (wi/Qiw) - 1, 1 - (wi/iiiw) 1 i G I }, both optimal objective function values of 
the two problems, rninw>0 rnax { 1 - (wi/iiiw) 1 i G I } and rninw>0 rnax { (wi/hiw) - 1 1 i G I }, 
are a lower bound of P[A, 61. This means from Theorem 9, Theorem 10 and Lemma 7 that 

r n a x  1-maxmin 7 Ã ‘ l i ~  , minmax 7 Ã ‘ l i ~  - \ w>o { ay; } w > O  { ay; 1 

V = min 1 1 ( 5 ( ~ ) 1 ~ ~  
w>O 

- 1 , l - 7 -  
Amax 

A 

Hence we see that 11 - l /Amaxl  = rninw>0 ~ ~ 6 ( w ) ~ ~ o o  = ~ ~ 6 ( ~ ) ~ ~ ~ ,  and that W is an optimal 
solution of P[A, 4. 

Suppose that a positive vector W is not an eigenvector of A corresponding to the principal 
eigenvalue. Then we see from Lemma 7 that W 4. M(A : Am=)- It follows from Theorem 9 
and Lemma 14 that 
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This means that W is not an optimal solution of P[A, 61. 

We briefly discuss a discrepancy minimization problem other than P[A, 71 and P[A, 61. 
Instead of the maximum norm used in each objective function of P[A, 'y] and P[A, 61, we 
could use either of the two norms Ll and L2, which are denoted by 1 1  -111 and 1 1 -  1 1 2 ,  respectively, 
for both the discrepancy index vectors 7(w) and 6(w). The norms Ll and L2 are denoted 
by 1 1  - 111 and 1 1  . 1 2 ,  respectively. 

The following pairwise comparison matrix A given in [B] is an example that the similar 
assertions to those of Theorem 12 and 15 are not valid for any one of the four problems: 
minw>o ll?(w) 111,  minw>o l I~(w) l [ $ ,  minw>o II~(w)IIi and minw>o IIb(w) 11:. 

Let W = (0.0893,0.3287,0.1983,0.3413,0.0424) and G = (0.0819,0.3433,0.2089,0.3241,0.0418), 
which are reported by Saaty [8] as the principal eigenvector of the matrix A and the 
solution by LLSM, respectively. For the two self-evaluation vectors W and G, we have 
E:=l 1 (iiiui/uii) - l1 = 17.59866 > 17.53173 = X?=, 1 (iiiii/Gi) - l1 and E:=, 1 - l l 2  = 
61.94254 > 61.91708 = X;Ll l(iiiG/Gi) - 112. Therefore the principal eigenvector W of the 
matrix A is an optimal solution for neither rninw>0 Ily(w) 111 nor minw>o ll'y(w) 11:. 

For the two problems minÃ§,, ll6(w) 111 and rninw>0 ll6(w) 111, we have X?=l \(wi/ii@) - 
11 = 3.893739 > 3.885626 = T , "  \(G./iiiG) - 11 and ELl \(t&/&w) - 112 = 3.302241 > 
3.020684 = \{Gi/iiiG) - 1 12. Therefore the principal eigenvector W of the matrix A is 
an optimal solution for neither minw>0 llb(w) 1 1  1 nor rninw>0 1 1  ̂ (W) 11:. 

5. Conclusions and Further Extensions 
This article has achieved two research objectives that can be summarized as follows: First, 
this study has developed several meaningful models for the problem that corresponds to 
EM, by introducing a self-evaluation value and the corresponding non-self-evaluation value. 
These models have presented logical justifications for using EM in AHP. This study has 
interpreted Theorem 3(Frobenius1 Theorem) as two optimization problems with respect 
to a self-evaluation vector. Moreover, we have proposed the noncooperative game F[A, L] 
and shown that the principal eigenvector of the pairwise comparison matrix A is equal 
to an equilibrium solution of r[A, L]. This study has introduced the three criteria, Loo, 
Ll and L2 norms, and the two discrepancy indices between a self-evaluation value and the 
corresponding non-self-evaluation value. Two of six optimization problems generated by the 
combination of the two discrepancy indices and the three criteria have an optimal solution 
which is equal to the principal eigenvector of the matrix A. 

Second, this study has shown that the commonly used reciprocity assumption is not 
necessary in EM. The reciprocity in the pairwise comparison matrix A is not used in the 
proofs of the core theorems: Theorem 8, 11, 12 and 15. To illustrate this generalization, the 
role of reciprocity in EM is shown in Theorem 10 and Corollary 13. We have demonstrated 
that the reciprocity is not necessary to find a priority weight vector such that Aw = \W 

and W > 0. 
As extensions of this study, the following research issues can be explored in the near 

future: We have to make new discrepancy optimization problems with other indices and 
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criteria than described in this study and analyze properties of an optimal solution of them. 
Especially the relationship between an optimal solution and the principal eigenvector of 
the matrix A is an important issue. We need to incorporate the constraints requested by 
decision makers in models and formulates them as an optimization problem and a stationary 
point problem [IT]. These problems must be compared each other from various viewpoints 
such as a computational complexity of a problem and properties of a priority weight vector. 
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