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Abstract This paper studies problems of establishing a minimum cost network and of determining a fair
cost allocation among customers. Each supplier offers a different type of service to the customers, and each
customer wishes to be connected with the suppliers which he needs. The characteristic function game is
deduced from minimum costs for constructing subnetworks. By introducing an equivalence relation on the
set of customers, we provide sufficient conditions to have a nonempty core, which solves the above problems.
It is shown that the game has a nonempty core as long as the optimal grand network becomes a forest which
is composed of the collection of the minimum spanning trees on the above equivalence classes. It is further
shown that, whenever the game consists of at most two equivalence classes, the core is nonempty.
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1. Introduction

We are having increasingly more opportunities to get information or other services through
networks such as an intranetwork, a cable television network, and internet. It will be
reasonable to conjecture that many new kinds of networks would emerge in the future. Thus,
if many people or organizations share a network, it is important to construct a network with
the minimum cost and to allocate fairly the cost among the users.

Claus and Kleitman [2] consider a cost allocation in a minimum spanning tree, where
there is exactly one supplier and all customers wish to be connected with the supplier. They
discuss various schemes of cost allocation. Bird [1] formulates this problem as a cooperative
game, called minimum cost spanning tree (MCST) game. His model assumes that a coalition
S, a subset of customers, is allowed to use only the vertices of S and the supplier vertex. It
is shown that a refinement of the core is stable. Granot and Huberman [5] prove that the
above model has always a nonempty core even when each coalition S can use any external
vertex. Megiddo [7] independently gives a proof of the nonemptiness of the core. For a model
including more than one supplier, Rosenthal [9] deals with minimum cost spanning forest
game. In his model, all suppliers provide identical services, and customers need to maintain
a path to at least one supplier. Thus, the resulting network is not required to be a tree.
He shows that the core of this game is nonempty. Granot and Granot [4] introduce fixed
cost spanning forest (FCSF) game, where there is a fixed cost for establishing a supplier in
addition to the link cost of edges. Each customer wishes to physically connect himself with
a supplier. They give a sufficient condition under which FCSF game has a nonempty core,
and propose a strongly polynomial algorithm to compute the nucleolus for a special case.

Kuipers [6] introduces a generalized model of the MCST game, called minimum cost
forest (MCF) game. This model would enable us to deal with a variety of real situations
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36 M. Umezawa & H. Nishino

for the cost allocation problem on a network. This paper explores his model further, and
examines the existence of the core.

In an MCF game, there may be more than one supplier. Customers and suppliers are
represented by vertices on a network. Suppliers are not identical in services they provide.
Each customer has a subset of suppliers which he needs, and satisfies his demand only if he
is physically connected with them. Every coalition S of customers may utilize the external
vertices. Notice that it is not necessary for a customer to be connected with the suppliers
by a direct link. Link cost is given for every pair of vertices. Some customers may have
common suppliers which they need. Then, they might cooperatively construct a lower cost
network by sharing links. We now set the following problems. What is a minimum cost
network such that all customers’ demands are satisfied? Under what condition is there
a fair cost allocation among the customers to establish the optimal network? Here, this
problem is studied by a cooperative game theoretic approach. The MCF game does not
always have a nonempty core as illustrated later. Kuipers [6] shows that the core of MCF
game is nonempty if there is at least one customer who needs all suppliers or if there are
at most two suppliers. It is ingenious that he shows the nonemptiness of the core by using
the properties of the minimal network. In this paper, we provide more general sufficient
conditions by considering an equivalence relation of customers. These conditions include
the sufficient conditions of [6] as special cases. Associated with the subset of suppliers each
customer requires, an equivalence relation on the set of customers defines the connectivity
requirement among customers. Then, based on the concept of the equivalence relation, a
sufficient condition for the nonemptiness of the core of the MCF game is given. By using
this result, it is verified that the core is nonempty if the number of equivalence classes is
less than or equal to two.

The remainder of this paper is organized as follows. In Section 2, we formally describe the
MCF game. In Section 3, we discuss the existence of nonempty core, and then provide the
sufficient conditions under which the core is nonempty. Section 4 summarizes our findings
and gives directions for future research.

2. Model

Let N = {1, ..., n} be a set of customers and M = {n+1, ..., n+m} be a set of suppliers. For
each customer i ∈ N , M(i) ⊆ M represents the set of suppliers required by i. We assume
that M(i) 6= ∅ for all i ∈ N . For each S ⊆ N , M(S) ≡ ⋃

i∈S M(i). Let d be a nonnegative
weight function on the edges in the complete graph with vertex set N ∪M . We denote by
dij the cost of constructing a direct link between i and j. Assume that dij is symmetric, i.e.,
dij = dji. Given E ⊆ P2(N ∪M), we define the graph GE = (N ∪M,E), where P2(N ∪M)
is the collection of all subsets of (N ∪M) with cardinality 2. We call GE S-feasible if for
any i ∈ S ⊆ N and any j ∈ M(i) there exists a path from i to j in GE. For any i ∈ S, it
is allowed that i uses the vertices of N ∪M outside S and M(S). Notice that N -feasible
graph is always S-feasible for any S ⊆ N . Our objects are to find an N -feasible graph GE

such that the cost
∑

(i,j)∈E dij is minimized and to allocate the cost of the optimal graph
among the customers.

If GE has a cycle, we can remove at least one edge while keeping N - or S-feasibility,
reducing the cost of the network. Hence, we may restrict our attention to the set of N -
feasible forests. Note that a minimal N - or S-feasible graph may not be a tree. For example,
if M(S) ∩ M(Sc) = ∅ for some S ⊆ N , a forest composed of the two minimum spanning
trees corresponding to S ∪M(S) and Sc ∪M(Sc) has a fewer number of edges compared
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Core of Minimum Cost Forest Games 37

with the minimum spanning tree on N ∪M . Thus, a forest may have a lower cost than a
tree.

In this paper, the cost allocation problem is analyzed by means of a cooperative game
theory. The characteristic function of each coalition S ⊆ N is defined as follows:

C(S) ≡ min{ ∑

(i,j)∈E

dij|GE is an S-feasible forest}.

It is clear that this characteristic function satisfies the subadditivity: C(S) + C(T ) ≥
C(S ∪ T ), for any S, T ⊆ N .

We define a minimum cost forest game (MCF game) as an ordered pair (N,C). Moreover,
core allocation is one of the popular solution concepts in the game theory, and is defined as
follows:

Core(C) ≡ {x ∈ Rn|∑
i∈N

xi = C(N) and
∑

i∈S

xi ≤ C(S) for any S ⊂ N}.

Core gives fair allocations of the cost for the optimal N -feasible forest, if any.

3. Nonemptiness of Core

Is there always a core allocation of MCF game? Kuipers [6] shows a simple example demon-
strating that the core of MCF game may be empty. Let N = {1, 2, 3} be the set of players,

���

��

�������

���

��

�������

Figure 1: Example such that the core is empty

and M = {1′, 2′, 3′} the set of suppliers. The sets of suppliers which each player requires are
as follows: M(1) = {1′}, M(2) = {2′}, and M(3) = {3′}. The weight of all edges drawn in
Figure 1 is 3, and the weight of all the other edges is 5. For any player i ∈ N , the optimal
forest is obtained by connecting the edge (i, i′). Thus, for any i ∈ N , C({i}) = 5. For
every coalition of two players, the cost of the optimal forest is 9. For example, the optimal
forest for C({1, 2}) is established by the edges (2′, 1), (1, 2), and (2, 1′). One of the opti-
mal forests for the grand coalition N consists of the optimal forest for {1, 2} together with
the optimal forest for {3}. Therefore, C(N) = 14. If the core is nonempty, the allocation
(14/3, 14/3, 14/3) should be in the core by the symmetry. However, the allocation is blocked
by the coalition {1, 2}, since 14/3 + 14/3 > C({1, 2}). Hence, the core is empty.
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Now, we proceed to the discussion of the sufficient conditions under which the core of
MCF game is nonempty. Through this paper, let us denote a network by an ordered pair
(V, d) of the vertex set V and the weight function d of the edges of the complete graph
with vertex set V . We start with describing some lemmas needed for our argument. The
following is an important property of minimum spanning tree (see Ford and Fulkerson [3]).

Lemma 3.1 Let (V, d) be a network and Γ be a spanning tree on V . For each pair v, w ∈ V ,
let dΓ

v,w denote the maximum over all weights among the edges along the unique path from v
to w in Γ. Then the following statements are equivalent.

1) Γ is a minimum spanning tree in the network (V, d).

2) d ≥ dΓ.

It has been shown that, given a network (V, d), the unique weight function dΓ can be
determined. For the proof, see Kuipers [6].

Lemma 3.2 ([6]) Let (V, d) be a network, and Γ and Ω be two minimum spanning trees
on V in this network. Let dΓ and dΩ be the weight functions defined in Lemma 3.1. Then
dΓ = dΩ.

For a network (V, d), the weight function dΓ defined in Lemma 3.1 is determined regard-
less of the particular minimum spanning tree Γ. In the following, we suppress Γ and denote
the weight function by d̄. We call d̄ minimal weight function induced from the network
(V, d), and the network (V, d̄) minimal network. The minimal network has the following
properties as verified in Kuipers [6].

Lemma 3.3 ([6]) Let (V, d) be a network and Γ be a minimum spanning tree on V in this
network. Then

1) the cost of a minimum spanning tree in the minimal network (V, d̄) equals the cost of
a minimum spanning tree in the original network (V, d), and

2) for each U ⊆ V , there exists a minimum spanning tree Γ̄U in the minimal network
(V, d̄) such that U is a connected set in Γ̄U .

Lemma 3.4 ([6]) Let (N, C̄) be an MCF game with set of suppliers M , defined on a min-
imal network (N ∪M, d̄). Then the game is submodular.

The above Lemma implies that the MCF game on a minimal network always has a
nonempty core (for submodular game, see Shapley [10]).

If the customers i1, i2 ∈ N require a common supplier, they must belong to the same
tree on any N -feasible forest. Moreover, even if the customers i1 and i2 do not require
any common supplier, they necessarily belong to the same tree on any N -feasible forest
if another customer i3 requires a common supplier not only with i1, but also with i2, i.e.,
M(i1) ∩M(i3) 6= ∅ and M(i2) ∩M(i3) 6= ∅.

For any i, i′ ∈ N , we say that i is related to i′ by the binary relation ≈ and write i ≈ i′

if M(i)∩M(i
′
) 6= ∅. If there is a sequence i1, ..., ik of the players such that il ≈ il+1 for any

l = 1, ..., k − 1, we denote the extended relation by i1 ∼ ik. It is clear that the relation ∼
defines an equivalence relation. Thus, N is always partitioned into the equivalence classes
N1, ..., Np, where any pair of elements in each Nj (j = 1, ..., p) has the equivalence relation
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∼. Accordingly, M is partitioned into M1, ..., Mp. Let Vj ≡ Nj ∪Mj for j = 1, ..., p. We call
each Vj an equivalence component on a network.

By utilizing the concept of the equivalence relation, we proceed to argue about the MCF
game. For any U ⊆ (N ∪ M), let K(U) be the cost of a minimum spanning tree in the
network (U, d). For each j = 1, ..., p, by using a minimum spanning tree Γj in the network
(Vj, d) we can determine a unique minimal weight function d̃ and a minimal network (Vj, d̃)
from Lemma 3.2. Hereafter, d̃ always refers to the weight function associated with the
minimal network (Vj, d̃). For any Uj ⊆ Vj, we denote by K̃(Uj) the cost of a minimum
spanning tree in the network (Uj, d̃).

Now, consider the game (N, Ĉ) defined on the network (N ∪M, d̂), where

d̂vw =

{
d̃vw if v, w ∈ Vj for some j
dvw otherwise.

Note that for any j = 1, ..., p and for any Uj ⊆ Vj, K̂(Uj) = K̃(Uj). Thus, from Lemma
3.3-(1),

K(Vj) = K̃(Vj) = K̂(Vj), j = 1, ..., p. (1)

We denote by (Nj, C̃) a game with set of customers Nj and set of suppliers Mj, defined on

the network (Vj, d̃). Let Sj ≡ S ∩ Nj for j = 1, ..., p. The game (N, Ĉ) has the following
relationship with the game (N,C).

Lemma 3.5 Let (N,C) be an MCF game with set of customers N and set of suppliers M ,
defined on the network (N∪M,d). Let Vj = Nj∪Mj, j = 1, ..., p, be equivalence components.
If

C(N) =
p∑

j=1

K(Vj) , (2)

then Ĉ(S) =
∑p

j=1 C̃(Sj) for all S ⊆ N .

Proof. One can easily show that Ĉ(N) =
∑p

j=1 C̃(Nj) holds (see Appendix). Thus,

using Lemma 3.3, with respect to the weight function d̂, an optimal N -feasible forest exists
in which each set Sj ∪ M(Sj) (j = 1, ..., p) is connected. Let Ej (j = 1, ..., p) denote the
set of edges with both endpoints in Vj, and let ES

j ⊆ Ej denote the set of edges with both
endpoints in Sj∪M(Sj). Now take an optimal S-feasible forest and add the edges of the sets
Ej\ES

j (j = 1, ..., p) to it. One can show that the resulting graph is N -feasible. Therefore,

Ĉ(N) is at most the sum of Ĉ(S) and the cost of all edges in the sets Ej\ES
j (j = 1, ..., p).

It follows that Ĉ(S) is at least the cost of all edges in the sets ES
j (j = 1, ..., p). Since the

edges in each ES
j trivially constitute an (Nj ∩ S)-feasible forest with respect to the weight

function d̃, it now follows that Ĉ(S) ≥ ∑p
j=1 C̃(Sj). The reversed inequality is trivial. Thus,

Ĉ(S) =
∑p

j=1 C̃(Sj) holds.

From Lemma 3.4 and Lemma 3.5, we are ready to state our main theorem regarding an
MCF game composed of p equivalence classes.

Theorem 3.1 Let (N,C) be an MCF game with set of customers N and set of suppliers
M , defined on the network (N ∪ M,d). Let Vj = Nj ∪ Mj, j = 1, ..., p, be equivalence
components. If

C(N) =
p∑

j=1

K(Vj) ,
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then the game (N,C) has a nonempty core.

Proof. For each j = 1, ..., p, consider the game (Nj, C̃) defined on the network (Vj, d̃).
From Lemma 3.4, we have a core allocation xj such that x(Nj) = C̃(Nj) and x(Sj) ≤ C̃(Sj)
for any Sj ⊆ Nj, where x(S) ≡ ∑

i∈S xi. Let x ≡ (x1, ...,xp) ≡ (x1, ..., xn). Then, for any
S ⊂ N ,

C(S) ≥ Ĉ(S) =
p∑

j=1

C̃(Sj) ≥
p∑

j=1

x(Sj) = x(S).

The first inequality follows from d ≥ d̂. The next equality is obtained from Lemma 3.5.
Moreover, x(N) =

∑p
j=1 x(Nj) =

∑p
j=1 C̃(Nj) =

∑p
j=1 K(Vj) = C(N), where the third

equality follows from (1). Therefore, it is verified that x is a core allocation of the MCF
game (N,C).

This theorem includes as a special case Lemma 7 in [6], which states that if the optimal
forest for the grand coalition consists of exactly |M | components, then the MCF game has
a nonempty core.

Moreover, it is verified that an MCF game composed of at most two equivalence classes
always has a nonempty core.

Theorem 3.2 Let (N,C) be an MCF game with set of customers N and set of suppliers M ,
defined on the network (N ∪M,d). Suppose that N is composed of at most two equivalence
classes of the players. Then, the game has a nonempty core.

Proof. First, the proof is presented for the case where N is composed of one equivalence
class, i.e., p = 1. Consider the MCF game (N, C̄) defined on the minimal network (N∪M, d̄)
induced from the network (N ∪M,d). The optimal forest for the grand coalition must be a
tree in both games (N,C) and (N, C̄) because of the equivalence relation of players. From
Lemma 3.3-(1), C(N) = C̄(N). Since d ≥ d̄, C(S) ≥ C̄(S) for any S ⊆ N . The MCF game
(N, C̄) has a nonempty core by Lemma 3.4. Since Core(C̄) ⊆ Core(C), the core of the MCF
game (N,C) is nonempty.

Second, we discuss the case where the number p of the equivalence classes on MCF
game is two. We may assume that every optimal forest for C(N) is a tree, since otherwise
by Theorem 3.1 the core of this game is nonempty. Moreover, it may be assumed that
the network (N ∪M,d) is not minimal, because otherwise by Lemma 3.4 the game has a
nonempty core. Now, let us denote an optimal forest by Γ, which is a tree, and pick up an
edge (v, w) such that d̄vw < dvw. Lower the value of the weight dvw until one of the following
two cases happens. (i) The weight of the edge is equal to d̄vw, which is a minimal weight
induced by Γ. (ii) There exists an optimal forest for grand coalition which is composed of
two connected components. Let (N,C ′) be the game with the lowered weight. During this
procedure, C ′(N) = C(N) by Lemma 3.3-(1), and C ′(S) ≤ C(S) for any S ⊂ N . Therefore,
to check the nonemptiness of the game (N,C), it is sufficient to examine if the game (N,C ′)
has a nonempty core. If the case (ii) occurs, the game has a nonempty core from Theorem
3.1. If the case (i) happens, select another edge (v, w) which is not minimal and do the
same thing. Then, if all edges are minimal, the game is submodular by Lemma 3.4, so has
a nonempty core. In any cases, it follows that the core of the game (N,C ′) is nonempty.

Theorem 6 in [6] states that if there is a player i ∈ N with M(i) = M , then the game
has a nonempty core. Theorem 8 in [6] states that if |M | = 2, then the MCF game has a
nonempty core. We note that Theorem 3.2 generalizes both of these statements.

c© Operations Research Society of JapanJORSJ (2003) 46-1



Core of Minimum Cost Forest Games 41

4. Concluding Remarks

We study the nonemptiness of the core by considering the equivalence relation on the set
of players. In view of constructing a network with the minimum cost, it is natural that an
equivalence relation be introduced. Moreover, it is quite reasonable that a sufficient condi-
tion for a nonempty core involves this equivalence relation, as seen in Theorem 3.1. Note
that this theorem includes Lemma 7 in [6] as a special case. Furthermore, it is verified that
the core of MCF game is always nonempty if the game consists of at most two equivalence
classes. In fact, as given in Section 3, if the game is composed three equivalence classes,
we immediately have the possibility that the core is empty. Note also that this condition
generalizes a conclusion given in [6] that the core is nonempty if there are at most two
suppliers.

On the other hand, it is possible to make an example such that the core is nonempty while
our condition in Theorem 3.1 is not satisfied. For example, consider the example in Section
3 where the value of d12 is modified to be 2. Then C(N) = C({1, 2})+C({3}) = 8+5 = 13
and an allocation (4, 4, 5) is in the core. In addition, the example remains violating our
condition. This implies our condition in Theorem 3.1 is not a necessary and sufficient
condition. Hence, there may be a weaker sufficient condition such that the weights of the
edges across the equivalence components are considered.

It is not easy to examine whether a problem satisfies the sufficient condition in Theorem
3.1, when the number n of the players is very large and the number p of the equivalence
classes is as large as n. In many real world scenes, however, it is not so common that
customers do not share a same type of service at all. Most of the servers are shared by
lots of people, which increases the connectivity between the customers. Thus, p is supposed
to be very small relative to n. Then, we can check the sufficient condition in Theorem
3.1 by the practical number of iteration of computations. Let I ⊆ {1, ..., p}. The cost
K(

⋃
j∈I Vj) of minimum spanning tree on

⋃
j∈I Vj is compared with the sum of the cost of

minimum spanning tree on each equivalence component Vj. If there exists at least one I
such that K(

⋃
j∈I Vj) <

∑
j∈I K(Vj), it follows that C(N) <

∑p
j=1 K(Vj). On the other

hand, if K(
⋃

j∈I Vj) ≥ ∑
j∈I K(Vj) for every I, we can see that the condition in Theorem

3.1 is satisfied, i.e., C(N) =
∑p

j=1 K(Vj). Thus, the core of the game is nonempty. In
addition, when n is large and p is small, Theorem 3.1 is effective, because we can dispense
with examining the 2n worths of the coalitions.

It appears that 2p minimum spanning trees are needed in the worst case to solve the
decision problem of whether the condition in Theorem 3.1 is satisfied or not. Thus, it is
unlikely that this decision problem could be solved in a polynomial time on p. Developing a
sufficient condition that can be verified within a polynomial time remains a topic of future
research.
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Appendix

Proof of Ĉ(N) = C(N): Note that the condition (2) implies that for any I ⊆ {1, ..., p},
C(

⋃
j∈I Nj) =

∑
j∈I K(Vj).

Since d̂ ≤ d, Ĉ(N) ≤ C(N). Suppose that

Ĉ(N) < C(N). (3)
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Let the graph (V, Ê) be the optimal forest for Ĉ(N). Let B = {(v, w) ∈ Ê | v ∈ Vj,

w ∈ Vk, for j 6= k}. We can observe that B 6= ∅ by the fact that Ĉ(N) < C(N) =∑p
j=1 K(Vj) =

∑p
j=1 K̂(Vj). Let T1, ..., Tt be the trees composing the optimal forest (V, Ê).

Since any two vertices in Vj can’t belong to different trees by the equivalence relation, the

forest can be represented by Tk = (
⋃

j∈Jk
Vj, Êk), k = 1, ..., t, where {Jk, k = 1, ..., t} and

{Êk, k = 1, ..., t} are partitions of {1, ..., p} and Ê, respectively. From (2) and (3), it can be
seen that

∑t
k=1 Ĉ(

⋃
j∈Jk

Nj) = Ĉ(N) < C(N) =
∑p

j=1 K(Vj) =
∑t

k=1

∑
j∈Jk

K(Vj). For any

k = 1, ..., t, Ĉ(
⋃

j∈Jk
Nj) ≤ ∑

j∈Jk
K̂(Vj) =

∑
j∈Jk

K(Vj) holds by the (
⋃

j∈Jk
Nj)-feasibility.

Therefore, there exists at least one tree Ti such that

Ĉ(
⋃

j∈Ji
Nj) <

∑

j∈Ji

K(Vj), where |Ji| ≥ 2.

Moreover, there exists at least one edge (v, w) ∈ Êi such that d̂vw < dvw. Otherwise, we can
construct a (

⋃
j∈Ji

Nj)-feasible tree with the cost less than
∑

j∈Ji
K(Vj) by using only the

weight function d. Note that v and w belong to the same equivalence component because of
d̂vw < dvw. Let T = {T k} be the set of minimum spanning trees in the network (

⋃
j∈Ji

Vj, d̂).

Choose T ∗ = arg minT k∈T |{(v, w) ∈ Êk | d̂vw < dvw}|, where Êk is the edge set of tree T k.
In T ∗, remove an edge (v, w) ∈ Ê∗ such that d̂vw < dvw. Then, T ∗ is divided into two trees
T ∗

1 , T ∗
2 , and v, w are in different trees, say v ∈ T ∗

1 and w ∈ T ∗
2 . Since d̂vw < dvw, v, w ∈ Vj

for some j. Now, consider a minimum spanning tree Γj in the network (Vj, d). There exists
a unique path µvw = [v = v0, v1, ..., vl, w = vl+1] (l ≥ 1) in Γj. There exists at least one edge
(vk, vk+1) such that vk ∈ T ∗

1 and vk+1 ∈ T ∗
2 since all vertices in µvw belong to either T ∗

1 or
T ∗

2 . dvkvk+1
≤ d̂vw holds, because d̂vw = max{dvv1 , dv1v2 , ..., dvl−1vl

, dvlw}. By connecting T ∗
1

and T ∗
2 with the edge (vk, vk+1) of the weight dvkvk+1

, we can construct a (
⋃

j∈Ji
Nj)-feasible

tree T ∗∗ with the edge set Ê∗∗ different from T ∗. The cost of this new tree can not be less
than Ĉ(

⋃
j∈Ji

Nj) by the optimality and can not be larger by dvkvk+1
≤ d̂vw. Thus, the cost

is equal to Ĉ(
⋃

j∈Ji
Nj). We constructed tree T ∗∗ such that |{(v, w) ∈ Ê∗∗ | d̂vw < dvw}| is

one less than in T ∗. This is a contradiction. Thus, Ĉ(N) = C(N) =
∑p

j=1 C̃(Nj).
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