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Abstract  This paper studies the relation between a given nondeterministic discrete decision process (nd-
ddp) and a nondeterministic sequential decision process (nd-sdp), which is a finite nondeterministic au-
tomaton with a cost function, and its subclasses (nd-msdp, nd-pmsdp, nd-smsdp). We show super-strong
representation theorems for nd-sdp and its subclasses, for which the functional equations of nondeterminis-
tic dynamic programming are obtainable. The super-strong representation theorems provide necessary and
sufficient conditions for the existence of the nd-sdp and its subclasses with the same set of feasible policies
and the same cost value for every feasible policy as the given process nd-ddp.
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1. Introduction

By using automata theory, Karp and Held [4] and Ibaraki [1] derived the relation between
a given discrete decision process (ddp) and sequential decision process (sdp), and its sub-
classes, namely monotone sdp (msdp) and strictly monotone sdp (smsdp). For the process
msdp, the functional equations of regular dynamic programming are obtainable. Ibaraki
[1] also proved the relation between ddp and subclasses of msdp’s for which simpler solu-
tion methods are available; in particular, he defined a sequential decision process named
positively msdp, shortly, pmsdp. The process pmsdp is important because the Dijkstra’s
algorithm can be applied to the process. Moreover, Ibaraki [2] introduced a nondetermin-
istic sdp (nd-sdp) and its subclasses, and investigated properties of the sets accepted by
nd-sdp and its subclasses, where nondeterministic finite automaton M in nd-sdp accepts
input string « if « sends M into one of the final states and the resulting cost h is not greater
than a given threshold 6.

Further, Maruyama [6,7] defined a bitone sequential decision process (bsdp) and sub-
classes (strictly bitone sdp (sbsdp) and loop-free bitone sdp (Ibsdp) ) of bsdp’s. The bsdp
admits a system of functional equations in bynamic programming proposed by Iwamoto
[3] and contains the class of msdp’s as a special case. In [8], he has also introduced an
associative sequential decision process (assdp) whose objective function is defined through
associative binary operations; the process assdp is a subclass of bsdp, which has the simplest
structure of all bsdp. By using automata theory, he also made clear the relation between a
given ddp and the process assdp.

In this paper, we will consider a different nd-sdp and its subclasses from those in Ibaraki
[2], which correspond to nd-msdp, nd-pmsdp, nd-smsdp; but objective functions in this
paper are of min-Max type. We will show super-strong representation theorems for the
processes, which are necessary and sufficient conditions for the existence of the nd-sdp and
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its subclasses, that is, nd-msdp, nd-smsdp, nd-pmsdp with the same set of feasible policies
and the same cost value for every feasible policy as the given process nd-ddp. In Section 2,
the process nd-sdp and its subclasses are defined. In Section 3, we will prove a super-strong
representation theorem for the nd-sdp on which super-strong representation theorems for its
subclasses are based. Further, nondeterministic shortest path problem will be considered
as a concrete example of nd-sdp. In Section 4, super-strong representation theorems for
nd-msdp and nd-pmsdp will be shown by using some partial ordering and a directed graph.
An egg-dropping problem will be discussed as an example of nd-pmsdp. In Section 5, we
will give super-strong representation theorem for nd-smsdp and nondeterministic assdp.

2. Definitions

A nondeterministic discrete decision process (nd-ddp) T,;;, is defined by a system
(33, S, f, min), where,

Y : a finite nonempty alphabet (a set of primitive decisions);
¥* . the set of all strings (policies) composed of symbols of ¥;
I : a finite set of indices; I* : the set of all sequences of indices of I;
¥* 3 €: the null string; I* 3 p: the null index;
3* DS the set of feasible policies, defined by
S={rek|JiecA)st n(i) € Ar}, where
I" D A(x = ay -+~ ay,): the set of indicies for a given z,
satisfying that i, € A(x), i, € A(z) = i1, € A(zz),
7(i) = i, :final index of i, Ap : the set of final indices;
fi(z) € R* : defined for each x and index i € A(z), that is,
Y52 = faw(z)={fiz)|iec A(z)}: set-valued function,
f:S — R'U{oo} : the cost function which is minimized:
- { Max{fi(x) | i € Alz) = A@)} if A(2) = A(e),
oo ,if A(x) # A(zx)

—> minimize for x € S, where

A(z) ={i € A(z) | (i) € Ap} C A(x).

A nondeterministic finite automaton (nd-fa)M is defined by a system
(@Q,%,qo, ST, QF), where ¥ is the same as defined above, and

(@ : a finite nonempty set of states; () 3 qp: an initial state;

Q x Q x X D ST : permitted state transitions, i.e., (¢,7,a) € ST if and only if
after taking policy a € ¥, state transition from ¢ € Q) to r € () is permitted;

@ D Qp : the set of final states.

We note that after taking a policy a for a state ¢, (¢,r,a) € ST means that the next state
is not only one but some states r can be permitted.
Further, nondeterministic sequential decision process (nd-sdp) is a nondetermin-

istic finite automaton with objective function and defined as follows: I, )i;, = (M, h, §, min),

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



138 Y. Maruyama

where

M = (Qa Za qo, ST7 QF) : nd-fa;
h:R'x ST — R : a cost function, i.e., h(&,q,7,a) is the cost value at r after the
state transition ¢ — r by taking policy a for (¢,r,a) € ST and cost £ at g;

R' 5 & : initial cost of initial state gq; hgou(€) = &g, 1t denotes the path of length 0,
hyoor(1a) = h(hgyo(7), 7(0),7,a), 0 € Y(qo, ), (7(0),7,a) € ST (or € Y(qo,7a)),

where, 7(0) :the final state of path o, and
Y(qo,x) = {rira...7 | (qo,71,a1) € ST, (r1,r9,a2) € ST, ... (ry_1,7k,a) € ST} :

the set of sequence of states generated by x = ajas - - - ar applied to qo;
hg : ¥ — R U {oo} : the cost function which is minimized:
) Max  hgoy(goa) () = Max{hgyo(2) | 0 € Y(go,2),7(0) € Qr},
hy () = if Y(qo,x) = Y (qo, ),

oo, otherwise.
— minimize for x = ajasy - - - ai, where

Y(q,z) = {0 €Y(q,z) | n(0) € Qr}.

We denote by F(M) the set of strings accepted by the nd-fa M, namely, F(M) = {z €
|30 € Y(qo,x) s.t. (o) € Qp}. Further, the set of all feasible policies of I1,,;,, is denoted
by F (L) (= FO)).

Next, let us introduce subclasses of nd-sdp. Let 11
monotonicity condition:

min Pe an nd-sdp. If A satisfies the

fl S 62 = h(élv q,T, a’) S h(éu?a q,7, (l) for v(Q?h (I) € ST7

then, II,;,, is called a monotone nd-sdp(nd-msdp).
An nd-sdp I, ;;, is called a strictly monotone nd-sdp(nd-smsdp) if

51 < 52 — h(él: q,7, &) < h(527 q,7, CL) fOI‘ V(Q,T, CZ) € ST

An nd-msdp II is called a positively monotone nd-sdp(nd-pmsdp) if

min
h(€,q,r,a) > ¢ for V€ € R, V(q,7,a) € ST.
An nd-msdp II,};,, is called a loop-free nd-msdp(nd-lmsdp) if

|F(ILyin)| < oo (that is, F(IL;,,) is a finite set).

These subclasses were introduced by Ibaraki [2|, where the definition of II ;;, in this
paper is slightly different from those of Ibaraki [2].

Further, let us introduce a new subclass of nd-smsdp which is called associative nd-sdp
(nd-assdp).

Definition 2.1 (associative nondeterministic sequential decision process). Let II,;,, be a
nd-sdp:(M, h, &, min). We call II,;;, an associative nd-sdp, if h(§,q,a) = £ o(q,r,a),
where the binary operation o satisfies the following:
(i) (A, 0) is a semi group: o: A x A — A, where A C R', and it satisfies
the associative law, that is, (aob)oc=ao (boc) Va,b,c € A,
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ii) there exists an unit element e(o) € A, that is, aoe(o) =e(0)oa=a YV a € A;

(

(iii) there exists an inverse element a™! for each a € A, that is, aca™ = a ' oa = e(o);
(iv) the binary operation satisfies the commutative law, that is, aob =boa Va,b € A;
(

v) the binary operation satisfies the strict monotonicity,
that is, ay, as € A, a1 < a3 = aoa; < aoay Va € A.

Example 2.1 (additive process). o=+, A=R! e(c)=0,a'=—-a (a€R').
Example 2.2 (multiplicative process). o= x, A= {a | a > 0}, e(o) =1,

1
alt==(a#0).

a
Example 2.3 (multiplicative additive process). aob=a+b—ab, A= {a]|a < 1},

a
=0, al=—— 1).
o0) =0, a7t = (a#1)
a+b

E le 2.4 (fractional . h= ——
xample (fractional process). a o T ab

alt=—-a(ae(-1,1)).

Let II,,;;, be an nd-assdp and let

A= (-1,1), e(c) =0,

F(p) = mm{Max hpo(z) | 0 €Y (p;2),7(0) € QF]}

z€S

for p € Q). Then we have

F(p) = min{Max[y(p,q,a) o F(q)|(p,q,a) € ST} it p & Qr,
F(p) = 0 ifpeQp.

These are the recursive functional equations of nondeterministic dynamic programming (see
[5])-

Let us consider an nd-ddp: T i, = (%, S, f,min), f(x) = Maxf4,(r) and an nd-sdp:
i = (M, h,&,min). Then II;,, super-strongly represents Yy, if
F(I i) =S, Y(qo,2) = A(x) (ie. 6, € Y(qo, ) <> i, € A(z)) Vz € S,
qu;&c(m) = fla:(x) Va V&Z,sz, ( ) € F(Hmin>7 (:Ealm) € SAa
where Fllyi) = U {(@.0) |8 € Vg.0)}. Sx= U{(r.i) | i € Az},

xEF(Hmin)

Next, II,,;;, strongly represents T if

min
F(ILyip) =S, h(z) = Max hy.5(g.0)(2) = Maxfi,(z) = f(z) Vo € S

hold. Finally, TI if

min weakly represents T i

O(Hmin) = {z¢€ F(Hmin) | B(l') < B(?J) Vy € F<Hmin)}
= {z eS| f(x) < fly) Yy e St =0Ty

hold. It is noted that (nd-sdp) II,,,;,, strongly represents T, i, if it super-strongly represents

T in- Further, it weakly represents T\ 5, if it strongly represents T,y ;-
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140 Y. Maruyama

3. Super-strong Representation of an nd-ddp by an nd-sdp

Firstly, define some equivalence relations, which play an important role in super-strong
representation theorems. For a given nd-ddp Y i, = (2,5, f, min), f(z) = Max{f;(z) |i €
A(x)}, let us denote 3% = xeLJz{<:U’Z) i€ A(z)} C X" x I™.

Definition 3.1 (equivalence relations). For a given nd-ddp T let us define the equiv-

alence relations on X* x I* as follows:

min’

(0, i0) R (y,1,) == {(2,0) | (02,440:) € Sz} = {(2,12) | (y2,4,0:) € Sz},
(i) Ry (y3)) == fi (@) = fi,(y) A (i € Al2), i, € A(y)),
(i) Bey (y,1,) = (2,00)Rs, (y,1y) A (V(2,40i2) € S3)(frain (22) = fii (42))-
An equivalence relation R on X% is right invariant if (z, ZI)R(y, iy) =
(22, 140.)R(yz,iyi.) ¥(2,i.) € %. The equivalence relation R refines the set Sj if
(x,i,)R(y, 1) = ((x,1,) € Sz <= (y,iy) € Sz). Then A(Sj) stands for all the right

invariant equivalence relations which refine Sj. In particular, A(3%) is the set of right
invariant equivalence relations. We note that R = Rs,, Ry, € A(Sj). Further define
Ap(Sa) ={T" € A(Sa) | [E3/T] < oo}

Then the following lemma will be used in deriving super-strong representation.

Lemma 3.1 (implementation of A’ by nd-sdp). For a given z € ¥*, let A(z) be the set of
sequences of index defined in Y ,;,,. For each  and each i € A(x), k() be given. That is,
r = Wy (@) = {hi(z) | i € A(z)};set-valued function. For A(z), hi(z), the equivalence

relation Ry on Y% is defined by
(0,00) B, y) = (@) = B, (9), iz € A(2),dy € A(y).
Then there exists an nd-sdp Il );,, = (M, h, {, min) satisfying that
g () = B (2), ¥(2,8,) € S, Y(ais) € T4, (3.1)
where, ¥} = xGUE{(:E, 8) | 6 € Y(qo,x)}, if and only if there exists T' € Ap(2%) such that
T ARy € A(XY).

Proof. Necessity. Let an nd-sdp Il satisfy the equation (3.1). Put @ =1, Y(qo,z) =
A(x) for each x € ¥* and define 7" on ¥% by

(x, 595)T(y, dy) <= m(0;) = m(d,), where d§, € Y(qo, ), 0, € Y(qo,Y)- (3.2)
Then we can show that 7' € Ap(X?%). Further, define lfi,;é, by

(‘/L‘7ZI)R7L5 (y’ Zy) — qu;tsx ((L’) = }_qu;(sy (y)a 538 6 Y(q():x)? 5y E Y(q0a y)
Then, we see that. for V(a, r)EXXQ
hs) (YU, 0y) i i
(0y), 02 € Y(qo, ), 0y € Y(q0,Y)) A (hgps.(7) = hyys,(y))
) w(0,r) = 7(8yr) = T(0ya) =1, 027 € Y(qo, xa), 0,7 € Y(qo,ya))

( q0; zr( ) ( 9050z ( ) (0. ),7‘, a) = h(qu;%(y)aﬂ'(éy)vra a) = qu;%r(ya))
< (za, 0. r)(T/\Rha)(ya Oyr).
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Super-strong Representation Theorems 141

Hence, T' A R,—w e A(X%), which implies that T'A Ry, € A(SH).
Suﬁﬁciency. Let T'A Ry € A(24), and let M = (Q, 2, go, ST, Q) be defined as follows:
= {[(z,ix)] | (z,iy) € C;, i =1,2,--- ,n} and X% /T = {Cy, Cy, -+~ Oy}, where [(2, 1))
denotes the state corresponding to the equwalence class of ¥% /T containing (z, i,), and ¢y =
[(e,1)]. QF is not explicitly specified. §([(x,,)],a) = {[(za,i.j)] | (x,is) € C;, (xa,iyj) €
C;}, ST = {([(x,ix)],é([(x,iz)],a),a) | (z,4,) € C; € ¥4 /T, a € E}
Next, for £ € R',q € Q,r € Q,a € X, define a function h as follows:

h; ;(za), if I(z,i,) € X7 such that £ = b} (z),
h(&,q,7a) = q = (z,ir)] € Q,r = [(za,izj)] € Q, (3-3)

any real number, otherwise.

Then h is well-defined, since, if there exists some (y,i,) € ¥} such that § = hj (y),q =
[(y,iy)] € Q,7 = [(ya,iy,j)] € Q, then we obtain

§=h;, (v) =R (y),i. € A(x),i, € Ay),
q=[(z,i.)] = [(y,1))] = (2,02)T(y,1y),
r = [(za,105)] = [(ya,iyj)] = (za,iz))T (ya,iyj),
which implies that (z,i,)(T A Ry)(y,i,). From T A Ry € A(E%), it follows that
(za,i.j) (TN Ry)(ya, iyj). Hence we have h;_;(va) = h; (ya).
Finally, put § = h/,(¢). Consequently, the resulting Hmm (M, h, &y, min) satisfies the
equation (3.1). O
From this lemma, we have the next super-strong representation theorem by nd-sdp.

Theorem 3.1 (super-strong representation of nd-sdp). For a given nd-ddp Y, ;,, =
(X, S, f,min), there exists an nd-sdp I1,,,;;; = (M, h, &, min) which super-strongly represents

T i if and only if there exists T € Ap(S3) satisfying that

(\V/(I‘, ir)7 (yv iy) S SA)((*Tﬂ 7'27)<T N P'“fz')(ya iy) = (CL’, iw)ﬁngi (y7 iy)’ (34)

Proof. Necessity. Let an nd-sdp II,);;, super-strongly represent nd-ddp T, );;,. Put Q =
I,Y (qo,z) = A(x), for each x € 3* and Qr = Ap, and define T on % by (3.2) in Lemma
3.1. Then T' € Ap(Sj), since T' € Ap(X?%) and it refines the set Sz because

(,82)T(y.6,) A <<w,5x) €Sx= Ull@i)|ie A(z)} = verp {(z,0) | 6 € Y(Qo,w)}>
— 7(6,) = 7(8,) € Qp = Ap => (y,6,) € Sx.

Furthermore,

€ Sa) A, 6.)T(y,0,) A (fs.(x) = f5,(y). 6. € A(),6, € A(y))
)=

— <x,6m>T 8y) A (hggis, () = hays, ()

- (x,(sx)'f Y, ) ( (Zvéz) € EA)(BQO§515z(IZ) = qu 51/5z(yz>>

= (2,0:)Rs, (y,0,) A (V(22,0,0.) € Sa) (fs,6.(22) = hagsys. (y2) = f5,6.(y2))
- (x,(Sm)R ( dy)-
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142 Y. Maruyama

Sufficiency. Let M = (Q, %, qo, ST, Qr) be defined by the same way as in Lemma 3.1,
where Qr = {[(z,i,)] | (x,i,) € Sz = US{(:c,i) | © € A(z)}}. Then we have
xre

F(II = F(M) = 5,Y(q,r) = A(z) for Vo € S, since

min)

€ F(Tyiy) A de € Y(go, )

36, € Y(qo, x) s.t. () € Q) A (7(dz) € QF)
x€S)N(m(d,) =m(ip) € Ap)

x € 9)A (i, € A(x)).

8

— (
— (
—
flhrther, define a function, v — h/y,)(z) = {hj(z) | i € A(z)}: the set-valued function as
ollows:

(1) hj (x) = fi,(z) if (z,i,) € Sa;

(2) (2,i2)T(y,iy) A (R (2) = B () <= (2,0)T(y,,) A (2,00) Ry, (9,4,
which is possible since it follows from the condition (3.4) that

(V(,12), Y(y,1y) € Sa)(h, (x) = h} (y) A (2,12)T(y, 3,))
= (fi.(2) = fi, () A (2,0 T(y,5,)) = ((2,10) By, (y, i) A (@, 8)T(y, 4,))
= (ZE,Zm)RTfi (y,1iy).

Next, define Ry by the same way as in Lemma 3.1. Then, from the condition (2), we have
TARy=TARy, . (3.5)

Hence, from (3.5) and 7, R'rfi e A(Z%), it follows that 7' A Ry € A(X%). From Lemma 3.1,
there exists an nd-sdp II,,;;, such that hge, (z) = b} (z), V(z,6,) € X}, V(z,i,) € T7.
So, from the condition (1), it follows that

}_qu;éz( ) f'Lz( ) ( )E F(Hmin)v V(:L‘,ix) S SA(@");

that is, II super strongly represents T O

min min-
Example 3.1 (nondeterministic shortest path problem). Let us consider an nondeter-
ministic associative shortest path problem. Firstly, this problem can be formulated as
a nondeterministic discrete decision process as follows (see Figure 1): nd-ddp Y i, =
(33,8, f,min), ¥ ={1,2,...,N} > j: next move tonode j, S ={z € ¥z = yN, y €
Y4 Alx = jijo- - gk) = {0 | i = dgtrin - -ig, o = [1,—],i1 = [j1, ], 02 = [j2, la], - ik =
[7k, L]}, where 11, l5, . . ., I denotes the scenarios, 1,2, 3; for example, scenario 1: heavy traf-
fic, scenario 2: ordinary traffic, scenario 3: light traffic, respectively, and each index ¢ = [j,]]
means that one meets to a scenario ¢ after taking policy j. According to the scenarios, 1,

2, 3, arc lengths t]k]l’t?kll’t?k]l € A C R!' are associated with each arc (]k,]l) respec-

tlvely. Arp = {IN,3]}, Alx = j1ga---gx) = {i | i = dplrin-- i, 7(i) = i = [N,3]}.
For each i, = igi1iy - ip_1ix € A(x = jijo---jxN), where ig = [1,—],i1 = [j1,l1], 52 =
2, Lo, ooy = [jk 1, lk—1], i = [N, 3], the value f;, () is defined by fi (z = jija - jr) =

b l2 le—1 3 . 1 . .
tyj, © tmz ot; . ,ot; n whereo: Ax A — A: binary operation satisfies the

associative law. f(x = jijo -+ julN) = Max{f;(z) | i € A(z)} = Max fz(,(z) = minimize.
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2. 3

Jiiz? Yjij2

{t]Uz

Figure 1: Nondeterministic shortest path problem (nd-ddp Y,y i;,)

For this problem, define an equivalent relation 7' by
Gy = lolrle -+ 1, by = loiyiy - -1,

then, 7' € Ap(Sy). Further, since the assumption (3.4) in Theorem 3.1 is satisfied, Ty, is
super-strongly represented by nd-sdp I1,,;, = (M(Q, %, qo, ST, Qr), h, &y, min):

Q =A{[L, -], 7, 4], 2, la), - -+ [Jks Lk)s - - - [N, 3] | jk : node, Iy =1 or 2or 3},
qo = [1,—] : initial node, Qr = {[N, 3]},

h(§7 []ka lk]v [ .mu lm]ﬂjm) - 5 o t?;:] ) téy;:] < iT]kJmﬂ

& = e(o):unit element of the binary operation o.

In fact, for x = j1jo... k1N € S, and 7, = [y lm), m=1,2,--- k=1, r, =[N, 3], it
holds that

}_Zqo;/u’l (.]1) = h(&)a q0, [jh ll]?jl) = 50 o tllljl - tllljla

hqo;ur1r2(j1j2) = h(hqo;um (]1) [jlal ] [JZJQ] ]2)

T . lo _ 4 l2
—hqo;;m(]l) tjm tl]l t]m?

BQO%MT1T2---7”k—17’k (jlj? . 'jk—lN) = BQO§MT1T2---T’1¢—1 (jlj? . . 'jk—l) o t?k—lN
! ! le . .
=ty oty 000ty ot v = file =jija - jkaN),
which implies that for ¥(z,d,) € F(Il5,), V(i) € S4,
I_-LQOZCSac (I) = f'Lac (x)7
that is, IL;));;, super-strongly represents T ;). It is noted that this 1L, is also nd-assdp.

4. Super-strong Representation of an nd-ddp by an nd-msdp and nd-pmsdp

The following lemma will be used in deriving super-strong representation theorem by nd-
msdp and nd-pmsdp.
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Lemma 4.1 (implementation of &’ by nd-msdp). Let A(z), R}(z) and Rj, be defined as in
Lemma 3.1. Then there exists an nd-msdp Il i, = (M, h, &, min) satisfying the equation

(3.1), if and only if there exists T € Ap(¥%) satisfying that

(i) T(y. i) A (B, (2) S B (y) == Bl (e2) S B (y2) (V(z0) € 20). (41)
Proof. Necessity. Let an nd-msdp II,;;, satisfy the equation (3.1). Put Q@ = I, Y(qo,x) =
A(z) Vz € ©* and define T by (3.2) in Lemma 3.1. Then 7' € Ap(S;), and it follows from
the monotonicity of h and (3.1) that

(,0,)T (y,6,) A b () < b, (y)
= 7(6,) = 7(d,), where 6, € Y(qo,z) = A(x), 0, € Y(qo,vy) = A(y)
A gy, (2) = hg (x) < R5 (Y) = hges, (1)
= m(0,71) = 7(Jyr1), where day € ¥ s.t. §,1m1 € Y(qo,xa1), dyr1 € Y(qo,yaq)
A qu;&cﬁ (ma1> = h(ﬁqo;&c (I)7 7T(5$)7 1, al) < h(ﬁqoﬁy(y)’ 71—(511)7 1, al) = qu;dym (yal)
—  (zay,0,m)T(yay, 6,m1) A s, (war) < hg . (yar) = -
,5967"1"-7"” (:Eal e an) < hgyrlmrn (ya’l e a’n)'
Put z=a;---a, €X*,0, =111, € Y(7(y),2) =Y (7(dy),2) C I*. Then we have (4.1).

Sufficiency. The condition (4.1) implies that 7" A ]3{% € A(XY), where Rh; is defined by
the same way as in Lemma 3.1, since

—

A

(@, 82)T(y, 1y) A (hi, () = b, (y))
= (i) T(y.iy) A (B, (x) < B () A (B (y) < B ()
= (V(z.i2) € S) (w2, i08) T(yz,iyiz) A (B (12) < B (y2) A (R (y2) < i (22)))
= (V(z,02) € T0) (w2, 00ia) T (y2, iyiz) A (B, (02) = By (y2))
— T ARy €A(XY).
Let M = (Q, X, qo, ST, QF) and h be defined in the same way as in the proof of the sufficiency

~

of Lemma 3.1. If there exist z,y € ¥* such that ¢ = [(x,,)] = [(v,1y)] (i.e.(z, )T (y,1y)), 7 =

A

[(za, i:5)] = [(ya,iyg)] (Le(za,izj)T(ya,iyj)) and h; (z) = & < h; (y) = &, then we have
h(&1,q,ma) = b, (za) < i (ya) = k(& q,7, a).

For the case that there exists no x € X* such that & = b} (z)(i, € A(2)),q = [(z,4,)], 7 =
[(za,i.7)](i.j € A(xa)) , we can re-define the function h so that h(&1,q,r,a) < h(&,q,r,a) <
h(&2,q,7,a) holds for all £ such that § = hj () < € < R (y) = &. Consequently, the
resulting II;,,;, is an nd-msdp. ' ]
Definition 4.1 (partial ordering relation). For nd-ddp Y,;,, = (X, S, f, Ap, min), f(z) =
Max{f;(z) | i € A(z)}, define a partial ordering relation <y ;, on Sz as the following;

(@i0) =y, (0,4y) == (2,00) R, (9, 3,) A (V(22,0002) € S4) (fiin (22) < fii (y2))-

Proposition 4.1. The partial ordering relation <v, is right invariant, and the following
relation holds:

~

(ZIZ’, Zx) j’I‘fi (yv Zy) A (Z% Zy) iji (93', ZJ?) — (I7 ix)RTfi (ya Zy)
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From Lemma 4.1, the following super-strong representation theorem for nd-msdp is
derived.

Theorem 4.1 (super-strong representation of nd-msdp). For a given nd-ddp Y i, =
(33,5, f,min), there exists an nd-msdp Hmm = (M, h, &y, min) which super-strongly rep-

resents T iy, if and only if there exists TeA r(Sz) satisfying the following two conditions:

(i) (V(x,iz), (y,1y) € SA)((IJI)(T/\ Rfi)(%iy) = (xvix)f{"ffi (Y, 1y));

(i) (2,iz), (y,1y) € Ci € E3/T = (x,1z) Zx,. (y,iy) or (Y,4y) 2, (T,0z).
Proof. Necessity. Let an nd-msdp II;, super-strongly represent nd-ddp T,,;,. Put
Q = 1,Y(q,z) = A(z) Vo € ¥* and Qr = Ap, and define T' by the same way as in

the proof of Lemma 3.1. Then 7' € Ap(Sj) and satisfy the condition (i) by Theorem 3.1.
Furthermore,

(@,8)T(y, 8,) A (hgyis, (@) < Py, (4))

= (2,0 )T( dy) A (V(z, )EEA)(hqo;&:cSz(xz) SBQOiéy(Sz(yz))
— ()R A (VG2 8) € 3= U {(.0) |0 € Vian )

(fo,5.(22) < f5,6.(y2)) = (2,02) =, (¥, ).

Since hgqis, (2) < hgys, (Y) or hyys, (y) < hgys, (x) holds for each (z,6,), (y,d,) € >4 /T, so,
we have the condition (ii).

Sufficiency. Let M = (Q, %, qo, ST, Qr) be defined by the same way as in the proof of the
sufficiency of Theorem 3.1. Then we have F(II ;) = F(M) = S,Y (qo; z) = A(z) for Va €
S. Further, define the function h; () on ¥% as follows:

(1) hi,(x) = fi,(x) if (z,i) € Sx;

(2) (2,i2)T(y,iy) A ((2,02) 2y, (9,0y) = (2,00)T(y, 1) A (R, (2) < R (y),
which is possible since <y, is a total ordering on each C; /Z%T ;, by Proposition 4.1 and
condition (i), where C; € X% /T, and

Ay 2v, A = fi,(2) < fi,(y)

for V(z,i,) € A, (y,1,) € Aj, where Ay, A € Ci/f%yfi, and C; C Sy; hence (1) does not
contradict to (2).

Let [(x,4,)] represent the equivalent class in X¥ /Ry ;,» which contains (z,i,) € X%. Then,
from the condition (2), we obtain

(@, i) T (y,1y) AR () < B (y)
]

= (2,0)T(y, i) N (2,00)] v, [(y2y)]
= (V(z,1.) € X)) (22, i0.)T (yZ Iyl 2) A [(xz igiz))] _<Tf [(?Jzalylz)]
— (V(z,i,) € X%)(x2,0,0,)T (yz iyiz) Ny (x2) < h’ i (y2).

Hence, by Lemma 4.1, there exists an nd-msdp II, ;,, such that he,s, (z) = hi (z), V(z,6,) €
¥y, Y(x,i,) € ¥%. So, it follows from the condition (1) that

haos, () = fi, (2) Y(2,0:) € F(Iyip), V(2 i0) € Sa(x),
that is, nd-msdp IL;,, super strongly represents T i, O
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In order to derive a super-strong representation by nd-pmsdp, let us introduce a directed
graph I'_ 7 for nd-ddp and T € Ap(Sjz). Denote the set of equivalence classes of Ry 5, NT

by Y :AZZ / }?T P T. ThenA, based on Y, a directed graph f’ﬂz is defined as follows:
(1) Y 5 A;: anodein I'y,, .1;
(2) (A;, A;) : an arc in fv;T which has the following three types:
(a) arc of type A:
A # Ay N (Ai Ay C Sa) A fi(@) < fi,(y) (V(z,42) € Ai V(Y. 1y) € Ay);
(b) arc of type B:
A; 7é Aj AN (Ai,Aj C SA) A f,z(m) < fly(y) (V(:L’ Zx) € AZ,V(y,Zy) S A),
(c) arc of type C: I(a,i,) € B X I s.t. (za,izia) € A; (V(z,iy) € Ay).

A cycle in IA“%TA is inconsisitent if it includes an arc of type A.

Theorem 4.2 (super-strong representation of nd-pmsdp). An nd-ddp T3, = (2, S, f, min)
is super-strongly representable by a nd-pmsdp 11,5, = (M, h, &, min) if and only if inf{f(z) |

z € 8} > —oo and there exists T’ € Ap(S ;) satisfying the following three conditions:

() (V(,in), (y,y) € S2) (2, i) (T A Ry y,dy) = (2,2) ey, (,3y);
(i) (z,iq), (y,4,) € C; € ©4/T —>
(‘I7i&?) iji (y7iy) or (yaiy) iji <I7im);

(ili) graph I' 7 contains no inconsistent cycle.

Proof. Necessity. Let an nd-pmsdp Il,;,, super-strongly represent nd-ddp Y, ;. Put
Q = 1,Y(q,z) = A(z) Yz € ¥* and Qr = Ap, and define T by (3.2) in Lemma 3.1.
Then T € Ap(Sj) and satisfy the conditions (i), (ii) since it is nd-msdp by Theorem 4.1.
Furthermore, from the condition, h(§, q,r,a) > & for V&,V (q,r,a) € ST, we have hqo 5, (T) >

- > hy, ,m(al) = (gqo,u,rl,al)iz € = hgyul€) for Vo, V6, € Y(qo,z), which implies
that f(z) = Max fa@)(7) = Max hgy(g2)(T) > & > —00 = inf{f(x) | s € S} > —o0.
Next, in order to prove the condition (iii), let

be an inconsistent cycle in the graph fﬂm. Without loss of generality, we can assume that
(A;,, Aj,) is of type A. For a directed arc of type A, it holds that

(Y(z,0,) € Aia Y(y, 5y) € A]) (qu;ﬁz (r) < qu;éy (y)) ) (4.2)

since, in case, Az 7é Aj /\AZTA] /\AZ iji Aj — AZTAJ VAN (N AiRTfiAj) /\121Z iji Aj —
(%-2)7 in CaSQA, A; 7é Aj A (Aiylej € S/_l) A (flz(:c> = ;—lqo;gz(iﬂ) < fly(y) = }_LCIO i0y (y)7 ‘v’(x,zz) €
A, (y,iy) € Aj) = (4.2). In the same way, we can show that for an arc (A;,, Ay,) of type

B, (V(z,4,) € A;, ¥(y,6,) € A)) (Pgois. () = hgys,(y)), and for an arc (A;,, As,) of type C,
V(z,0.), 3y, 6y) = (za,d,r) such that hyys, (z) < hqo sor(2a) = hyys,(y). Consequently, for

the inconsisitent cycle 3, it is possible to select (2'7,6,:,) € A;;,j = 1,2,--- ,k— 1 satisfying

h/q0§5xi1 (1‘“) < qu?‘sxiz (xm) < qu;csxig (xzs) <-e S quﬁzik,l( e ') < hqo i1 <xi1)’
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which is a contradiction.
Sufficiency. Let us define an equivalence relation = on Y =3¢ /T by

~ A

A, = A; <= (3 paths both from A; to Aj and from Aj to A; in lA“W';T).
For equivalent classes f(p, f(q € EA// =, define a partial ordering < on EA// = by
K, < K, <= (3 path from A; € K, to Aj € K, in fyf.;T)'

Let W' = {K, | A;\ Sz # 0 for VA, € K,,}, W = {(x,4,) € ¥% | (2,4,) \ Sz # 0}, where
(2,i2) \ Sz = {(z,i2) € X4 | (z2,i0.) € Si} and A; \ Sz = {(z,i,) € X | Iz,d.) €
A; st (xz,i0,) € Sz} Tt is noted that 3A; € K, such that A;\ S5 #0 < A;\ Sz #
0 for VA; € f(p, and (z,1,) € W o— ((x,lm) €A A€ Kp — .f(p € W’) . Then consider

a mapping 7 : WIQ — R! such that
(a) v(K,) = fi.(x) Y(z,i,) € C; if IA; € K, s.t. A; C Sy;
(b) K, < K, /\K + K, = y(K,) <~(K,);
(c) ¥(Ko) < y(K

It can be shown in the same way as in Theorem 12.5 of Ibaraki [1] that the above ~ exists.
Next define the function h; (x) on X% by:

A

) for all K, € Y/ =, where A, € K s.t. (¢, 1) € A,.

v(K,), if 34, € K, such that (z,i,) € A; and K, € W,
hi (x) = R (y), otherwise, where (,4,) = (yz,i,i.), and (y,1,) is the longest  (4.3)
prefix of (z,1,) satisfying (y,i,) € W'.

Then the function A} (x) satisfies the following:

(1) hj (x) = fi,(z) if (x,iy) € Sa;

(@) (@ia) Py, iy) A (1] (0) < W () = B, (02) < W, (42)(V(2002) € S35

(3) b (2) < W (ay) for (o, 0). Y(y,dy) € 55

From the properties, (a), (b), and (c), we can show (1) and (2) in the same way as
in Theorem 12.5 of Ibaraki[2]. The last statement is proved as follows. Let (z,i,) € A; 6
Kp, (xy, zxzy) € A € K Then, since there exists an directed arc of type C from A; to A

holds that K, < K,. So, from the the property (b), &, (z) = Y(K,) < y(K,) = h., (z ) 1f

(z,iy), (xy,iziy) € W. In case (z,iy) € W, (xy, igiy) & W, putting (zy, iziy) = (222, igi.i.)
where (22,1,i,) € W, we have hi (x) <N ; (xz) =h, ; ,(xz2") = hi; (xy).

Ipiz1) Taly

Hence, by (2) and Lemma 4.1, we obtain that there exists an nd- msdp II,);;, such that
Y(qo, ) = A(z) and hgyy (goie) (2) = Ry, (2), Vo € E*. So, from (1), it follows that

hQO;Y(IIo;x) (z) = hi@(z)@:) = fA(fB)<x) Va € 5.

Finally, from (3) it concludes that the nd-msdp II is a nd-pmsdp, since

min

5 = hQO§5z (i[f) S qu;gzr(xa) = h(S? 7T<5:13)7 r, a)'
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Example 4.1 (egg dropping problem). Suppose that we wish to know which windows in
a k-story building are safe to drop eggs from, and which will cause the eggs to break on
landing. Suppose m eggs are available. What is the least number of eggs-droppings that
is guaranteed to work in all cases 7 Let us assume that we can reuse an unbroken egg and
can not use the broken eggs. Further, assume that we can not decide the minimum story
and the least number of eggs-droppings if we can not find the minimum story although
we have egg. First, this problem can be formulated by the following nd-ddp T,,i;, =
(33,8, f,min); ¥ = {1,2,...,k} > j : next drop an egg from j story, ¥* 3> z = 23
sequence of stories from which we drop eggs, S = {z € X*|Ji, € A(x) after 2}, Az =
]1]2]n) = {Zx | Za; = ’ioil"'in, ig = ([m],{l,?,,k}), il = ([ml],{z, ,l}),...,in =
([mn], {2, -+ ,1})}, where [m;] denotes the number of unbroken eggs, {i,--- ,l} represents
the set of unconfirmed stories. Further, A(z = jijo- - jn) = {ix | 1z = doirio - in,, in =
(Imn], O}, fi,(x = Jija---gn) =1, i € A(x),2z € S, f(z) = Max{f, (v) | i, € A(x) =
A(x)} = Max fz,)(z), = oo if A(z) # A(z). In case of 2 eggs and , 3-story building, see
the Figure 2.

Figure 2: Egg-dropping problem formulated as nd-ddp
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Note that S = {z = 3,12,21,11, 111,121,311} f(3) = f(12) = f(11) = 00, f(21) =2,
f(111) = f(121) = f(311) = 3, min{f(x)|x € S} = 2. Further, define

(:L’,ix)T(y, iy) = iy =dip- i € Ax), 1y = jijy- 1 € A(y)

Then, T € Ap(S3) and this equivalent relation 7' satisfies the condition of Theorem 4.2.
Consequently, T

min 1S super-strongly represented by the following positively nd-msdp (see
Figure 3 and Figure 4):
Ild-pdep Hmln = (M(Q7 27 qo, ST7 QF)a ha 507 mln)
Q =A{(m'], {jr. g2, -, Jn})}

4o = ([2]’{1’273})7 Qr = {([m/], @)
hE q,rj) =6+1>& (V€), & =0.

It holds that

BQO;%(‘T) = f'l«oc(x)7 V(ﬂ,lx) € Si.

Graph T, 5

A; ‘class on /R]/f- A
l
C;‘class on ﬁSZ=T o Y | Xz -
——> TypeA AR o
---> TypeB
—> Type C

Figure 3: Graph f‘v;jﬂ

Here we note that F(II ;)

oo, h(21) =2, h(111) = h(121) o

— h(311)

12,21,11,111,121, 311} h(3) = h(12) = h(11) =
=3, min{h(z)lz € F(Il;)} = 2.
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Figure 4: egg-dropping problem formulated as nd-pmsdp

5. Super-strong Representation of an nd-ddp by an nd-smsdp

The following lemma will be used in deriving super-strong representation theorem by nd-
smsdp.

Lemma 5.1 (implementation of 7’ by nd-smsdp). Let A(z), h/(x) and Ry, be defined as in
Lemma 3.1. Then there exists an nd-smsdp Il ;,, = (M, h, &, min) satisfying the equation
(3.1), if and only if there exists 7' € Ap(E%) satisfying the following two conditions:

~

(1) (2,0)T(y,iy) A (i, (x) < i (y) =

h;zz’zj(xz) = h; ;. (y2) (V(z,i.) € B%);

Tyl

(i) (2,7)T(y,3,) A (B, (2) < B (y)) =

h!

ch'izj

(22) < by (y2) (V(2,12) € £).

Proof. Necessity. Let an nd-smsdp II,;,, satisfy the equation (3.1). Put Q = I,Y (g0, %) =
A(z) Vo € X* and define T on Y% in the same way as in Lemma 3.1. Then we have
T € Ap(¥Y), and it follows from (3.1) that

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Super-strong Representation Theorems 151

(i) (26T (y,8,) A b, () = b, (y)
= m(d;) = m(d,), where &, € Y(qo,z) = A(z), d, € Y(qo,y) = A(y)
A s, () = N5, () = 5, (y) = hgs, (9)
= 7(d,r ) 7(dyr1), where Ja; € ¥ s.t. 0,71 € Y(qo, za1), 0,71 € Y(qo,ya1)
A hagsers (ml) = h(hgyis, (), 7(02), 71, a1) = hhgys, (¥), 7(0y), 71, 01) = hggis,r (yar)
= (xay,d,r1)T (ya1,5 r) A hy . (zay) = hgyrl(yal) —_ ...

= : . (xal ’ ) hgyrl “rn (yal Tt an)'

OxT1Tn

Further, from the strict monotonicity of A, we have

(i) (2,0.)T(y.8,) A s, (x) < I, (y)
= 7(d;) = m(d,), where 6, € Y(qo, ) = A(x), 0, € Y(q0,y) = A(y)
A hgs, (2) = Ry () < B (y) = hays, (1)
= m(0,71) = 7(Jyr1), where 6,71 € Y(qo, xar) = A(zay), dyr1 € Y(qo,ya1) = A(yay)

A (zar) = h(ﬁqo;éx (z),m(0z),71,01) < h<qu;§y(y)77T(5y)a 1, a1) = qu;éyrl (ya1)
— (a1, 0,m)T(yay, 6,m1) A s, (Ta1) < b, (yar) = -

:anmrn (:Eal e an) < h/5y7"1-~~rn (yal U an)‘

Put z =ay---a, € £5,0, =r;---r, € Y(7(dy),2) = Y(7w(6y), 2) € I*, which implies that
the conditions (i) and (ii).

Sufficiency. The condition (i) implies that T A Ii’h/ € A(X%), which is defined in the
same way as in Lemma 3.1, since (i) <= T A Ry, € A(Z4).

Let M = (Q, %, q, ST, QF) and the function h be defined in the same way as in the
proof of the sufficiency of Lemma 3.1, then h is well-defined. If there exist x,y € ¥* such

that ¢ = [(2,3,)] = [(4.4,)] ((2,8)T(y,5,)).

r = [(waicf)] = [ya.iy)] (xa,i.5)T(ya, i) and B (x) = & < i (y) = &, then, by
assumption (ii), we have

h(§17Q7T7 CL) = h’/LIj<:Ca) < h;y](ya) = h(£27Q7 Ty (l).

For the case that there exists no x € X* such that £ = b} (z)(i, € A(2)),q = [(z,4,)], 7 =
[(za,i.5)](i.j € A(za)) , we can re-define the function h so that h(&, q,r,a) < h(€,q,7,a) <
h(&2,q,7,a) holds for all § such that § = hj (z) < § < hj (y) = &. Consequently, the
resulting 11 is an nd-smsdp. ' ]

Definition 5.1 (partial ordering relation). For nd-ddp T, = (¥, 5, f,min), f(z) =
Max{f;(x) | i € A(z)}, define a partial ordering relation Cy  on Sy as follows:

—

min

(ZE,%) EYfi (yviy) — (xaiz)RSA(y7iy) A ((I7i$)RTfi(y’iy))
V(V(22,10i) € Sa) (fii.(22) < fiyi. (y2))-

Proposition 5.1. The partial ordering relation Ey, is right invariant, and the following
relation holds:

(93',23;) ETfi (yvly) N (yaly) ETfi (JT,Zx) — ($7ix)éTfi (yaly)
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From the Lemma 5.1, we obtain the following super-strong representation theorem for
nd-smsdp:
Theorem 5.1 (super-strong representation of nd-smsdp). For a given nd-ddp T, =
(X, S, f,min), there exists an nd-smsdp IL,;;, = (M, h, &, min) which super-strongly repre-
sents T i, if and only if there exists T' € Ap(Sj) satisfying the following two conditions:

A~

() (Y, i2), (y.4,) € Sx)((2,12)(T A Ry )(y,1y) = (w,i0) e, (y,3y));
(i) (2,2), (y,iy) € Ci x [; € 4T = (x,1,) Cr,. (y,iy) or (y,4y) T, (,4z)-

Proof. Necessity. Let an nd-smsdp II;,, super-strongly represent nd-ddp T,;,, and T be

defined by the same way as in Lemma 3.1. Then T € Ap(S7) and satisfy the condition (i)
by Theorem 3.1. Furthermore,

) ;0
((377 6w)T(y7 5y) A (Bq O (33) = Bq0§5y(y)) \% ((% 5x)T(yv 5y) A qu;&c ($) < qu;%(y))
N

V(2. 6202) € S2)) (s, (32) = . (42))

V (2,80) Ry (4,0,) A (957, 6,8.) € S5)) (hayis. (32) < B, (47))
= (0,0 Ry, (1,0, V (@0 Ry (1,0,) A (H(2,0,8.) € S3)(foss. (02) < F3,5.(52)))
= (@8 R (5,6)) V (2,0 R, (5,0,))

A (02 Bexy, (9,8,) V (7(02,6,02) € S2)(fas. (22) < fi.(42)))
= (zz, 5%(52)};?5/i (yz,0,05)
/\((x,éx)f%yfi(y,(sy)\/(V(mz,éxéz) € Sa)(frs. (w2) < fgygz(yz)) — (2,6,) Cr,, (4,6,).

Since hgys, (2) < hggs, (Y) O hgys, (y) < ey, (x) holds for each (z,d,), (y,d,) € > /T, so,
we obtain the condition (ii).
Sufficiency. Let M = (Q, %, qo, ST, Qr) be defined by the same way as in the proof of the

sufficiency of Lemma 3.1. Then we have F(I1, ;) = F(M) = S,Y (qo, z) = A(z) for Vo € S.

Further, define the function h] (x) on X% as follows:
(1) hi, (@) = fi(x) if (z,12) € Sz
(2) (2,02) Ty, iy) A (2,0) By g (Y, 3y)) == (2,3)T(y, i) A (B, () = i, ());
(3) (@i T (y.iy) A ((~ (@00 Rxy, (9,00)) A (,32) Ex, (9:7)
= (2,10)T(y,1,) A (B, (2) < B (), (iz € A2),i, € A(y)),
which is possible since Cv 1 is a total ordering on each C;/Ry 5 by Proposition 5.1 and

condition (i), where C; € X% /T, and
Ay Cy, A = fi,(x) < fi,(y) Y(2,iz) € Ay, (y,3y) € A

for Ay, A; € CZ-/RTJ,Z_, where C; C Sj ; hence (1) does not contradict to (2) and (3).
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From the condition (2), we obtain
(,00)T (2, 10) A i () = B (y) iz € A(z), iy € Aly))
= (0,0)T(,10) A (2,10) e, ()
— (V(z,i,) € ¥%) ((xz,zmzZ)T(yz,zyiz) A (a:z,ixiz)_ﬁiyfi (yz,iyiz)>

= (V(z,i.) €Y ((xz 012 )T (yz, iyis) AL, (v2) = B, , (yz)> .

From (3) and Proposition 5.1, it follows that
(w,i,)T(x, ix) A b (l’) < hj, ( )iz € A(2), 1y € Ay))
— (z,iy)T(x,i5) A T, ig) Ry 5 (Ysiy)) A (i) By, (y,z'y)>
= (VY(z,i,) € %)) ((xz 120 )T (y2, 0y
A~ (22, 08) B, (y2,1,0.)) A (22,1002) Cr, (92, iyiz)>

— (V(z,i,) €TY) ((m iai) T (yz,iyis) AR, (22) < B, (y )) .

Tylsz

Therefore, by Lemma 5.1, we obtain that there exists an nd-smsdp II,);;, satisfying that
(3.1). So, from the condition (1), it follows that

haoss. (2) = i, (2) ¥(@,0:) € F(Ilyyy,), ¥(,iz) € Sa(2),
that is, nd-smsdp Il ;,, super strongly represents T iy, [

Definition 5.2 (equivalence relation D% ). For nd-ddp Ty, = (£,5, f,min), f(z) =
Max{f;(z) | i € A(z)}, let us define an equivalence relation D3, on Sj as the following;

~

(x,ix)D‘{(fi (y,iy) = (2,1)Rs;(y,iy) N (V(2w, iziy), (22,151.) € Si)
(fisiw(@w) © fiyin (yw) ™" = firi.(x2) © fi,i.(y2)7").

It is noted that if Yp;,) is an nd-ddp, then Dy~ € A(Sj3). By using this equivalence
relation, we can derive the following super-strong representation theorem by nd-assdp:

Theorem 5.2 (super-strong representation of nd-assdp). A given nd-ddp Yy;, =
(X, S, f,min) is super-strongly representable by an nd-assdp Il,;,, = (M, h, &, min) if and
only if it holds that

D%fl, € Ar(Sa)-

Proof. Necessity. Let an nd-assdp 1I,;,, super-strongly represent nd-ddp T and T be

defined by (3.2) in Lemma 3.1. Then 7' € Ap(S3) and it follows that

min

(x,dx)T(y,éy) — (.9:,5I)RSA(y, y) A\ (V(zw, 0,0,), Y(xz,0,0,) € Sz)
) 1

(
(f‘sxfsw (.Z'U)) fdyfsw( w - hQO 3020w (mw) © hQO 51/511/( w) !
= hoss, () © haois, (Y) ™' = hagians. (22) © hygis,s. (y2) ™!
— (xvéx)DTfi (y7 )

= fo,0.(x2) 0 f3,5.(yz) ")

Y
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that is, it holds that (z,d,)T(y,d,) — (:c,(SI)D%fZ_ (y,d,). Hence we have ]Z;/D%fi] <
|X%/T| < co. Consequently, we see that Dy, € Ar(Sy).

Sufficiency. Put T = D%, and define a functlon h; (x) on ¥% as the following:

(1) K (2) = fila) it (o.1,) € S

(2) (i) T(y,1y) A ((2040), (y,1,) € W) = (V(@w,iuin) € Sz)(h () o I}, (y) ™" =

Frsu(ww) © fii, (yw) ™), where W = {(w,i,) € B4 | (w,ia) \ S £ 0}:

(3) (z,i,) € W = h; (z) = hj (y), where (y,4,) € X% is the longest policy such that
(z,i2) = (y2,iyis), (y,3,) € W,(2,i.) € ¥%. Then, we can easily show that T € Ap(WW)
and h; () is well defined. Furthermore, for h; (x) satisfy (1), (2) and (3), we have

(,8)T(y. 3y) A (B, (2) < B (y)s i € Al2),iy € Aly) =
(V(22,04i.),Y(yz, iyi.) € W)
(R, () © b, (2) ™" = fiici (Y2w) © fiia, (w2w) ™" = b ; (y2) o by (22) ") (by(2))
(V(22,04i.),Y(yz, iyi) & W)
(i, (y2) o iy (22) ™ = by, (v) o i (u) ™" = hj (y) o b () ~1)(by(2), (3)),
where (u,1i,), (v,7,) are the longest policy and indices such that (z2,4,i.) = (ut', iyiw),
(yz,iyiz) = (00 iy ), (u, i) € W, (v,4,) € W, (W i), (Vi) € X7y Hence, if
(@, 1)1 (y,iy) A (hi, (x) < g (y), ix € A(x), 1y € A(y), then, for all (z,4.) € X7,

R, (y) o b, ()71 = hi ;. (y2) o by (w2) 7" (5.1)

Tyl

It follows from (5.1) that R} ; (y2) o hj (y)~' = hi ; (v2) o b (x)~', which implies that
hiyi (y2) = i (w2) = B (vz) o b (2) ™ o by (y) ™" — By (w2) o by (2) " o i (2) > 0,

that is, h; ; (zz) < hj ; (yz) for all (2,4.). Hence from Lemma 4.1, we have that there exists
an nd- msdp Hpin = (M h, £, min) satisfying the equation (3.1). Finally, we will show that
the nd-msdp II,);;, is an nd-assdp; that is, h(§, q,7,a) = £ 0o 9(q, 7, a). For this purpose, let
us prove that the value of ¢(q,r,a) = h;xla(a:a) oh! (x)~"is independent of z satisfying that
7(ip) = ¢ 7(inia) = 7. Let (2a,i40q), (ya,iyis) € W, m(ip) = 7(iy) = ¢, (xaw, iigi,) € Si.
Then from the condition (2) we have

Wi, (za) o by ()™ = By ,; (ya) o fiiz, (Taw) o fz‘yz‘az‘w (yaw)~™ o by (y)™
0 fiyiwiw (YaW) 0 fiii, (xaw) ™t =R ; (ya)ohi (y)~*. (5.2)

In the same way, we can prove that (5.2) holds for the case, (za,iyia), (ya,iyis) ¢ W. [
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